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1. Introduction.

We consider k (kg@independemt series of independent trials,

each trial resulting in a success or a failure. The 4-th serieg
2
consists of m, trials with gj)successes and Y, failures "'

ti=Za;,t,=2%;,N: Lmand p, is the probability of a success

for each trial of the i-thseries,
The observations may be summarized in the following table.

Number of
Series successes failures Total
1 -~ b' %n
2 Q, ‘9.: M,
K Qg bk Ny
Total t, t, N

We want to test the hypothesis:

(1u1) H° : P,: PZ"":PK
against an upward or downward trends This may be done esg. in
the following ways '

We consider the m, trials of fthe i-thseries as m; ebserva-

tions of a random variable x,; , where =; takes the wvalues o
and 4 with

(152) ‘P['Dﬁ-&:l]:p; \ P[:S‘;O}:IUP; , 4wl W,

Then H, is identical with the hypothesis that «,,%,.....%« DOS-
sess the same probability distribution and this hypothesis
may be tested against the above mentioned altermnatives by a 17
ing TERPSTRA's [5] test against trend to fthe observations of
A\ Xy o, X, o This test is executed as followsg

We apply WILCOXON's two-~sample-test to the samples of «;
and %, . Then, if we denote WILCOXON's test ~ statistic for these
two samples by W s

=i,

1) Random variables will be denoted by underlined characters;
values taken by a random variable are denoted by the same cha-
racter, not underlined.

2) Unless explicity stated otherwise 4 gnd-i teke the values
L%y, K



(1:3) Wy Uy - 20U, 18] = aumy - oy ms

and for TERPSTRA's test statistic T‘ we have

(1.4) W= a[T-2(TIH)] - Z.Z._

o
Consequently
(1'5) W = ;432(%‘_%1'—9_-1’\’\4)
with (ef. [5] )3
(1.6) Wt H e BN’ s Bmi)

3N (N-1)

In section & we shall prove that this test is consistent for
the class of alternative hypotheses:

3)
(197) H ' ’&Am. 5":‘;,}1““1(\'3 ‘01 =#Q

N - oo Z_/Y\]Zm--zm_a‘

*\‘Q 451

and, for sufficiently small e« , for no other alternatives.

Consequently if we apply TERPSTRA's test the class of al-
ternative hypotheses for which the test is consistent depends
on the sample-sizes m,; . This means, that as soon as at least
one of the p, differs from the others, the m; may be chosen
such, that the test is consistent, even if the p, do not show
a trend at all. According to a remark of J.HEMELRIJX this dis-
agreable property ought to be avoided by choosing the test-
statistic in such a way that the alternative hypotheses, for
which the test is consistent, do not depend on the ratios of
the numbers of observations taken from the different random
variables, except possibly for boundary conditions of a gene-
ral nature.

Taking this into account, the general form of our problen

may be stated as follows. Consider N independent trials, each
trial resulting in a success or a failure. The total number

of successes is t, , %, %) ) is the number of successes

>

and p, the probabilltj of a success for the A-th trial. e now
want a test for the hypothesis

(108) Ha - P\’- P'L’-"':PN 9

R Ei‘ + 0 then (1.7) is identical with

. My m .
’l\?\,\:m Z«:}JT; —-\:5-1 ( Pi- Pﬁ) Fo.
4) Unless explicitely stated otherwise \ and po ke the values

LR, ..., N,



3.

which is consistent fgr‘the class of alternative hypotheses

(1.9) Hooe éi/\rng.%x\a, #0
and 1f possible for no other alternatives, where %x(xzxa‘”.. N)

are given numbers.

