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A. Introduction and summary.

In this paper a non-parametric k-sample test is given for
the hypothesis F@, that & independently distributed random
variables X, ;..., X, 1) have the same continuous distribution
function. In the test use is made of WILCOXON's statistic «,
as defined by MANN and WHITNEY (cf. [1] and [3]) for comparing
two samples. If xh £ (§sn,) are the observations taken from
X, ) and {ll } h</) are the number of pairs (g,q) (gﬁr%,vﬁfy)

with X, § n? the test is based on the statistic
a; 72
T2l %y _ 25 % (1.1)
= h<f fp N+t & g
where gh,j =Y, - 31
gi =h<L. gh:" _szgi'j, : (1.2)

and N=Zn. .

By means of a recurrence‘relation for the simultaneous probab-
i1lity distribution of ﬁgmj}, this distribution is shown to
be asymptotically normal, from which it follows that 7?* is
asymptotically distributed as X* with ‘V=(§)_I degrees of
freedom.
"For large n; the hypothesis H, will thus be rejected with a
confidence 2 7.x, if the observed 722 X!, whereas X2 is defined
by
, P[Z(zé?(;]:cx.

Analogous to KRUSKAL and WALLIS [8], it may be expected that
for small n; the incomplete " -function and incomplete B -
function are adequate approximations of the exact distribution
of 7% At moment numerical calculationsare carried out to
confirm this,

In the last section a connection is given between the 73
test and the H -test, by means of which the statistic
s

H=
- N%V+0 21y

> (1.3)

- - — - - ———

) Random variables will be distinguished from numbers (e.g.
the value they take in an experiment) by underlining them.
2)'If not explicitly mentioned A and ; take the values
1,...5K, whereas g,rp when occurring as second suffices,
run through the values 7

the first suffix.

sesesy O0 7,...,m, if A oor j is
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is shown to be asymptotically distributed as X2 with v=k.7

degrees of freedom 3).

The simultaneous probability distribution of {th} and its

moments.

Because of the continuity of the distribution function of
the variables x,, all observations may be assumed to be differ-
ent from each other and can thus be arranged in order of in-
creasing magnitude,

I T e {ng} is the number of sequences {5m§} , in
which for each A and j>Ah an X Precedes an x,. é{hJ times,
we obtain, by omitting the last observation in each of these
sequences, the recurrence relation

&
(L)

Torgrr {8012 Z T pictsri { Yon (2.1)
where )

UpiD= Uy ~dhm AT hef, O | (2.2)
being KRONECKER's symbol.

, !
If H, ‘1s true, any of the {:Z — *:*3' different sequences has
7 . . k-

equal probability, consequently

o (i} &

with initial conditions

' «, .
Pn” STy {"' ’ (2'3)

‘7n+ "%k

P {gh,/-j=o, if an _C_(h,jxo or an n, <o,

and 0, if an U, o

1, if all éjb

Ay 7y (cf. [3]), we obtain from (2.2) for

)

As (under H,) &Y, ; =
ah -...(,(h/' and (,(,, (().. (,(,,/ _guh«).

in
2
each ¢, putting ngz

Q

~ ~

g/‘l,j = gh,/ s 1f h:j?‘: s
7 YR .
(-'.44‘,/‘= _(_«_(L-J +i!nf s </,
~ ~ 1)

{a_l/,,‘-= ghﬂ: -1y, A<,

2
Multiplying (2.3) by

s c’.{ T g, “. hyt RY,
h<f “/ hhg Zhf hec ( byt ) (Z}T (—- tz ) P
2/ # &

and using the binomial expansion, we obtain the following
recurrence relation for the higher moments:

This theorem is independently proven by W.H.KRUSKAL and
W.A.WALLIS (cf. [81).
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o JE LRI B BT
A<t uﬁ(,

[P h<1 _ ’I = 1 &, (=Q R‘7L=O xg, Lw1=0 K¢ k=0

TSI R) ™% ] Epy sty T Bt (2.4)

icf \Re

TG T
<y T8 hef hs
h‘j¢c

The limit-distribution of {Lfmi}°

Let Fln,, ...,n) be a polynomial of integers ea,,...5/%, then
we define (cf., [4]) the operator:

k ) ) .
wF(nn“'ank)gfg;‘ni{r(’?n'“a LN nk) F(”n -1, )nk)} (3'1)

Then we have: v

Lemma 1: If F(n,...,n) 1s a polynomial 1n nr; andAwaF(q,{..,nk)
is a polynomial of degree A; in n; for all ¢, then F(n, ...,/
is a polynomial of degree A; in n; for all (.

