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l\·1athe111atisch Centrur11 *), Ar11sterdar11, Ne<lerla11d. 

Synopsis 
A mechanism is proposed which yields large values of the thermopo,ver ,tpproaching 

K/e = 86 µ V /degree under favourable circumstances. These appear in metals ft1r whicl1 
the ,vell-kno\.vn anomalies in the electronic properties caused by transition metal 
impurities have been observed. The distributio1~ function in the presence of an electric 
field has a current carrying part which is strongly asymmetric with respect to the 
Fermi level. This leads to a first order Peltier heat current and hence, by Kelvin's 
relation, to a first order thermopower. The possibilities of the mechanism are 
demonstrated for the Y osida model. Any model in which there is a polarisation in some 
way of the transition metal ions over distances of the order of the electronic mean free 
path will yield high values of the thermopovver. The electrical resistivity in the Yosida 
model is only slightly modified by the strong energy dependence of the effective 
relaxation time. 

I. Introduction. Copper, silver, gold and a few other metals tend to 
display anomalies in their electron properties at low temperatures. Addition 
to ''pure'' copper of small amounts of diamagnetic impuFities gives an initial 
increase of the anornalies, e.g. the negative temperature coefficient of the 
resistivity and the enormous values of the thermopower 1). It is not difficult 
to devise models of magnetically interacting transz~tion Jtnetals dissolved 
in copper etc. which are capable of producing anomalies in the transport 
properties. A few years ago one of the authors 2) suggested that all these 
anomalies in alloys of copper with small amounts of lead, germanium, tin, 
nickel and other diarnagnetic impurities were caused in some way by traces 
of iron or 0th.er impurities with unfilled d-shells 2). Recently Gold e.a. 3). 

put forward the idea that tin liberates iron from its oxide usually present 
even in the purest copper available. They arrived at a good deal of con
sistency in the observed thermopower and negative temperature coefficients 
in the diluted alloys. 

*) .. fhe computational part of this papefi\_ 
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Yosida 4), cxpa11ding the form(~1- ideas of Schmitt 5), calculated the 
resistivity due to transition metal ions. The interaction between the latter 
was described by a sort of \Veiss f icld, acti11g on the ions. He arrived at a 
tt:~mper<:1ture dependent residual resistivity which had, however, a positive 
temperature coefficient. Dekker 6) and Brailsford and Overhauser 7) 

started with exchange coupled ion pairs and found a resistivity which 
initially increased with decreasing temperature to reach a saturation value near 
absolute zero in a mo11otonic way or after having passed through a maximum. 
The anomalous part should be in proportion to tl1e square the conce11trati()11, 
which seems to be in disagreement with the experimental results u11less 
one takes ''isola·ted'' ions of the Yosida model into account 7 ). 0 verha user 8) 

put forward tl1e idea of spi11 density waves stabilized by the presence of 
magnetic impurities. His main result, that the ion spin specific heat is 
proportional to the temperature and independent of the concentrations, 
can (l\f arshall 9)) also be described by a distribution of Yosida's internal 
fields. It should be noted that at concentrations below 1 per cent a si11gle 
internal field accounts for the specific heat rather well 10). 

Theories for the anomalous behaviour of magnetic ions in the noble 
metals are usually compared with the electrical resistivity and specific heat. 
The magnitude of the thermopower in these alloys deserves some attention 
since it is larger than the Sommerfeld theory can explain by many o'rders 
of magnitude. · ·· 

The purpose of this paper is to discuss the question of how certain 
features of the scattering by magnetic impurities, which have been neglected 
so far, lead to enormous values of the thermopower.This will be demonstrated 
with a revised Yosida model. Although this research was started with the 
anomalies in thermopower in mind, it was hoped that a minimum and/or 
a maximum could be found in the electrical resistivity. Similar modificatior1s 
of the Boltzmann equation should also be applied to the theories of De kke r 6) 

and of Brailsford and Overhauser 7) but, in contrast to Yosida's model 
or an extension thereof, their model is impotent to give giant values of the 
thermopower. 

• 

2. Der1:vation of a modified Boltzmann eqitatio1'i for the Yosida model. The 
scattering potential of electrons in a metal caused by a magnetic impurity 
at r = 0 is 

H = V(r) - 2J(r)(s.S), (I) 

where s and S are the spin operators of electron and magnetic ion re
spcc ~ively. We follow Yosida 4) except for the influence of the Pauli 
exclusion-principle. 