These numbers must satisfy the condition

(1’1O> Z“%}\=o

bN
because, 1if H, 1is true %—3>¥’x must be equal to zero, in accor-
dance with our wishes as to the consistency (e¢f.(1.9)). Imposing
without any loss of generality, the condition

(1.11) A NEE!
we have
(1.12) 12 gy sl =1
In the special case (1.7) the class of admissible hypotheses
consists of those values of lo,,ps,..., py which satisfy
P|= Pzn v . . = PMI N
P,“‘,H:,.. =P"’b\+'\"2‘ m, > Az L, ... K
(1.13) .
: kKza , Zmi=N
\Qm‘+...+q-\h_\+1 T 3 ‘o'n,ar...-o-mu_
and thus if we take
(’\.’14) %x* ——3—1— {rn.‘-\-...ﬁ-m,;_‘< Mg Mmooty
L T S Az, N
where %L are given numbers and 1f we put
}5)‘: P“-_ /h.|+...+"r\"‘_|<)\ E mto My
(1;15) {A:l.'z.....\« VA= 2,00 N
then
(1016) %—Q) P):. ?%L ‘P;.
Condition (1.10) and (1.11) reduce to
(1.17) Zq, =0
and
(1.18) ;_\q;\=1
respectively.

Consequently in the case (1.17) %L is proportional to
my; (Zmy - Z.mé), which introduces the m; 1into (1.9).

A4

If we take g) proportional to (K+1-24) the above mentkio
ned drawback of TERPSTRA's test is avoided and the alternatives,
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for which the test to be developed is consistent, are those,
for which X2 (k+i-24) p, = X.Z.(b - ;) #o.

In this paper we shall consider the general case (1.9). Ve
test the hypothesis H, conditionally under the condition t,:%,
and we choose, on intuitive grounds as a test-statistic a 1li-
near combination of the random variables ocy ¢

(1"19) \f_\_/-:z): "l)‘?(_‘.x.
The hy (A =1,2,...,N) will later on be expressed in terms of
v Gar ot s Gy such that the test is consistent for the class

of alternative hypotheses (1.9)and for no other alternatives.
In the special case of TERPSTRA's test against trendln(k=umu”N)

is proportional to Z m. - Z‘”ﬁ (oo tm <X EmFomisashae.ok)

b

A<y A4
Without any loss of generality we can supvose
(1.20) T hy =0
>

which means that W is chosen in such a way that £[yy|t,ﬁ+°]=o

(cf. (2.6)).

2. The mean and variance of \W _ under the hypothesis H..

Under H, and under the condition ¢ =1, the simulta-
nious distribution of the %, 1san N-dimensional hypergeome--
tric distribution, i.c.

(2,1) Pla

and

(2.2) €{¥xyt‘HJ=:%=

(2:3) o' x

t t,

(2¢4) conr| o_cx,'a_chl”b..Ho] T T ONR(N-Y)

%%H.
Consequently

(2.5) o[ W]t . H) = Z_ha‘[ka[t.,H]a—ZZk hpeov[oe, o, | B Ho] =

_ bt 5
T e h (cf. (1.20)),
(2.6) E[W ]t H] = Zhy. 3 =0 (cf.(1.20)).
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3. The asympbtotic distribution of W wunder the hyvothesis H,. _

We consider a sequence of groups of trials,; the v-thgroup
of which consists of N, +trials of the kind described in sec~
tion 1 and where

(3-1) Lum. szoo.

Y - co

hen we have for eachv: t  successes, %, failures and a
test—-statistic

(3:2) W= Ty

with
(3+3)  2[W,]twH =0

2 2
(3.4) o [W, ), He] = ﬁ_) Zhi,.

We shall now prove the following theorem:
If the conditions

1, -iﬂ-zO(q

'tzv - \
N ! ‘N”"OQ)

(3.5)
(2. Mex ki, /51 -oq)

LE X 8N, P)

or the conditions

o
" -
1o N, Z;P?N o =0W for each integer a2
[Z¥5,]
(3.6)
2 ’&mm't‘*m R /&Jr\f\.tz:_oo

are fulfilled the random variable

W,

G[W’V’tCV1HO}
is under the sequence of conditions ., =%,, and under the
hypothesis H, , for vy tending to infinity,asymptotically
nomally distributed with mean o and variance 4.

