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.:)_. Introduction and summary. 

In this paper a non-parametric k-sample test is given for 

the hypothesis H0 , that k independently distributed random 

variables ~ 7 , ••• ,~k 1 ) have the same continuous distribution 
function .. In the test use is made of WILCOXON' s statistic (d, 

as defined by MANN and WHITNEY (cf. [1] and [3]) for comparing 

two samples. If ~ h,$ (s ;§ nh ) are the observations taken from 

l:;, 2 ) and {Y.-,,,) (h<j) are the number of pairs (s,77) (5~n1,,7~n;) 
with ::5 h,s >xJ,n' the test is based on the statistic 

( 1 • 1) 

where 

il-, = L, {j.h i - .L. [J.,_ 1· ' 
h<< ' L<:j • 

( 1. 2) 

and 

By means of a recurrence relation for the simultaneous probab

ility distribution of {Yh,j} j this distribution is shown to 
be asymptotically normal, from which it follows that T 2 is 

asymptotically distributed as 2$ 2 with 'l' =(;)-t degrees of 
freedom. 
For large n, the hypothesis H0 will thus be rejected with a 

confidence ~ 1_cx, if the observed T 2 ~ x;, whereas x; is defined 
by 

Analogous to KRUSKAL and WALLIS [8], it may be expected that 

for sma 11 ni. the incomplete r -function and incomplete B -
function are adequate approximations of the exact distribution 

of T 2 , At moment numerical calculationsare carried out to 

confirm this. 

In the last section a connection is given between the T 2-

test and the H -test, by means of which the statistic 
I<. ~2 

H: _12_ L Yi 
- N(N+1) i:1 n, ( 1. 3) 

1-------------------
) Random variables will be distinguished from numbers (e.g. 

2) 
the value· they take in an experiment) by underlining them. 

If not explicitly mentioned hand j take the values 
1, •.• , fe., wher.ees I;, 77, when occurring as second suffices, 

run through the values 1,.,.,nh or 1, ... ,n1 , if h or j is 
the first suffix. 
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is shown to be asymptotically distributed as x2. with Y=k-1 

degrees of freedom 3). 

2. The simultaneous probability distribution of {Y-h,j} and its 

moments. 

Because of the continuity of the distribution function of 

the variables ~h, all observations may be assumed to be differ
ent from each other and can thus be arranged in order of in
creasing magnitude. 

If T. { U. } is the number of sequences {~h, r} n,' ... > nk - h,i ~ 

which for each h and j >h an ~i,r,_ precedes an ~h,s fd:h,j 

we obtain, by omitting the last observation in each of 
sequences, the recurrence relation 

k <" 
T. { u. . ] :::. L T. { u. .' )} n,, ... ,nk -h,t ,,,1 n., ... ,n,.1, ... ,nk - h,J , 

where 
u. (i) U. .r t' •· f h • _r i 

h . = h . - <.;h n,· , l </ ) oh - ,/ - •I 

being KRONECKER's symbol. 

, in 

times, 
these 

(2."1) 

(2.2) 

If µo is true, any of the (n,.,... · · + nk) f different sequences has 
n1.' nk. ! 

equal probability, consequently 

k . 

P {u. ·} = '[ n'- P {u. <~>} n,, ... ,n;; -h,;. ,,1 n + . +n n1, ... ,n,.1, ... ,nk -h,; , 
1 . . . 'k 

with initial cqnditions 

Pn,, ... ,nk {Yh,i} = o, if an 
and 0 

P;,, ... ,n,, ... ,o {Y.1,,1-} = { ' 
1 , 

(d.h,j '(0 

if an 

or an n,• < o, 

ll.h . -1.0 - 1/ -r-

if all U.h -=0. - ,/ 

(2,3) 

As (underH0 ) cld-1-,,i=Jnh1· (cf. [3]), 

each i, putting Uh·= U.1, --~ll.h · and - ,/ - •I - ,/ 

we obtain from (2.2) for 
{J. ~i) _ u_ <~l t l/. <_O. 
- h,1 - - h,1 - - h,1 . 