In eq. {1) the first term represents the conventional scattering, the second 
one the exchange part of it .. It is assumed that the ion feels an effective field H 
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11·1 th•:~' (.iir,'.'t~tit)ll. ·r11,· t;r1t·1~gy lt•V(\is <:>f tilt'' i<}tl o1ll-t' ~iVt'll l>y'' ttlf!,/lBl{ :::::.:: m,,::1, 
wht11:rt.~ tl·it~ rn~1g11t~tic c111,111tt1r11 1111111l)t~r· ,,i 1·;.ingt·s fr<,111 --- ""J. t<.> -+-.s. ~I"l1t" 
JXJptilatit>n (>f t!it· lt:Vt"l ,n is I)t&<)(><)rti<>ti,tl t(> t'XJ) · ,,,. 1/K1·~, ;t11<l !1t'·r·1t~t:· tl1t· 
,-lr'(:,b;:,t)ilit\1 it'm tt1,.t.t. tl·1t.~ ic)rl is ir1 tl1t· st .• ttt· ,,, t"'<}tl(l.ls 
I: ¥ 

(2} 

\\"it.ti t11t~ abbrt:~viati(lr1s s:±: -=:~ s~ :t.: is,1 ,ltt<i .'-;J::: :·.'.::::: ,.S: ±: i.Sr;~ wl1t·rt~ s~, St1, 

.S_; ~lJl(2l "s(t s., .. St art': tll(~ S.()ltl <:>1~)t~ff1tC)fS f(.)f t·lt•ctr<.)Il ,iil(l i()Il, t''l· ( 1) (:a1·1 l.)t' 

writtt~1·1 as: 
{3) 

. i . L , . . . t ' f'l ' l . l l 111(~ ~~<)nd tt11rm (-t~scr1t~1t~s trar1s1t1<)ns w1t11,)11t spin · lJ)S w 11c1·1 ,ir,.~ t tt·re-
'9, ~, ,,/~ . ', ·,. ' .·. ' ' -- ,'.Ja _- ',l. -_·, _, ,., . . -· ".l, .,,., ' _.~1 cg-· ,l\ ' '· :'.\. . ~·- . ' -• . "":. ' ' · . ., 1 " b d d t . f l l. ~r-1 l f<,)f,., e .&StlC ·. Ut f. {l€,Il . ()Il t lt_, SJ)lil stat(,, () e .ectr<)I1 cl.Il( 1011. lt. ()fl } 

non..,zero matrix elt~1ner1ts of sc an<i .',t cl.re (s~):¼::± :::.".: :t:i t.tr1cl ( .. 5'c)m"', ::= ni. 
T1• n1atrix t~len1t~nts c>f tl·1t:' sec:c)r1<l ctr1cl c>f t l1t~ first tt"rr·t1 ir1 t•<t. (3) r11 t.1st bt" 
c1,mr>ir1t~ ir1 <lrcl(~1· t{> get t ht~ <I t.1ar1 t t.1 m r11t;.c t1a11 ic(.tl t1·,1r1sit i()I'l JJfc)l)al>ilitit·s 
f<)r t l1t~ t~,l~tstic trar1sitions 

(4) 

wt1i<~l·1 11rt~ clifferer1t for {~lt;ctr<)r1s with + a11d -- s1>ir1. The f 11nctio11 1) takt:~s 
c.~;1.1·e t)f <:~11t:.rgy-cc)r1servation. The trflr1siti()I'l probabiliti,_'.is frorn tltt~ tt·rms 
i11 ,~q. (3) h;tve S{)Il1t~ cc>efficic~nts in commc)11 and tl1est:~ clrc~ cor1t~,1ir1t~<i ir1 tr·1t~ 
functio11 D. 

The tliird ;1.r1cl fc>t1rth t(~nn i11 c~q. (3) c<1use SJ)ir1 fliJ)S c>f elt"Ctf()Il ~til(i it)I1 

which are int:·lastic i11 tlit~ elect,ron energy. i.\ spir1 <)I)(•rator witl1 · l·- (---) c::i.s 
index increases tht~ rnftgnetic qt1antun1 11u1nbt=r by -1- 1 ( -- l). f·it""r1ce tl1e 
s11n1 of the magnetit~ <Juantum 11umbt:rs <>f (~lectron and icln is cor1st~rved. 
~rt1t~ c,nly non-zt~ro n1atrix elen1ents l1ave as s(1uared ,tbsolute values 

(5) 

\vliict1 rt~)sult is also \ralid for electrons ( .S -- ½, ,n :== ± ~·). 
Tllt~ t111;~11tum mechanical trar1sitior1 prc)bability by tht~ tl1ird term i11 

eq. (3) is 

l◄-'(>r tl1ese transitio11s t.he t~lectro11 er1ergy incrt~cises with .:.1 sir1ct~ tl1t-, ic>11 
t'.Ilt~rgy clecreases \.vitr1 .<'.1. The fc>urt.r1 tern1 causes tra11sitic)11s f<)r vvl1icl1 tl1t~ 
clectr<)Il spin cl1ar1gt"S frorn + to - and tl1t~ {~lectro11 t~r1ergy decre,tses with .c1. 