Lemma 2: If Py (r,....m ) and @ (n,,...,nx) are polynomials

of degree A in all »; and if the variables ~; tend to e, so
that

lim B %) o then 14m 2A(Ts ) e
Q)L(nfp' S Pk) Qaloy, - - ?nk) A
Proof:
Putting
« ®
F(n‘IJ 3’7/:) = “’Z_o tx%o A - ", o s k:t
it follows from definition (3.1):
Wy x ;n‘«é‘o ocg; ocn...,aknia"- Ps S P L K,
E‘-J Xt !
1) 4 e /e n%,
ogl’..a( / Cx) ‘
7 A
_goﬁfo /3” ’/akn7 ‘..nk 5

Wher’e Bl\lﬁ te 3Ak= (‘:ZI A[ Al\’?' A Ak = A AA7>" '?vxk;.
Proof of lemma 1 and 2:
From BAﬁr-wAk¢Oit follows Ax““_, # 0.
Lemma 3: All even moments E; , n 77£lﬁ , with
o ) k hej I

hZ T, = 2R (R=0,7,2,...), are of degree = 3R

</ ?

h

Dkttt ok L N ——

n . ?
) Because of the symmetry of the distribution, all odd moments
are zero,
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From definition (3,1) and (2.4) we obtain

e

vy A I B E P T (s

) =z

k6<j hj =1 % i=0 & 9,050 O (370 &; §=0 h<i \Xh,i
Zey r2 & <2+
(b<£ i YRR hé: X icf )

(3.2)

G(/ (“

For R=7, the moments of second order are of degree 3 in all r,.
In this case we have (cf., [11, [31 and [41)

4% T, W T 5% T,
& )( ) n"’ Si=Ty3lk peg — hi i<y =4) h<j = hj

. 2
gnn‘ s 3 Nk 'L‘chﬂ‘ = 7—; nh,'.]j(nh+nl'+7)’
PR, gb’j .g‘,m =0, if h,/j,( and m are different from each

other,

En,,...,nk gh’,i'gﬁ,i =,‘%nh'nhn£ > (3-3)
] Z. ., -

gnn 2 Nk — Ly g'-:j _;En n/n./l7 \
5 o,

gn,,...,nk Zh,e gc,/ ""‘5”/7'7L o

if we assume all moments of order 2R<2R, to be of degree =3K
in all ~;, it follows from (3.2) and Lemma 1, that the moments
of order 2R, are of degree = 3R,.

Putting

we thus obtain

k
’Y)Enn“w”kz‘v:"g ‘ (’l.‘h, )(”h) g

,,,__2 Ty iy Ofe W

R Z (I ) he ) own g ot g ot

hehel Ch'i-’ (‘Z OpyeesPiaty i, Nk w (_{(/7'[ ' gh,c'

& G NE) 7.
i ( /-2 f ey Age Ty Pg WU,

z‘,, %, ; ) npnj ~
va n/J)(y/:( ahrwnbh”vnkly U, Y (3.4)
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'zh,c) U,y nhnj ~ 1 o~ -1
h<L</ ('th =1\t -1 E”r: LTI NN 1 w. Yn,; - gl.',j
*
+ PBR-I(n”""nk)’
® where P3R1(n”.,.,nk) is a polynomial of degree 3R.7
n, s sy Mg o
By reduction of (3.4) we obtain
& 2
) ] _ ~
qun,,...,nk ?y—‘.:Z, {§ 5‘. nh"e(nh”“ )zh,l. (zhL-7) M7y 5Nk w. (:_(h,"
7 ~ o<1 =T
7 W THTR T T Ty gn,,...,nk Wty Up,
~ Lo~ a1
+1 ' 0. . ..
4 “%: % nln/ i &) »I gnf:"--ank "g‘)/ : gb’j'
7 n; . 7o
s -~y hnZ‘v‘ Pp 1 ”/izh,c Ty gn,, o Wy Yy
* PsR_y (nn 2 Pk )
We now define
af
Sp, = \/f ,nkg \/ npty (nprap i)
{zp,
A .. n”}d¥ A 77('ahJ) hi
Nk [ATEREY kh(/‘ sh,j
e it {7 ( Gniy) /% : um ete
Agyeey g 3Nk .h<j Gh/ &hy0 B
# For a,,...,nx tending to e» in such a way that
T {‘m En " C(h. -h - llm V nhlnh = e etC
R " 5/“ (ry +0; +1)(Ap+Ae+1) ki hyi? .

and denoting

Thle
e Mk

A

=73 Tho -7

{Zh,j}

the limiting values of A4, .