Proof 6)0

For the proof we use theorems by WALD and WOLFOWITZ
[6] , NOETHER [4] and HOEFFDING [3] . To apply these theorems
to our problem we consider the N trials as one obeervation

o g 18 e pme Wt

5) In this and the following section A and R take the values
hW2,...,N, and all Hmits are L£or v—seo.
6) To simplify the notation we shall omit the index v,
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of each of the randon variablesy y,,...,y, Wwhere the values
taken by these variables form a permutation of the numbers
S, €5, &yt LT we take for these numbers a row consisting of

the numbers h, h,,..., A hy and 1f a second rowd, ,d,.....d, consists

.
)

of ¢+, times the number 4+ and %, times the numbero,then

(3.7) Ly Zdiy =W

The above mentioned theorcms state that if
1. all permutations of ¢,,c,,...,c, have the same prota
bility,
2. the row{dh}satisfies the condition

/"Lm{dk}

3 =0 for each integeres>2
[ Aafds}]

(3.8) where
ctef e o
Mafbs} = 37 i -
3. the row{ck}satisfies the condition

Jeox { o - Zewl

= 0(.\)
2
\
2 le, - -3¢ }
5 { TN e
then the random variagble

L~ 2(Ly)

(L)
is for y tending to infinity asymptotically normally distri-e

buted with mean o and variesnce 4.

The condition (3.8.1.)is, given the independence of the
trials, fulfilled if and only if H, is true and it is easy
to see that the conditions (3.8.2.)and (3.8.3) reduce to (3¢5e1
and (3.5.2) respectively.

The above mentioned theorens may also be applied in the
following ways:
If a row {c;} consists of +, times the number 1 and 4, times
the number o and a row {d;} consists of the numbers h, h,,..,h,
then

(3.9) W= 2 d) o,

- X
where the values taken by oc, (h=t.2,... N) form a permutation of
the numbers «),c}.....¢).(cf.section 1).
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Censequently ETT;F:S:E_ is under the hypethesis W, and under
the condition ¢, = t, , for v tending to infinity, asymptoti-
cally normally distributed with mean 0 and variance 1 1f the
row {cﬁ& satisfis condition (38.2) and the row {c;}the condi=
tion (3.8.3).

It is easy to see that in this case (3.8.2) reduces to

(3.6.1) and (3.8.3) to (3.6.2).

4, The conslstency of the test.

In this section we shall invedstigate the consistency of
the test for the hypothesis H, if we take a one-sided critical
region consisting of positive value of W . We again censider
a sequence, the v-th term of which consists of N, trials with

L N, = (cf. section 3),

We suppose that the conditions (3,5) or the conditions
(3.6) are fullfilled; then for large y the conditional critical
reglon under the condition t =% 7)

. consists of those values of
W which satisfy

W >
(1) olwW b R Sen

where o¢ 1s the level of significance and ¢ follows frem

o
E

t
-3 X
2T d X = o,

.‘..je
Vzﬁ,&
If an alternative hypothesis H 1is true, a’{ygig},Ho] cgnverges
in probability, for v tending to infinity te

2

(402) ’&.m M Z h)\ (=/&/m0J: for short)
N (N-=-1) )
(ef. (2.5).

We define
(4.3) /‘-"-d‘:‘:{ 'Z[W‘H]=§—-hAPA )
(4.4) 2 AW |H] = IR, pagy-

We can suppose without any loss of generality

(4.5) Zlh| -1,

7) We agaln omit the index v .



then
(4.6) &mwh&m{z}mp)\gh

and from (3.5.2) or<3.6.1) follows

(4.7) Lo R -o.

Consequently

(4.8) Airn & = a (ct.( 4.2))
(4.9) Lo o* 20 (cf.(%.%))
If now

(4.10) Aiens Ty s 50

then the probability of not-rejecting H, converges in probaé
bility fory-—-—» o« to:

(4.11)  Lira P[_‘g: <2, ] = Am Plw-p<to-pl.