IV ( k -t- , ,,i ; k' -- • m -f-- 1 ) --- I J •. k ! 2 { S ( S + 1 ) --- m (m + l ) } D (Ek' -- Ek -t- i::1). (7) 

For tl1e total transitio11 probability P one }1as to averagt~ ov<:~r ,,i witl1 
ttt,. as wei.ght a11d to take t.he Pauli t':Xclusion prir1ciJ)le i11t(> ,iccount. 
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This gives 

P(k+ >k'+)==~ vk'k-m]k'kl 2 wmf~(I-ft,)D(Ek'-Ek), 
'1/1, 

P(k- __,,>k' -) == L jVk'k + m]k'kl 2wmf;;(I - /,;) D(Ek, Ek), 
11'1, 

P(k- --?>k' +) = L Jk'kl 2 {S(S + I) -

(Ba) 

(Bb) 

-m(m+ I)}wm+1f;;(I -ft)D(Ek'-Ek - L1), (Be) 
P(k+ >k'-)==L Jk'kl 2 {S(S+ 1)-

rn 

-m(m + l)}w1ri ft (1 -/;,) D(Ek, - Ek+ L1), (8d) 

where t: is tl1·~ probability that the electron state k with + spin is occupied, 
etc. In eq. (Be) m + 1 was substituted form in order to make the spin matrix 
element the same as in eq. (8d). 

Using cq. (8) the scattering terms in the Boltzmann equations for the 
+ and - spin electrons with wavenumber k are 

at: --ot scatt 
~{P(k' + -► k +) -P(k + > k' +)} + 
k' 

+{P(k' - ► k +) -P(k + --> k' -)}, (9a) 

~ {P(k' - --?-) k -) -P(k - > k' -)} + 
k' scatt 

+{P(k' + >- k -) -P(k - --> k' +)}. 

For a spherical Fermi surface with Ek= n2 lk 2/2m, the influence of an 
electric field F in the x-direction on the distribution function gives the drift 
term 

with 

ofk 
ot drift 

neF of~ kx 

m OrJ KT ' 

f~ = (e'TJ + 1 )-1 and r; = (Ek - !;) /KT. 
Eq. (10) suggests the ''Ansatz'', as usual, 

0 

f: = 
ri K 1' O'YJ 

( 10) 

( 11) 

(12) 

Except for the coefficient neF/m, the functions ct play the part of a relaxa-
tion time. Because of the special form of the scattering terms, eq. (9), 
one expects a strong dependence of en on electron energy r;. By the substi
tution of eq. (12) and eq. (8) in eq. (9) one finds after some algebraic manipu
lations: 

' 

oft 

• 
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·1·111, t'( I 11ili l>ri11rr1 {listribt1t ic>11 tt!rr11s /!, 8/~:; ;,,, et(~. l1;1vt~ b<~c11 i11ct>rpc>r,1tc~d 
lil tllt' ft.lilCt.i()Il 

,111d the e11ergy conservatior1 expres..sed byl' th€: D-fu11ctio11s tltL'; bt~t~r1 11sed. 
It has lleell assumt~<i that tl1e ''w .. idth of tl1t~ D-functions'' ca11 be taken to 
(lz(' smaller tha1l the '1\7idtl1 ()f tr1e t~lectr(.)Il dist,ributic>n ft1nc~t.ion af~/c>r1. 
"I,,l, 111.ay be (}uestionablt~ for inc~lastic transitions, es1">ecially for tt1e calcu
lation of the tht~rmo,powt~r. l"l1e bars denote averagt~s ovt~r m, with Wm as 
weight. lly replacing La• by ar1 intt'l>,gration ove~r k', 

)~ --·➔ j~J / k' 2 dk' /dE11• si11 o d'5 dq) dE, (14) ,,, 

an(i ~1ssurnir1g tl1at the matrix elements of J.' ar1d J dept~r1d 011 tht~ angle o 
tM:~tw·t~c·n k arid k' onl1r, t:~q. (13) become~s 

. .. • . . """1> 0 
~ 

. i:'f ;· 
' '"'--• , .. ·--.. ,_.,..,. ... 

at 
1t 

+ (K7"')-1 kx{S(S + 1) -- ,n(m + l) / · 
0 

The factors comn1011 to all the terms in t~(1s. {lSa) and (lSb) 1 such as 
k 2 cik/clE have been neglected again. By tl1e substitutior1 of e(JS. ( l 0) a11d 
( 15) tl1e Bolt.zn1an11 ec1uatio11 

"'"/ 0 ,, 
-•ct:ro"' "" - ' 

ot 
= 0, (16) 

yields the systern of differen.ce equations, if we neglect common, irrelevant 
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fc1.ctors 
I == {.4 + (D - E) 1,tz2 - 2Cni} ct + P(Dct - Ee;_µ) Q(-n, ft), 

I { .. 4 + (D E) 11i2 + 2Cm} c; + P(Dc; - Ee;+µ) Q('YJ, µ), 

where Q ( rJ, 1,,) == ( e1J + I ) ( e1J + µ + 1 )-1 ; P (µ) = 5 ( S + 1 ) - m ( m + I ) 

jf 

.:4 == J V(k si11 o/2) 2 sin a( 1 - cos o) do 
0 

:it 

I) == J If (k si11 o/2) 2 sin o do 
0 

:;r, 

E -- J IJ(k sin o/2) 2 sin c5 cos a do 
() 