LA IR

s ete., by /l{z’”f} resp. A thienTy Thd?

(3.4)

in

3

(3.5)

(3.7)

etc.,



it follows from (3.5)

7y &
'wgn,,..wnk 77 -[’-[h,/‘ Thi-2
L hsj 3 Zz (‘c -1))& 2
wn =3 . Chil Chc -
. i=7 ~ h<l
Te, ;™
hey 2

Thye-T2 Chyi~T e 2. AT
\+h’<Z;<[ i Thi 2Cmishyi A +<‘</Z'</" zl:j.zw,.zg‘)jmj,./\ (3.8)

'Ch,,'_Y,'ZL"/‘_Ij .
_fx{/ i z[-’j‘ 2,3,7““,! LA .

It can now be proven by inductlon that the moments Althij}
are identical with the moments A'{*/ of a multinormal
distribution of variables ZQJ;J] , each with mean o0 and

variance 7, and correlation-coefficients ¢ as defined by (3.7).
The moment-generating function ¢ of this distribution is given
by (cf. [2]).

. 2
Pty stes k)= xR 5{{5 Cpit 2 2 Chyishi Chicthe *

h'<h<i
a
(3.8%)
+ 2 £§<jl Ql;j','é’j, t[,j ti>jl -~ 2 héj ehﬂ:-}i,j th,L f[’j.}
From this expression and its definition
TTUp oty
hep =) Thyj
So(t1,23'~')t1<-1,k)= Een H
we obtain
. T (op,.. . - N 77 S = YA R
A {zh,/}: 2'anh ..IZ h'<h<i /8h>‘;'h»‘) ¢‘<j’<j'(2€"/""’/l) /'K{Z_./' @eh"i‘-d) il (3 9)

hq" i {a;
Ta, .! T a,,..., .1 T a. .../ o
' hej Bl hac BT oo TG G hjf:[/ Chnisio

where the summation is performed over all ahj étc., satis-
3
fying the relations

zh’/‘ =2 ah:j. +hl<Z/., (ah;ha'h:j +ah"j$h>j) * héj (a‘/'),i:;h,j * ah?/‘:' ‘.:]‘)

+/§: (ah,j,'h,/" +ah,j;/’,/")2 (h<j)‘
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For R=17, all moments A{th} of second order satisfy (3.9).
If we assume this to hold for R<R, it follows from (3.8)
that

~ zh,j
P gnn"“:nk h‘J ghw/.

76, i
h<j >/

lim = 3RA’ {enj} >

consequently, according to Lemma 2,

, 7. . ; P}
Ait o ime 7 (s )< 2 0RiE g e q
7330k /k/ Gh,j

We'then have )

Theorem I: The distribution of the set of variables {QQJ}
is asymptotically equivalent with a mulftinormal distribution
with covariance-matrix given by (3.3).

Denoting the covariance-matrix of the set {th} by
IShj;¢,m s 1t follows from (3.3)

() | ‘
ISnjstm! = 7 A Cry o Yt or g 21}

L,m/

and the inverse matrix /6%/3 is given by

cMishd _ 12(N+1-np_n;)
' Nnn; (Ne7)

chistm _ o | if h,j,{ and m are different from each other,

6h:‘:;h:‘; - 12 s
n,-(N+7)

GLD‘/;L;/ = -72 s
ng (N+1)

el o 12
i (’N+7) .

where N :%’ni .
Because of the asymptotic normality of the set {!ij} , we
can state

Theorem II: The distribution of the variable 7% defined
by :
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N LHRY) S AP - LU LY T SR/
- ”Zv o uh +2h</72:<c6 oy Zhi T2 G =hf =0

~ 2 (:22
= 72 Z :ﬁ:’ - 2 Z =< 5
h</ nh,?,. N+1 ¢ oy
wher _L_[l = £ ghi_Zgé’j,
h<t ? i<y

and N=Zn;,
(A
is asymptotically equivalent with a X?-distribution with

v= (%) degrees of freedom.