From (4,8) and(4.10) follows that €0, - 1s negative for suf-
ficiently large y ; consequently

(4.12)/&”1\.?[% <f,,4] é/&mp[*\d—'_x_‘>t_;_~-gdg'o] =

-f-‘-..”&-/m 22 o]
) Ty (cf. (4.9)),

(4-13) /(N'n'\, Z}“’lxp)\ < Q

we see in the same way that the probability of rejecting Hgy cone
verges in probabllity for v—sca to o. If finally

(L, 14) J&mz;m by =0

the probability of rejecting H,converges in probability for y-eeto
-(%.15) Adom Plw 2 4, 0%]

Consequently if

(4.16) dom L 5o

and

(4,17) %: s Avm U:

T



then
(4.18) &meggdq]gm{g—; <1

The condition (4.16) is satisfied, if
(4.']9) /&,m_ -Z.T\J‘E} ,/va —-%\—lﬂg'- >0

but this is not necessary the case if (4.16) is fullfilled. The

class of alternative hypotheses with Lim ?;“: zoand Lim 2;-"‘>~|°A"°

is of a rather unusual character, but it may be worthly of fur-

ther investigation, because probably for at least a part of this
class the test is also consistent.

5. Summary.
Substituting 9s
the following results. If we use the test-statistic

for h, in the above formulae, we getb

(5.1) \/_‘_J= Z;—‘i)'c_cx.

where %x(hst.m“..N) are given numbers, satisfying

(5.2) §-3>ao
then

(5.3) LWt H,] =o

(5.4) 0'2'[ w}t‘“Ho] x —!‘%—T:T%T) ; %:
If

(5.5) ZH‘M .

and if the conditions

‘ ta
(5.6) 1, %:OO) and T-,_OU)]?OI‘ N—\\Oo‘

(cf. (3.5))

2
MAak
2 AL 1N = a() for N = e
2. gt
x%).

or the conditions:
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N -E-ﬁ%-— = Q) forv-eand each integer ~>2 ,
(5.7 Zarl™ (ef. (3.6))

2.’8%'{3‘:@ ,hmt,_:oc

are satisfied and

(5.8) e T8 _ Ai ERLEDED (cf. (4.16))
a? NN -1) Z)\_c%’;pko“
and
(5.9) 42y A T2 | (ct. (4.17) ).
g

then the test is consisfient for the class of alternative hypo-
theses

and for no other alternatives, and the conditional distribution
ET—X%g——— is under the hypothesis H, for ¥ -e asympto-
\a

tically normal,

6. Examples,
1. Suppose we want to test the hypothesis H, against the
alternative hypotheses of trend, where a trend is defined by

“H 2 (px-prl # o

From ><V.(PA“FWJ_ Z;(N*w—zk)F> follows that g,

proportional to N +v-ax(X=<t,2,...,N)and therefore condition (5.2)
is satisfied.
If we take

(6.1) 9r= 2 SR As iz

then the conditims (5.5), (5.6.2) and (5.7.1) are all fullfilled.
The test-statistic is

(6.2) W = %(N-}-\-z)\) xy = §_<E_( a_c’*)

with

(6’3) i[W,tl» Ha] =0,

(6.4) o[ W |+, Wa] = ﬁ'(::) L (N+1-23) = 4508, (N4)
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and the test is consitent for the class of alternative hypothe-
ses

(6.5) i&:\f; = )Z:_PZ (Ps-Ppp) #0

and for no other alternative hypotheses 1f (5.8) and (5.9) are
satisfied,.