;11, 

C == J Re[V(k sir1 o/2) ]*(k sin o/2)] si11 a( 1 - cos a) do. 
0 

( 16a) 

( 16b) 

( I 7) 

( 18) 

f"'rom the solution cf of the Boltzmann equation, ec1. ( 16), follow the electric 
(e > 0) and the reversible heat current 

+oo afo 
I == -e J (ct + c;;) r, drJ, 

-oo OrJ 
(I 9a) 

+oo 8/0 
W == KT J n(c: + c;) rJ d17, 

-oo on 
(I 9b) 

where the electric current is calculated with eqs. (12) and ( 14) from 
)~kv1i(-e) (f; + /;), and the heat current from LJkvk(Ek - ') (ft + /;). 
Coefficie11ts with a weak 17 dependence, common to both expressions have 
beer1 neglected. 

Contrary to what is usually done the absolute thermopower S is calculated 
from the absolute Peltier heat II. The latter is given by the ratio of the heat 
current fV in eq. (19b) to the electric current I in eq. (19a). Hence, using 
Kelvin's relation, 

+oo afo 

S = II/T = T-1 TtV/1= - -oo rJ 
• (20) 

J (c~ + cri ) - d17 
-oo 017 

It can be seen f1~on1 eq. (20) that the thermopower does not depend on the 
constant factors which have been neglected systematically in the Boltzmann 
t~quations and in ec1s. ( 18) and ( 19). This constant is needed for the electrical 
rt~sistivity, but the n1issing factor can be obtai11ed simply from the well
k11ow11 result if J(r) = 0; moreover the fluctuations of the resistivity as a 
function of temperature are more interesting than the resistivity itself. 



1"'t1r11i11g t () t lit" l><>lt Zf'l1~lflI"l t"<1U4lt i().fl ~ t·( I· ·( I 6), Vv~r,i(:ti (~~l!l ~~ writtt~ll in 

t:l'tt;, f (>rn1 

l·' * t' ,: ! 
' 

(22a) 

(22l)) 

r tit' t·lastac S<:attt~ri11g tt·rr11s <ltl<.l trtl' ir·1t·li1stic tt!r111s \vitl1 si:)in fli1>-floi>S art~ 
t ~,sily rt~c<,g11izt:d t'.lS tl1t~ tt·rrns ~"ith P:t:. ;:1,11c:l [> rt-,six·ctivcl:;1 • T;1ki11g P·1• ·--"'. 

~;z;; p ,, ,::.~::: 0' it f O ll() ws ff(.~) Il1 t'(j . ( 22) t l1a t c.:; (le I>t" ncls (,) tl f/ ; l"; :;.~:. ,: ·= ,, • r1 () \Ve V{~I-, 

l·1(l<r1t:ti. tilt~ int:t:•gr,1l J,~r vanisl1t~s .:tnd tllt~ tl1<~rmc>po"\Vt:1r '"' bt"CC>nlt~s Zt'ro. Fc)r 
~i fi11itt., S t titA tll~tstil~ tt·r111s ,tre alsc) net.~<:lt~(l. These art~ diffe1·t:~nt for -+- ::ind -

' 

s1)in electrt.)r1s. Tl1t· twc> t:,vi·x·s <~lf tt~rtns cornbir1e<i rnakt~ ct;; -+- c,;- asyn1n1t~tric 
with respect t(> rJ ~=:: 0. Tl1e 111~1.xim1.1rn asyn1r·11etr}' ix1 £·~; -+-· t·;;· will C)CCt.1r for 

•••. ._ ·-·· ~" ·>· • ' ., -,,-,,-' """"" , ·r , 1 1~ c~ 1 1 (I). E 1 (r· E"' , · · d '" ~ :. iC)f' ,'. ~ LJ 1 I(. .. {)r ., .=.:.:: V ..:~l. -- .. ) 3.Il( ' ) - ... ) :.:.:::: 0.1 f·\. It lS t~xp<~ct(~ . 

that at T ~ tl/K 

111 this caSt~ t'(J. (20) gives a tl1t"rrnc>p<)Wt:r witl1 an abS<>lutt~ vrtlt1t:. aJ)f>r<:>ctcl1ir1g 
K / e ;;=. 86. 3 .'·' \' /cit;gr{,e 11ndt~r f cl vot1r<ibl{~ C<)r1ditions. Tt1is result shoul(l be 
Ct'.:,t11i)at·t·<l t<> tl1,tt f<.lr n,orma.l scattt~rir1g wht~re tht.:· er1t~rgy dt,.J>(~t1d(lr1ce <)f 
tl1t~ '·scattt·rir1g tir11t~'' may be t:xpresst~d l)y 

witl1 (21) 

This leads to .S :;= P'(1</e)(,cT/C,), with IP'! ~: lP!, which is tr1t~refore negligible 
(C /1< ~ 10') con1p(iirt~ci to the "ralue whicl1 is expect(•d from ec1. (20) in the 
l'[tst' t }1;;:i t c ~t are strong f1.1nct.ions of r7. 