~ ll.,., <O 
U.1, . = h - ,j - ,j , if h.J:fo i., 

a .. -
- L,j -

Uh.= - ,, 

~ (i) 1 

Y.i:.i -1-2".i' i<:.j' 
~ (i) 

Yh,i - f nh , h < i. , 

Multiplying (2.3) by 

TT a 7.f.,j:::. TT [j . TT (il ~_'}- .!. n )7.h,i TT(u. ~i) + .!. n ·)'i,j 
h<j h,; h~j_ h,1 h<.i - h, · 2 f, i<j - l,J 2 I ' 

h,J#L 

and using the binomial expansion, we obtain the following 
recurrence relation for the higher moments: 

3 ) This theorem .is independently proven by W.H.KRUSKAL and 
W.A.WALLIS (cf. [8]). 
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{ rrl1.,•,1;("ilT.,,i-tt-,,ij.1: rr a ~h·•. 
· .. ot•. 2-; n,. ... ,n,.1, ... ,n,,_L. -h,, 
~ ~ - (2.4) 

"' ·"·. ~ 'th . . TT IL . ,., TT u.h ,· ,/. 
i< . - '•I h<J' - ' 

I h,j:fi 

2.· The limit-distribution of {Y:h,)· 

Let F (n,, ... ,n,) be a polynomial of integers n,, ••• , nk, then 

we define (cf, [4]) the operator: 

<ii. I< 
·tpF( ny, ... , nk) = ? n, {r(n,. ... , n, • .... nk )- 'F{n,. ... ,n,-1, ... ,n1:, )} . 

"'' 
(3.1) 

Then we have: 

Lemma 1: If 'l='(n,, ••• ,n1c) is a polynomial in ni. and n.pF(n,,._ •• ,n1;) 

is a polynomial of degree A, in n;_ for all i., then F(n1 , ••• ,n1,) 

is a polynomial of degree A; in n, for all I.. 

Lemma 2: If P,\ ( n1 , ••• :; n1r: ) and Q,\ ( n,, ••• , nk) are polynomials 

of degree A in all n, and if the variables n, tend to en, so 

that 
lim ...µPA(no ... ,n1,.)= c, then lim-P_ll_(_n..,.,_, ___ i_n_1:.-:-) =x• 

Q;,,(n,, ... ,n;,:) Q11.(n,. ,nk) 

Proof: 

Putting 
de/ ;,,, l\1, 

'F(n1 , ... ,n,,,.) = L. ... [.. A~ -
QC.1:0 OC,1:=0 "'1 ' ' ' . • ~.Ar; 

oc, &(..A,; 
n, ... n1:. , 

it follows from definition (3.1): 
k A, t . 

..,,,F/ ) l . r .. . A O<, fX,_, rx,.,.1 ~ r 1n,. ... 1 n1c ,. n, L.. oc oc n1 ... n, 7 n,.,.., ... nk . 
i=T oc1:0 Ot,4,;:0 ,, ... , k -

where 

Proof 

;.., Ak. 
- l:_ .. ·L 13 n ;a, n /.3,t 
- A=o ~.eo '/3,, ... ,fo1. ' . . . * ' 

k. 
,a, A = z. A· A' ' = i\ A, . \, . 

"1• · · ·, k C:t ' "'t> · · · "-k "'1•· · ·1"k.' 
of lemma 1 and 2: 

From ta>...,, ... ,'~,oit follows A"' , ;:o. 
"" T, .•. , ""k ...,. 

Lemma 3: All even moments t TT U T.IJ,J 
n · n h · 

1 , · • · ? k h<.j - •I 
, with 

. L "th . = 2 R ( R:o, 1,2., .. .), are of degree ;; 3R 
h;:j ,J 

4 
in all nl ) • --------------------
4) Because of the symmetry of the distribution, all odd moments 

are zero. 
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From definition (3.1) and (2.4) we obtain 

(3,2) 

For R:: 1, the moments of second order are of degree 3 in all nt·. 