2. Suppose the class of admissible hypotheses consists of
those values of p jp,,...,p, Which satisfy (1.13), From sec-
tion 5 it follows then that if we take as a test-statistic

(6.6) W= Zg 2

where %;(iang,”,,k)are given numbers, satisfying

(6.7) Z‘C_%‘;:o

then

(6.8) LW £, Ho] =0,

(6.9) Y EVRTERTR B i

N(N-1) & Mo

The test 1is then consistent for the class of alternative hypo~
theses

(6.10) Lirn, z%; b %0 (cf, (1.16)‘)

Nase A

and for no other alternatives, if

(6.11) Zlgi] =1 (e£. (5.5) ),

the conditions

1. -—EN-'—— ;O(‘) and t; ._,O(\) for N - a
(6.12)¢ . - g (cf, (5.6) )
2. ""‘;xj.—:jl = o) for N - =

or the conditions
VR
) 9%
Y-t 2 T
1°N2 4.'"«; =O(\)

T
A MG
2, ’eifm‘b.=co and limn'\'.,L:cc

for N =«

(6.13)

are satisfied and if furthermmore the conditions
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2

F Z W .o >

(6.14) M s:o;' 2/&1\'\'\. ‘\_MA.PWE:"\’\«.qa“\Z"%—:. > 0 (Cf‘(s.e)
N0 288 g

(6.15) £ 5 e I (ef.(5.9)

are fullfilled, Consequently if %; is independent of m| m,,....m«
the test is consistent for a class of alternative hypotheses which
does not depend on the sample sizes E.g. if we take

(6.16) %1 = 2 lﬁ%&:ﬁ; e L.,k

then the conditions (6.7) and (6.11) are satisfied. If k is fi-
nite condition (6.12,2) is fullfilled if

/K‘VVY\. Mm,; = o0 for &4’-5‘:2‘:“‘
(6 17) N =0
’ . m; € = for = k*u
N —eo 2

and (6.13.1) is fullfilled if

(6.18) gbw»%¥; S0 for iz K:|
Lo i 5 for i = Kxu
N —ee N - 2

(6.19) W=ZZ (&% o). % Wi (ef.(1.3)),
bed Nmi My A<q mimg

with

gétgoa %,[\jlt.,HQI =0

6. 2 _ tka (ker-2i)?

(6.21) LW It He] - ke 7 SRR

and the test is consistent for the class of alternative hypofthesrs
. 1 . '
6.22) dom w TZ(F- ) #o

and for no other alternatives if (6.14) and (6.15) are fullfilled.
For TERPSTRA's test-statistic we have

(6.23) g, = (Lmi - &mi) (cf. (1.3) and (1.4)).
CT Emd D - gl

Condition (6.12.2) reduces to

2
e Zm

(6.00) TG Zm) oy
NY - T

for N —c
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and (6.13.1) reduces to

%fy - . _:Z
(6.25) N 2 Z,‘_‘m»\,().zelmi iL» “Miz/l :OL\) for N — oo and
{Na - Zlm&] each integer x»>2.

From (6.9) it follows, that

tota (N = Todt)

(6.26) G—n‘[\&\'{;”H°1=—Err—-E}—T§ ""h.(z. ’\"La& *E—i/ﬂ..‘\ 1N(N-\)

with

(6.27) W o= 3 Z(Qimi‘gi”“;) (cf. (1.6) ).
-i.-:,é

The test is consistent for the class of alternative hypotheses

(6.08) Ay, e mimi(PioPi)

N = co
Zlg,\‘ ZI\'\. - Z.'n \
and for no other alternatives *4f (6.13%) and (6.15) are fullfilled.

Ir

(6.29) A zoa| T DL~ T o

J.<—3

then (6.28) is identical with

(6.30) Lo T X 22T (i - py)

N —»on .;cz& Nz’

and as
(6.31) bi-pi= PLay>wyl - Plei< il
(6.30) is identical with

(6.32) /&2 %Z%{?[%n x;) -~ Plws < °~‘1H +0.
<4

7. Remarks,

1. The test of example 1 and TERPSTRA's test may also be de-
rived in the followlng way:

Consider two random variables i and Y where, in two samp-
les of size 1, and t,respectively, andy have taken the valuedi
o, and b, times respectively, If L is the test-statistic of

WILCOXON's test applied to these two samples then
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(7'1) ZEL:\I_\l +'b"t;.