~I'lit· S<}lutions t)f e<i. (16) depe11d c>n I'= L1iK1', ht"r1ce tl1t~ resistivity will 
ir1 gt\Ilt~r.1l depencl {ltl temperature. Yosida's -=~qufttions ca11 be clbtain{~d from 
eq. (16) by the sul)stitution of Q(O, ,,) for Q(r;, J.t) ancl the neglect of the 
,~--d{~nP11de11ce of c~ . 

I t'"" "1 

For ti1e s.;;1.ke of si1nplicity one si11gle i<)Il has bt~t7n r1.sst1n1ed to t)t~ present. 
Ntl'W it is ~t sim1,le r11attt~r to exter1d the equatitJ11s to tl1<:" case \.¥l1ere a 
fraction ,, <>f tr1e ions c~xperienct~s c.t field •+ I' and t.hE~ c)tr1t:~r fraction, l - ,1, 
,.t fit:~ld .. ,.,,. .. i,,. This gives tl'1t~ fc)llc>\\?i11g difference e<111ations for t.=~~ : 

(25ll) 

{25b) 

\vbere th£~ co11centration has b(~en on1itted as a commo11 factor. Thr·t~t~ cases 
can now be C<)nsidered : 
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a) ,Purf~ly ft-.rro111agnetic c,tst~, n ==:= I C)r n := 0. Tl-it• l,trgt'.•st tl1er1·r10-
IXlWt~r shc>uld occt1r l1t~re. 1"l1e differer1ce <:~c1uati<)r1s ca.11 bt~ sc>l'-'recl ir1 ~tn 
t~l(~n·1er1tar)t way, ll()Wt:'Vl:>r, the i11tt~gratio11s ttl gt·t I ,111cl i~·' ar·f:• vt:11~y cc>11·1pli
c,ite<i. 

b) P11rt~lv ar1tiferron1agr1etic case, n =:0.5. I◄c>rr{·c:tsor·1s<:>fsvn1r11t:trv 
. - ~ -

tl1e tl1er11·1c}power vanishes; there is neitl1er a differt~nct~ t)t~tween the elastic 
tern1s n(.>r r>t~twt~r1 the inelctstic ones. However, the ri-dt~pt:·ncier1ce c)f c; m41.y 
inflt1enc,:~ tt1e 7"-tit~pendcnce of tht~ resistivity. 1'r1t~ diff t:·renc(· e<1l1ati()ns 
cannot be solved in an elen1en tary wa .;r. , 

c) Intermediate cast.~s, 0.5 < n < 1. Because tl1c: thern10J)OWer 
vatlisht~s '\Vhen n ·'.~;: 0.5 and becal1se there is some preference in tl1e litera ... 
ture for tl1ese cases it St~ems i11terestir1g to study the influer1ce of small d,!vi
ations frt}m tl1e a.ntiferron1agnt.:t.ic case; tl1e thermop()\rVer should remain 
.111oma.lously high. Et-ca.use the thennopower is inSt~nsitive to a sign reve , 
c>f µ ,111d bt~cat1se the tw·c) factors fa vourir1g high values vanish if n .:::::-.: 0.5 
a proportic)nality as (n - 0.5)2 is ex1)ected for .S rts a first approxin1a.ti<>11. 

3. The c,>mp1,tati<1n,s. Values of !(1,) a11d i·V(1l) for f" -·- 0.1 x 2', i ~,,, 0 (1) 7~ 
wert~ calc11lated witr1 the aid of the electro11ic computer Electrologica -XI 
of the l\Iatl1en1atical C,er1tre. Tl1is was dor1e for the follo\rving 100 comb,ina
tions of the parameters: 

.. 4 .... .,_ l ; C~ _ ..... ~ 0.5, 0.25, 0.10; n = 1, 0.8, 0.52, 0.5; D = 0.2; 

E - ~ 0.25, 0.10, 0.05, 0, ··· 0.10; S = 2.5 ( t~xceJ)t for C = 0.5), 0.5. 

To this end the difference ec1uations (25) had to be solved fc:>r c;: ar1d c;·. 
The four bou11dary conditions re<1uired for the solution (>f tl1is systt:-111 were 
ch.osen in such a way as to give consta11t c;t for ,7 -- ± oo. 'l""t1e values of 
these four constants were found by substitut.ion of tJ = ± oo into eq. (25) 
and solving the system thus obtained for c;

00 
and c±

00
• 

By taking 'tJ.i · 110 + lf,, l = 0( 1) N, in such a way that tJ < 110 could be 
interpreted a.s YJ .= - ex:, and 1/ > 11N as r7 = 00 1 we arrivt.~d at two systems 
of 1V + l linear equations in the 2N + 2 unkno,vns c!i, which were sol,,,ed 
by an elimination J)rocedure for tridiagonal matrices. 