In this case we have (cf. [1], [3] and [4]) 

'tn iJ.h . . Ul = o, if h,;·, t and m are different from each 
1' ... , nk - •I - ,m 

other, 

c , n1,; Uh,. Uh. ::: ..1 nh' nh ni. ( 3. 3) n, • .. - ,l - ,~ 12 
, 

c a .. a ... = 
, n, n1 n1, n,, . .. 'n1,: - ~.J - l,j i2 ) 

~ Uh. [1 .. = - .!... nh ni n1 n,, ... 'nk - ,l - l,j 12 

If we assume all moments of order 2R<2R0 to be of degree §3R 

in all ni, it follows from (3.2) and Lemma 1, that the moments 

of order 2R0 are of degree ~ ~R0 • 

Putting 

w =- TT u~h ?.h,i - ,j , h<} 

we thus obtain 

+ L ( T.,,i )(!!i) 2 e w. i1. :a 
i<.j 7.,.~i - 2. :i n,, ... , n,- 1, .. . , n k. - _ ,,1 

( 3. 4) 
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( T.h,i }( 7.,:,j ) nh nj C W a ~ 1 t]_ . : 1 } 
r.h,,:-r 7.,:,j-1 If n,, ... ,n,_1, .. ,,nf<. -·-h,,·-•,J 

P R ( nP ... , n" ) is a polynomia 1 of degree 3R- 1 in 
3 _1 

n 7 , ••• , n1,. 

By reduction of (3,4) we obtain 

+!.. L n ,n n-.7., •.'Z . '!! W. iJ. .~'. iJ. ~1 
'I h'<:h<i h 'h < h,, h,, n 1 , ... ,n1, - -h,, -h,, 

1 _- -e "' -1 ~ -1 +- L- n,n•n•,. 7. · ·. ?:· .,. c; 'W U. • . (1 . . , 
tJ i<:J<j' I J 1,J <,J n,, ... ,nk_ - · -•,; · -L,J 

+ P,R (n 1 , ... ,nf< ). 
:, .1 

We now define 

A 'Z/i, •. ,, 7.h,i- 1 g. 
n,, ... ,nk 

.. n { 17( iJ.h,j)T.h,j}·(ijh',i)-T([Jh,i)-', etc. 
' I< h~J 6h 1· 5h, · 6'h ' 

.) ,( ) (. 

For n,, ..• , n;.. tending to 0 in such a way that 

:: fl. h' .. h . , et C • 
)') ) (, 

and denoting the limiting values of i\. {?:h,i} and .n1 , ... , Tl!( 

( 3 • 4) 

(3.5) 

( 3 . 6) 

( 3 • 7) 

A i:;,;, - 1 > T.h, i - 1 
n,, ... ,n1<; , etc., by resp. I\ "h~i.-1, ?.h,i.-1 

J etc., 
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it follows from (3.5) 

t.i.m 

c' TT iJ. ~h,j 
"P n,, ... ,nk h<j - h,/ 

TT 6 ~h,i 
h<:.f h,j 

'> 7.h't"-1,7.h,-' > 1 ?:i,j-1,"Gt',j'-1 
+ L "l1,, · · '"t,h i · 2 oh' i ·hi·). ' ' +. lo; . ?,·;·· 7.i 1·•·2/;iJ··i1•1·/\ 

. h!.r.hd ., • c.., I ' • <</</' • • > •• 
(3. 8) 

> , 7.h,;-1, ,,-,j-1} 
- .. '::-. 7.h,i· 1:,,1· · 2/!;h,i; i,j ·,,.. · · 

rr<<<:j . 