Hemelrijk [1] and [2]has proved that the hypothese H, under
the condition %, -t, 1s i1dentical with the hypot™esis that «
and y possess the same probability distribution, Consequently

(7.2) BlwWlti He] = 28 [ ult, Hal vty =0

i . ta (N - Fomd')
(7.3) o'Wl Hel = 4™ [UftiHe] = 4 t\tN(N-.};r

or, if allm; are equal to 1 (example 1):

a S 7 (_N-\-l)
(7.4) o' lwlt, Hl = 4. A

For the case that all m are equal to 1 the exact distribution
of U under the hypothesis H, 1s known for small valuegof +,
and %, 3 therefore in this case an exact test 1is possible.
2, If m;.m for each 4 TERPSTRA's test is identical with
the test given by (6.19). Consequently
a. Ifm;am for eah 4 Terpstra's test is consilstent for
a class of alternative hypotheses which does not de-
pend on the gample-g8izes,
b, if m;.m for each i tha test given by (6.19) is i-
dentical with Wilcoxon?s two sample test applied fto
the samples of « and y (cf. remark 1).
3.In the preceding sections we proved that If we take as a
test-statistic

W"l
(7.5) We £ X ot
A< May

instead of TERPSTRA's test-statistic ZfZ.\M the test 1is

~ 4,4

consistent for the class of alternativeﬁﬁypoth;ses
b = ZX (Bl -Fy) #o

which 1s independent of the sample-sizes.

If now oe, possesses a continuous or a discrete distri-
bution function and if m; observations of <¢; are glven
(;:hm”JQit may be proved that if we take (7.5) as a test-statis-
tlc to test the hypothesis H, that« ..., xxpossess the same
distributionfunction instead of TERPSTRA's test-statistic the
test is consistent for the class of alternative hypotheses

L. -5 Z(/} {Pfx; s aeg) - Plac< oyl #o

N-eco
which again does not depend on the m;,
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i, The test described in the preceding sections may be gene-

ralised e.z. in the following way: L
Consider N random variables ¥¢,,%,,....%, Where oty takes

the values,q,,..,4 with probabilitiles b, , by, . - P22 respectively
(A= t2,00N i{é-an 24 for each) ). Given one observation of
each of these random variables we want to test the hypotheses
H, that « , «¢,,... .o, Possess the same prohability distribution,
which is identical with

P = Pai= s Pug for each & (4.:\.zvu,%),
against the alternative hypotheses

=L qupte.

where %A¢(A=\,QFH,N; is12,...,4) are given numbers. If H, is true

Z 2.9y bas = 2 Ps Z- 9
and this must be equal to zero, Consequently the numbers<b@ must
satisfy the conditions

ZX%“‘ =0 for each + (i=1,2.....4).
If 2. 2

i": %— Qi Prx = 7;: (%x‘ Pai T Qrabda) = ;(‘ﬁx\ ”‘ixa) FM * §3”:
= %-(Qx. "CZAL) F)\\ = E;CS> F)‘

where

%Azcaa\l _(%,\g_ y A L2, . N ;%).:Q

and PA" D N NER T
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page line

i 11 .07

5 worc. Bl0w, B0y
9 5 f.t. necessary "
9 3 f.b. t, +t

11+ 6 f.b,} w00, =00 "
14 2 f.t. hypothese wn

D e S0 Son D GED 0o8 b wa ccd e o ws n S G

1) f.b.= from below.
f.t.= from the top.

sw

N-dimensional shoud read:(N=4)dimensional

_‘:‘.."' :O(v), ﬁ-‘-’- =0(|)

3 tlv
necessarily

%"::O(l) . —l;l—n =Q )

hypothesis