In order to obtain a table of c: with an increment sufficiently small to 
calculate the integrals (19) numerically, these computations had to be 
carried out for several values of 'Y/O· In fact 170 ., •. ,,. -·-{ 13 + 0.1 i), i --= 0( l} l Oµ 
- l an.d YJN ~ 13 were chosen, thus finding values of c~; for 17 = - I 3(0.1) 13. 
Finally tl1e integrals ( 19} were calculated1 replacing the limits by ± 13, by 
1neans of the trapezoidal rule. 

4. Res,,lts. The electrical resistivity. At h·igh temperatures, 
(j1. -.,➔ 0), m ~,.~,, 0 for both fields and the resistivity does not depend on C. 
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Moreover, for KT}> L1 the inelastic character of tl1e scattering disappea1s 
(c11 > co); hence the resistivity n1ust be identical with Yosida's result and 
indepe11dent of n. p00 == A + (D - E) ~5(~5 + I), T ► !J/><. 
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r,~ig. 1. 1~he electrical resistivity as a function of the reduced temperature f<)r a fc'\v 
values of the parameters. S = 0.5. 
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Low temperatures (11.,. >-oe>, P > 0). For n == 0.5 the equations again simplify to 
Yosida's. The terms with C and m cancel because nm.µ+ (1 - n) m_µ >0 
and po(0.5) = A + (D - E) 5 2, T < LJ/K. 
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For the extreme ferromagnetic case n = 1 

po(l) == 
{~4. + (D~~E_) S2} 2 = 4(;252 

---~---·----·--~~-•- --·-··· . -·· ----~--·----· --------·--~-·""" 

A + (D - E) 52 ' 

It follows from these equations p00 > po(0.5) > po( 1). 
Hence for all allowed values*) of D, E, C, .. 5 and n, the resistivity at 

T === 0 is lower than at high temperatures. Yosida fou11d tha·t this cha11ge 
takes place in a monotonic way. The possibility could not be excluded that 
by taking the 17-dependence of the ''relaxation-time'' c;} into account, the 
resistivity would pass through a maximum at intermediate temperatures. 
However the computations (some results are shown in figs. 1, 2) give only 
a slight modification of the Yosida result. It should be noted that 903/0 

change in the resistivity takes place in a temperature range of about a 
factor 20. 

The thermopower. Some of the computer results for S in units of 
Kje . 86.3 µV /degree are shown in fig. 3 and fig. 4. As the computatio11 
has been carried out for only a limited number of µ-values tl1e i11terpolation 
is rather inaccurate especially at the lower temp~ratures where the thermo
power falls extremely rapidly. At temperatures above the maximum, S goes 
to zero as T-2, a result which is most probably valid beyond the details of 
our model. The maximum in S occurs f0r T == ½'1/K, approximately. 

Neglecting extreme cases a maximum value of 0.1 Kje or about 10 
µV/degree seems quite normal for cases where tl1e change in resistivity 
is not too large, say 10 or 20°/0 • 

As expected, S is largest for n = 1 and vanishes for 11, = 0.5. The results 
for intermediate values of n, for which n === 0.80 and n = 0.52 have been 
chosen, are approximately proportional to (n - 0.5) 2. For "5 = 0.5 this 
holds remarkably well; for S == 2.5 the thermopower at n = 0.52 deviates 
by no rnore than a factor two from the value calculated with the above 
proportionality; at n = 0.8 the deviation is substantially smaller. 

The above values of the thermopower increase in a monotonic way with 
increase of E between the extreme values E = -0.10 and E == 0.15, which 
are shown in figs. 3 and 4. For .... C, = 0.5 the E dependence is quite weak. 

An interesting result is that the thermopower is negative for positive C 
for all allowed values of the parameters. The thermopower is an odd function 
of C whereas the resistivity, the integral J, depends on the absoli1,te value 
of C. 'fhese sign-reversal properties follow from the Boltzn1ann equation**). 

S. Discussion. By taking the energy dependence of the relaxation-time 
into accou11t results for the electrical resistivity were obtained which are ___ _.,__. --

*) D > E; A : (D - /~) ni2 + 2Cin > 0 for -5 < m < S. 
**) (,-µ/2 [)(µ) is ever1 i11 µ; ctL/2 Q(17,µ) - Q1 (17,µ) = Q'(-11, -µ); cri+ + cf}- is ir1clc·per1cle11t 

of the sig11. of µ. 
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The res_t1lt1~g monoto111c decrease of the resistivity witl·1 dt~crt:asing 1"', as 

at higher concentrations. Neither the maximum in the resistivity of tht~S{~ 
alloys at lower concentrations, nor the n1c)noto11ic increase \vitt1 decrc·asing 
T of such alloys as CuFe, CuCo etc. 12) res11lt<:~d fro1n our modific(l e<Jliaticlns. 
It seems most unlikely t.hat a dist1-ibutior1 of intt~r11al fit~ lcls cc>tild nl(>dify 
c1ualitatively the resistive behaviour in figs. 1 a11d 2. In tl1is respect tllt~ 
influence of the finite life-time of the electrons due to i11t.~l<1.stic cc)llisic)ns 
merits further ·research. 