It can now be proven by induction t.hat the moments lo..{7.h,j} 

are identical with the moments lt.'{1.1,,;J of a multinormal 

distribution of variables {Y h,j} , each with mean o and 

variance 1, and correlation-coefficients e as defined by (3.7), 
The moment-generating function~ of this distribution is given 
by (cf. [2]). 

<p(t, ~, ... , t1:._ 1 L) = e~ J.f l._ t;, ~ + 2 L... . oh,• ·h • th' • t1, . + 
,.. '" 2 (1,V ,I h'<h<:< c.., ,, ' ,< ,, ,, 

+ 2 L. o. · · •, t. · t- ·• 2 L. Dh · · • th · t. ·} i<:j<J' ..,,,J;t,/ 1•/ '•J - h<i<j .... ,,;,,J ,, <,j 

From this expression and its definition 

we obtain 

{ ·} TT (2o , . .Ja.h;, ;h,i TT (:;p . ... , \O.,;j;i,i' TT ':I .. . )a.h,i;i,j 
;._1 1:h,1 :2-RTT't1i .. '/h'<h<i r.,fi,,;h,, i<:/<j' ..,1,1;<,1'1 h<i<:/·E:h,,;,,J (3.9) 

n<:J ,, {aJ TT ' rr ' TT ' TT a,... ah .. ·h··. a .. _ .. ,. a.h··· -! h<:j ,I h'<h<:i ,,, •' <<:j<.j' <,/,<,/ h<:i<j ,,,,,J 

where the summation is performed over all ah. t t ,1 e c., sa is-
fying the relations 

7.1,,·= 2a.h .-,..L_ (ah'h·h -+aL, · h ·) + L (ah· h · +a.1, · ·) • •I h'.:h • • ,/ n,;; ,I h<:i<j •'; ,J ,J; i ,I 

+ L. (ah· h .,-,..d:h · · ·,) 
i<i' •U ,/ ,1;1,1 ' 

(h<j). 
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For R= 1, all moments ;,_ {"lh,j} of second order satisfy (3 .9). 

If we assume this to hold for R<R0 it follows from (3.8) 
that 

lim 

consequently, according to lemma 2, 

A {r.h,i} = ltm c TT ( !J.h,i) 7.h,J - -1' {7.h,j} q , e , d , 
n1,--·,nkJx· ~ - , 

I h,; 

We then have 

Theorem I: The distribution of the set of variables {fJ.h) 
is asymptotically equivalent with a multinormal distribution 

with covariance-matrix given by (3.3). 

Denoting the covariance-matrix of the set {U ] by -h,j 

//(lh,j;l,m/1, it follows from (3.3) 

and the inverse matrix /esh,J;l,m/ is given by 

15 h,i;h,j = 12{N+1-nh-ni) 

nhndN+1) 

5h,j;l,m ""o· 'f h . I 
- ' l ,/ > ' 

_ 12 ---, 
ni(N+r) 

cri,J;i.,J' = ___ ,_:._ 
ni (N+r) 

(J h, i; i ,j = 12. 

n, (Nn) 

where N =4 ni. 
l 

and mare different from each other, 

Because of the asymptotic normality of the set {iJh,j}, we 

can state 

Theorem II: The distribution of the variable I 2, defined 
by 



-8-

, ""'h,i;i,j u_~ u_.~ +2LY h . .. 
L ' ' - ,l' -l,j 
n<:<<:j 

where D.. = L i]_h . - L iJ. . . 
- ' h . - ,, . . - <,/ ' « L<:j 

and N:? n,, 
l 

is asymptotically equivalent with a X 2 -distribution with 

;, = (%) degrees of freedom. 

