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1 
On the ex >ans ion of' a function in cl ser1ea of s heJ:t1cal harmonics 
0,, In geopl1ya ice the proble'm arises t1ow to find some r:1nalyt 1c 

exp:ression ,for a f~unction., which is experimentally determined. 

ove1,. tt1e surface o.t~ tt1e eartt1. Assuming that the shape o:f 

the earth may be at:.1proxlrr11:1ted by a sphere., this can be 

achieved by expanding the f"unct1on in a series of spherical 

harmonics. S11c h an ex pans lon has been given by Prey 1._or the 

A reconsideration of Prey's \t10rk seems necessary for the 
following reasons. 

1. Since 1921 mt1ch information has been gathered concerning 
the depth of the oceans. 

2. In Prey's development the highest order of the spherical 

hannonics is 16 and this 1s to low for some appl1oattons. 

3. The smoothing of the data which is necessary for a rapid-

ly fl1.1ctuating function., euch as the topogl"ap ... of the earth, 

has been oarr1ed out by Prey 1n an unsatisfactory way. 
This question of improving on Prey's work has been raised 
by Prof. F.A. Vening Meinesz in connection wtth h1s theory 
of the origin of the continents based on convection currents 
in the earth. Indeed, the investigations which lead to the 
present report, have been carried out on his request. 
In this report the formulae are given wh1eh are needed for 
the computation 01~ the development coefficients in an expansion 

of an arbitrary function in spherical harmonies. The improve
ments over Prey I s work are 

1. A new method for the calculation of the zeros of a Legendre 

polynomial which, moreover, can be used for the calculation 
of the zeros of any function, satisfying a second order 
homogeneous differential equation. 

2. 

occurring in the forn1ulae for the development ooeffic ients 
m m 

3. An improved method has been developed for smoothing data 
obtained from a rapidly fluctuating function. 

Although the investigations have been carried out with a 
definite purpose, 1.e. to find an 1mproved expansion of the 

• 

earths topography., the rnethods developed ,in this report ar~ 

general and can be used for the expansion of other functions 
a.nd for arb1trary hi,ghest order of the spherical ha:rmonics. 

The res11lts of the appltcatton of the formulae, given in this 

report., to tlie special case of the earths topograp , with a 
highest order of the spherical harmonics equal to n :-,◄.r. 36, will 

eonsttttite the seoono.~ P'S.rt· of- th.1:a, report. 



1. Assuming a function F on a sphere suf1._1c1ently well-

behaved., it can be ex()anded in the aer1.e,s 
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2. If in the expansion 1.'I only ·the terms up to n • p are 

retained., the Am and Bm can be found by su.w. ... ttons instead n n 
of integrations tallowing a metl1od developed by F. Neumann 

For the derivation of~ his 1~ormulae we ret"er to the literature 
r r .. 
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4. 
·tn t,he following \t1ay. 

Legendre Is different iaJ~ eq1J.ation reads 
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As a first approximation for the zeros 
use there :fore 

of P cos n one can 

2k + 1 
n odd 

2n + 1 
1 2k T( 2 -' 

4.5 
n even. 

2n + 1 



5 

tmpr·oved va lt1e may be .f~otmd in the 1~ollowing way. Let 

y • f X 4.6 

be a given function and let x • ex be one 01~ 1ts roots. 

Then if x ta apr)rox1.rnately equal to that root, 
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A re lated rriethod first transforms the different ia.l equation. 
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In the case of Legent1r11e 's dii-.ferential eqtiation one has 

R 
1 2 
~ cot 'P .... (# ii 111½.Jt ► :$: 51Qt;l\$1h I 

2 sin£:. 
-r1n+1 n + l 2 

2 
1 

- 711!1J41l(idllt,q11J;lllli 1•s I b4 Iii • 

4 sine 

3 



Hence 

- + 

I5 .,,,,. -
' . n· ;ll, 

n -

1 
tall$ 7 .... t elf bi J Cld!IMIJII 11114-,:n 111:ill iti 

4 4 . .c: s J,..n · 

- n 
p 

n 

6 

sin 

5. If the function, which has to be expancled, changes rapidly 

over the sections in whic'.h the sphere is d.1v1ded, it. be

corres di.filtict1lt to f"ind a repreaentat:lve va.lt1e for t~.eae 
sections and some smoothing process must be applied. 

4.13 

We pro~)ose the t~ollow1ng metr1od: First the ftinction is ex-· 

panded c1r1d f"lrom t::r1e expansi$011coeff~icients we derive the 

coef~f~icier·1ts <)f" tt·1e ext)ans1 .. or1 c)f the or1g1na.l !,.un(!tion. 
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Now expand the ·1ntegr1:1 l t' 1,_1nc t it;n in spherical harmon 1.cs 
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Sub.&titu.ti .. on. 01~ 2.2 tn 5.3 yields, by aid of 5.4, 5.5, 5.6, 
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m , .. catise P • O · m>n ·, 8.1 becomes for m = n n 
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If the Pm n are given tn a goniometric series they assume 
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