I 
-s 

t 

' 

0.1 0.2 05 1 2 5 
T 

A/k 

10 

Ot L C:'O l'O r--,----,---r--r--___.::,.:___:;__,.,... 
'k In 

J ff 
I v 
I I ", I I 

\\ '\ .I 
~ ', 

.,;;·.:•s 
! ' " 

I I I 

'-.~ ',, LO- ' l 1-0,. :I ' / / 

"'~ ',i',.. /1 I . '~ ...... ,.,,,.. . I 

.a 

' _,,,., I---+----+-~--+-__;: .-:- L'--+---
~ ,.,,. .. -,.Ol 

l 
s-

Fig. 3, 4. The thermopower in 11nits of K/e as cl f11ncti()n of tl1e reduced tem1)erature. 
I,'or n = 0.5 the thermopower va11ishes exactly .. fig. 3 corresponc-1s \.vith fig. 1; fig. 4 

with fig. 2. 

The calculated thermopower is of the order of the experime11tal values in 
cases where it is abnormally high and has, moreover, the correct sig11 if or1e 
assumes that the exchange integral, J, for electrons and ions is positive. 
Experimental data on thermopower are scarce. Fairly pure Cu, .Ll\g and All 

with possibly Fe as dominant impurity gave a ther111opowt~r c>f abol1t 
-6µ V /degree at 1 °K. However our model ca11not give tl1t~ right 1~esistiv(' 
behaviour for this type of alloy. 

The ion pair theories 6) 7) seem to be able to predict all types of temJ)erature 
dependence which have been observed for tl1e resistive behaviour in magnetic 
dilute alloys but do 11.ot predict - at least not in the way in which these 
models have been worked out - anomalously high thermopower. In addition 
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these theories predict a quad1~atic co11ce11tratio11 cle1)e11dence of the anomaly, 
whicl1 has not been observed experimentally. Brailsford and Over
l1a user 7) consider isolated ions to account for a weaker concentratio11 
dependence. In this situation it is attractive to suppose that the ion pairs 
cause the anomalous T dependence of the resistivity and the ''isolated'' 
ions the giant thermopowers. 
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Fig. 5. The ''relaxation times'' c; and c; 
as a function of rJ in the ferromagnetic 
case n = 1 for a few values of the reduced 
temperature, KT/LJ, for the parameter 
values A= 1, D = 0.2, C = 0.1, E = 0.15 

and S = 2.5. 

150 .. , ... 

15 

Fig. 6. The sum of the relaxation times 

c;· + c; for tl1e parameter values as in 
+ -fig. 5. For n = 0.5 one 11as er, = c.,, . 

However, modifications similar to those introduced into Yosida's 
model in § 2 must also be applied to the ion pair calculations. These give 
undoubtedly a resistivity-temperature relation different from the one in 
the simplified treatments. As for the thermopower, the S. S interaction 
between the members of an ion pair results in energy states which do not 
depend on the direction of the total magnetization, hence the pair scatters 
the electrons in such a way that there is on the average no difference between 
electrons with+ and - spin. If one makes the energy of the pair dependent 
on the direction of the magnetic moment the scattering will become 
different for + and - spin electrons. This occurs in exactly the same 
manner as in the Y osida model, by interference between the normal and 
exchange parts of the elastic scattering. A first order thermopower ap
proaching the value K/e will again be the result. This removal of the spin 
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t:it~gt:t1t•t";1(:y 111r1y l>t,~ brt,lt1gl1t ;1l>o11t by C(lnfigur;tti(>ns •<:lf i11tt~racti11g J)airs with 
(Jt'· \\'it lt<)tlt is(:»latt"d ic>tts. 1"'t1t" s<:arci t,y c.lf t l1t~ t~ X{)t~rir11t·~r1 t;;tl cl~1 tci a11d t tie large 

11,1111i)t·r· elf si1<~l1 C(,.ir1fig1,1rations 111akt~ it i11()J:>p<>rt,.1nt~ t.c> cc>nsider tl1t~s•e 
1:>os.sit1ilitit·s ir1 ,1 1r1<:>1·t:· (ll.1~1r1titativt\ clt:·t~1.il ,tt {)ft.·st·11t. 