4. Some theorems about the H-test. 

4.1. Introduction. 

Instead of comparing each pair of samples with each other 

as in the foregoing test, by application of the H -test each 

sample is compared with all other samples together by means 

of WILCOXON I s statistic. For the sample ~i,f ( 5;; n), taken 

from t,, this statistic (denoted by~,) is equal to the number 

of pairs (5,rz) (~~n,,'?§nj, J:ti) with ~',s >e:i,17.. 
In his paper RIJKOORT [7] conjectured that the distribution of 

the variable 

k. ~ 2 H * = __ ,2_(1<: ___ 1)__ 1- Id-, 
(N+1)(N 2 _ X.n/) <=1 

(4.1.1) 

is asymptotically equivalent with a X2 -distribution with 

-V=k-1 degrees of freedom. 

In the following it will be shown that the simultaneous dis

tribution of the set {Yi} is asymptotically normal under H0 , 

from which it follows, that under f1c the statistics H and H*, 

defined by (1.3) and (4.1.1) areasymptotically distributed as 

Z52., with ,i=k-1 degrees of freedom. 

4. 2. The _simultaneous _probability-distribution _~f {Yi}. 
In the same way as in section 2 the following recurrence 

relation is obtained for the simultaneous probability dis

tribution of { Y,:} : 
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k. 
P { U · ] : L nh P { U (h)} 

n 1 , .•• ,n,. - L h=r N n1 , ••• ,nh-'•··· ,n1c - i , 

where yifh) = { Y.i • if h-¢ L ~ 
. y.i_(N_ni),if h:i. 

with initial conditions 

Y:;_ :f::O, 

4. 3. '!:~~-~~~E!~!!£_~~~!!:~l?~!!~!:-~f { Yd, 
If fd:{h}+{j} denotes WILCOXON' s statistic, obtained by c·omparing 

the samples taken from 3h and ~j together with all other samples 

together, we have 

(4.3,1) 

r: As 
(4.3.2) 

and 

Ya"t fd.{h)+{JJ = j(nhrn;)(N-nh-nj)(N+1), ht:), 

it follows from (4.3.1) and (4.3,2) 

As ? Y., = hL._ nh~ , we need only consider the simultaneous dis-
' <J 

tribution of k._1 variables Y:i., e • g • (d.,, • • • ' Y,k-1 • 
~ Denoting the reduced variables Yi by· Yu we have 

and 
- - "S""" ~ Y:, = - L_ Y-h,i + .£-. Y-,.;· . 

h<.L ''V 
(4.3,3) 

The asymptotic momenting generating function of the reduced var

iables {Y.,} thus follows from the asymptotic momenting generating 
~ function of the variables { iJ h,j} ., which is given by ( 3 . Ba) • 

We then obtain 

(4.3.4) 

where the covariance-·matrix /l<5h~/I is given by 
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(4,3,5) 

oh;·=_..!.. nhn1· (Nt1), (ht)). 
, 12. 

The reterminant of this matrj_x is given by 

and the minors Ll. · and t:,h · by 
l; ~ ,/ 

(4.3.6) 

{ 1 (N JJk-2 Nk-3 4h·= - +1 n1···nk-1 . ,j 12 

If a 11 nit o, //oh,)/ is thus positive definite, from which it 

follows that (4,3.4) is the momenting generating function of a 

multi-normal distribution (cf. [2]). So we can state the following 

Theorem III: The distribution of the set of variables {ii} 
is asymptotically equlvalent with a multinormal distribution with 

covariance-matrix given by (4.3,5). 

Denoting the j_nverse matrix of /!6h,J// by // <J h,f /1 , we have 

CS ,,i = 72 n, +nk 
n, nk N (N+1) 

and 

(5 h,j == n. 

Because of the asymptotic normality of the simultaneous distribution 

of the variables { {I}:; we can state 

Theorem IV: The distribution of the variable y 2 , defined by 

k-1 . ~ 2 k-1 . ~ ~ u. 2 :: L (5 L,l u. + 2 L <'I h,j u u. . 
- £=1 _i h<:j -h-/ 

✓ = :! 

= 
k ~:, 

12. L. Y, , 
N(N+1) i=7 n, 

is asymptotically equivalent with a 

degrees of freedom 
X2 -distribution with 'hk.-1 