Some theorems about the A -test.

4.1, Introduction.

Instead of comparing each pair of samples with each other
as in the foregoing test, by application of the A~ -test each
sample is compared with all other samples together by means
of WILCOXON's statistic. For the sample f%g (§§/y), taken
from Xis this statistic (denoted by «;) is equal to the number
of pairs (&7n) (&sn, , J#i) with x, he >
In his paper RIJKOORT [7] congectured that the dlstribution of

the variable

H* r2(k_1) Zk gl_z (4.1.1)
- (N+1)(N3Z m2) =t .

is asymptotically equivalent with a X?*-distribution with

v=k.7 degrees of freedom,

In the following it will be shown that the simultaneous dis-
tribution of the set {gi} is asymptotically normal under H,,
from which it follows, that under A, the statistics 4 and H~H?%,
defined by (1.3) and (4.1.1) areasymptotically distributed as
X%, with »-k-7 degrees of freedom,

4.2, The simultaneous probability-distribution of {U].

In the same way as in section 2 the following recurrence
relation is obtalned for the simultancous probability dis-
tribution of {ggi}:
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P sk {_4} Z nh Pn,-, ,nh-l,...,nk{gi(h)}a

where gf“ = {
U; - (N-n;) 1 h=c.

with initial conditions

R, __7nk{_é_(¢-} =0, if an ;<0 or an m;<Q,

;DO)..A,D/,,..A,O{%‘.} = {

4,3, The asymptotic distribution of {ég}

e e R R R

-

Ojil, an é_((_¢0:

7,if all  ;=0.

=t

If QQ%}+U} denotes WILCOXON's statistic, obtained by comparing

the samples taken from X, and x; together with all other samples

together, we have

Yinperjp = Yot Ly -mmn; - (§.3.7)
As .
'Z(_/Q‘:;_;_ni(lv-ni)(/v+7), (4.3.2)
and

Yaz u{h fif = ;%(nh'/‘/?j)(/v—nh-”j)(/v"") > h#j,
it follows from (4.3.1) and (4.3.2)

Cov ({,_(/.,, g/) = _7_21 ap iy (N#1),

J
tribution of k.7 variables U;, e.g. U, ,..., Uy ,.

As Z U; =,?:nh”" we need only consider the simultaneous dis-
[3 <j

Denoting the reduced variables {; by éz; we have
g‘ = g‘_- - .21.[)5(/\/_{7,_‘)

and

;= X Gyt I (4.3.3)
k<t <y

The asymptotic momenting generating function of the reduced var-
iables {6(} thus follows from the asymptotic momenting generating
function of the variables {C(hj}, which is given by (3 8a).

We then obtain

k.1
2
Pt th 4) = exp 5’{5 6o ti * 2,7% Sh,; thfj} s (4.3.4)

where the covariance-matrix #thj# is given by
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60 = & n (N-n; )(N+1),

&,

(4.3.5)

Gh,j-'-—,—;”h"’j (N+1) , (P#]) -

The determinant of this matrix is given by
k-1 k.2

D:/G'h,j~/:{.7_;_(N+7)} n,...nk/\/ N
and the minors 4,, and Ap i by

b = {é_(N+7)}k'2 Ay Py Pian o Py (P20 ) NER

(%.3.6)

k-2 k-3
= {1
44, = {75 (N+7)JZ Ny, N5-3

If all n,zo0, ﬂshgﬂ' is thus positive definite, from which it

follows that (4.3.4) is the momenting generating function of a

multi-normal distribution (cf. [2] ). So we can state the following
Theorem III: The distribution of the set of variables {Q}}

is asymptotically eguivalent with a multinormal distribution with

covariance-matrix given by (4.3.5).

Denoting the inverse matrix of ﬂshuﬂﬁ by [Jo"if , we have

R P S
1y NN (N+1)
and
G h:}/ = 72 .
N N(N#7)

Because of the asymptotic normality of the simultaneous distribution

of the variables {é&}, we can state

Theorem IV: The distribution of the variable «?, defined by

LAV
U= Z 6 U +22 ¢™ U, U
= i=7 = he) —h =y

J=2
k 2
=_n” _F Y
N(N+T) &7 1

is asymptotically eguivalent with a X*-distribution with v=k.7

degrees of f{reedom