I; ig. 5 sl1<)\VS t t1t~ relc:tx,itic)n t imt.'S ,~.r!~ c:t11cl c; for tl1e 1)ara1neter 
[) ·.::~'.: 0.2, E ::::::: 0.15, (,,~ ~== 0.1 ,111<1 '"" = 2.5 f<)r tl1e f(~rro

r11:1gnt~tic cast·, ,, ::;;::: l. ..\ltl·1<)t1gl1 <>11ly vruut~s clc>s(:~ to r1 =.:::: 0 cc>n tribt1t.e to 
tt1t~ i11t~~gr~1.ls l ancl ir', tl1t~ Vctlt1es of c~; i11 this rt:~gic.>n ~:ire tieter111ir1ed by a 
r1111t~h largt~r ir1tt.lrv;tl, tASfW:\,ci;;1lly for tl1t~ t1igt1er ,,-v,1.lues. It was for this 
rea.'iOn that vari<1.tit)I'l(1,l Ilri11ciJ.lles were 11ot used. 1"hese are b<tsed on a pc~\ver 
dE~vel(>pn1.t:11t of c~t: f1rot111tl ,, """'" 0. "'~s figs. 5 ,1nd 6 sllow sucl1 a J)roct~clurt: 
(:~::tn not be expect,.,~cl t(> yit~l<i reliable res11lts. \\;ritho1..1t elfistic scatte1·ir1g 
(J:>i: :~ 0) t,11e l1.a_<; i11 tl1•c• ft~rrotnl\g·· 11eti.c cast~ ,~::· ~--.:: c:M s<) tl·1~1t if e.g ... c; is a 

I - ~ r' . ~, 
1nonot<.>nic.:tlly ir1creasing funt~ti<)I1 of 11, c;- is 1n~)Il<>to11ic~ill1r decrea.~ir1g. 
If tl1t' t•lf1.sti<:~ scattt~ri11g t(·>o is takt·n ir1t() ;.iccc>unt (J>± :# 0) 011e is i11clined 
t•l t·x1·•t'(~t --•, r)y ~idcling ir1v{:i.rst~ 1·<~~lax;,1ti<>t1 ti111es - that tl)t~ sigt1 {>f tr1e ~1bove 
a~yn1rt1t•try for c~· and c;J- W()Ul<i f(~n1ain tht:~ same. Hc)\\re\.rt~r, it is Shf:)\\:n in 
fig. 5 ttiat bt:>lh c~· a11d c;· are ir1crl~asing witl1 r1 for all bt1t. tht~ highest values 
<1f lllT/t:J. This poi11ts t,o the 11t~t:~ssity of cc)11siclt~ring tt1t~ t:lastic and ir1elastic 
sciittt~ring as an entirety. Ir1 fig. 6 tht:~ fur1ctior1s c; + c:;;-· art~ showr1 also f<)r 
t.t1e antift~rrc)n1agnetic case~ n :::::::. 0.5 for whicl1 c;;~ .. -~ c~; :.:.= ½(c;· + c~-)
These f1.1.nct i<>11s t1a \ 1·e the san1e, 11-i11dependf~nt, risyn11)totic valt1e for 1-i = l 
;1n(I n ~ 0.5 ,vl1t·r1 T --:;,.. oo. \\,re r1ot<· tt1at for n ~~= 1 tl1t~ • 1 1nt~an rt~laxatio11 
ti1111:.• '' t·~ +· ,c; is riot t~Vt~rywht:~rt~ Et rn<:>11otcJnic fl111cti()n of tl1e tt~n11x~ratl1rt~. 

T11t.~ 1)l"1ysical part of t.l1is wt1rk vv,1.s clo11e b:;,T the first aut.l1or <it the 
Laboratt)ire de Pl1ysi<1ue de l'U11iversite cle Laus,t11ne in 1959/1960. It got 
its final f(JI~n1 in cooper<ition with tl1t~ 1\iatl1en1atical Centrt~, Arnsterdan1. 
I . . . f h h f h ,,,.,,.. h. .F d l t 1s part () t l~ rE~st~arc J)rogram o. t. t~ St1c, t111g vo,or · ·. un ·. ctmt.~ntee 
Oader,zoek <if"r l\ifatt:-rie (F.0.1\1.)'' and was partly sup1)0rtt·d by tht"' ''Neder
l;1r1cisti. ()rga1·1i&ttiti. V<.)(>f Zt1iver-Wt~ter1schapJ>e·lijk ()ndt~rzoek (Z.\V.C).)''. 

l} 1:lat· l)oriai,i, I>. K. C., J~11('.)'t'l<.)p1t·<iii:t <)f f>ti~rsit'S {4"<). S. 17.lti~gt') XI\', s1~r·i11~,,-r \'t•rl.:tg, i~r·rlirt 
l 959, p. l3i. 

*) 1ni.s a.p~!t1dix wa5 ~,ritt(•r1 after '1\-"t,, b,~~a.ttlt~ i11f<,rnit~<i at)(>Ut sintilar W<'.>rk c>t l'1~1ilytl (t<> 

l)(i pubiisl11,d) ririci ~it>out a rt·l~itt~(i dist.'U.ssio1:1 by Gttf:t1a11lt fiti<i M:i<:l><>nalt·i (to l)t l>Uk)lishe<l}. \Vt• 
tliai1,.k the~? authtx·s ft:lr seri<lirig us prt.~Jnirits <)f their ,vork. 
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