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~~ Int'r'cdue:tion 
The prob 1ern tre.at2d ::..n th:Ls report concerns the maxtmum 

likelihood eot~mat1on cf Dbrtially or completely ordered pro­

babi.lities, 

Cocsider k irlc;epende:-::t series 2f independent trials, each 

tric:l 1:'E:':'1.1:~t";_n,r ~L"1 o . 1;..c,l.:E:'0,:. or r: fC:11.ure. The l.. --th series ... '1) 
consists of'''\: trials with ~-1. succe:-::.:.:,e:::. and l?..:~'n-t-S-.: failures; 

-rr., is the (unknown) r1rob2bi.lit-y ::-,f E, ;success for each trial of 

tl-ie ,L-th ser:Le:~ ( ✓i.><-J..y;;-.,..,, .... k) cmc n,,'11, 

t1::le inequa lit ·,_es 

( 'L -'1) (--i-,-j ... 1.?..,, .. ,k), 

where 

( 1 . 3) 

-i. ~ h < -;i then 

(1,4) 

(~)I 

if 

of values 

of values 
(.,L.,j) with J..-::,a, 

(.-i..,i\ with~"'- 1, 

In section 2 and 3 methods will be described by mean3 of which 

the rn2x-1mum likel:J.hood estimates of 'Tf, ,'11:1., •.. ,'\1 1" may be found, 

i,e, the values of x 1 ,x2 •••• ,><-,-:. which maximize 

k 

(1,5) L= L(X,,><-i,···,x><)c'._'.'.J [;{a.~~x,_+'b..,~(1-x..)} 

in the d.cmain 

( 1 , 6) ]) { 
cl~. i ( X .;_ - X -i ) 

0 ~ X.;_ ~ I 
(.i.,-i-.:: 1,2, ... ,k), 

Unled □ explicjtely st2ted otherwise L will only be considered 

in this 0,mainD; the maximum likelihood estimates will be denoted 

( '1 . 7) 

and 

( 1 , 8) 

L L cl=ef 
· a · ( X-) 
4, "'~ i,. 

1. ~f o~ -

a...:,¾ x ... + b.._ ~ ( 1 - x..} ( ,\, "' I ' ~. ' • ' I I'\) 

a.. 
~ 

(,L::1,;i, ... ,k). 

1) Random variables will be distinguished from numbers (e.g. from 
the value they take in an ex~srJ.~ent) by underlining their symbols. 
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Further the restrictions 11'. -s.11'. satisfvv ing 
"' - 1 

( 1. 9) for each h between ..t and -a 

will be denoted by "R,, ~,., ... ,"R. 6 • Because of the transitivity 

relations ( 1. 4) the system 7t 1 , "R:i., ... ,"R\ is equivalent to ( 1j) • 

In section 4 some examples will be given. 

Remar·ks: 

1. It will be clear that ordered probabilities can always be 

numbered in such a way that they satisfy (1.1). 

2. Every set of res tr1ctions "R. 1 , "R 2. •••• , 'R. £- represents a convex 

domain. 

3. If rm. 0 ::,.othen (1.1) is equivalent to 

(1.10) 

This case has been solved independently by MIRIAM AYER., H.D. 
BRUNK: G.M. EWING_, W .rr. REID, EDVJAED SILVERMAN l2] and the pre­

sent author [1] . 

2. The maximum likelihood estimates of 11',, ,,-:i, •.•• 11'«-

In this section the following theorem will be proved. 

Theorem I: L possesses a unique maximum; if ""R.1 implies: ,r(..:~ firft, 
and if j:1:, P~, .... e·~ are the maximum likelihood esti-

mates of '11',. 'Tl" 2, ... , 11k under the restrictions "R, ... .. ~>-••. .. - ... ..... 
'R~ ... , . . ,1\t; then 

p ... = 
I 

( ,i. = I,::?.., •• q . I 

{ t. 
ip._ .. k) P.:>. ~ P-a}. ~ 

( 2 .1) 
p .. >. =- tf 

I • ~. P·h j'.>..:.\ > p~).. 

Proof: The uniqueness of the maximum of L will be proved by in­

duction. If s ::::o then it is well known that L possesses for any k. 

a unique maximum and 

( 2. 2) ( J.. = I • :t, . . . ' \'\). 

Now suppose that L possesses a unique maximum for the following 

two cases 

( 2. 3) {
1. k series of trials with s-1 restrictions 

2. k - 1 series of trials with s -1 or less restrict ions 

where \-< ~ 2.-, & ~ 1 and consider a case with k series of trials and 

srestrictions. Then it follows from (2.3.1) that L possesses a 

unique maximum under the restrictions R,, ... ,"R..>--,, tl>.+i • .•• ,"R 5 , 

i.e. there exls ts exactly one set p'. , ~~, ... , ~~ satisfying these 

restrictions and maximizing L. 
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Now the following two cases may be distinguished 

1. t:> ... >. ~ P~x ; then p;. ?~· .. . , tJ~ satisfy the restrictions 
'R, ,"R. 2 , ••• , 'Rs • Therefore in this case L possesses a unique 

maximum undE:r the restrictions R,. 'R.~ •... , "R, and 

( 2 .4) p;_=p~ (L=\,2., ... ,\.<.). 

2. f.i..1. > Pi>- ; then ( 2. 1. 2) may b~ proved as follows. If 

x,,x2 , ... ,x,"is any set satisfying the restr1ctio.ns.~~ .. ···;R.~-l'~l,._,, ... ;,t~ 

but different from p: . p; , .... }>~ , then 

( 2. 5) 

Now consider a fixed r:iet x 1 , X.z, .•• ,x1<.with x .. < x_. and satisfying 
).. • >. 

the restrictions- 'R, 1 R 2 , ••• ,'"R.1u· Then if 

(2.6) 

we have 

( 2. 7) 

. {X;. ( f->) def ( I - (b) X,: + ~ p~ 

o '§. X., ( ~) ~ 1 

( ,i, "' I. 2., •••• k) 

and for each~ with o ~ ~ ~ 1. 1 X,(~).X~(~). ... , X1<(~) is a set 

satisfying the restrict ions R 1 , ••• , "R.;._,. "R>-+,, ••• , "R,. (cf. remark 2 
in the foregoing section). Therefore if 

( 2 .8) 
X~ - X. + b'. _ h 1 , 

•>- .. >- r"'.1. r,a.l. 

then 

( 2. 9) 
{ 

1.. 

2. 

0 < ~o < 1, 

i.e.x,(ro),X:1,(~0), ... ,Xk(rJis a set satisfying the restrictions 
'R1 > "R.,., • • • I "Re, 

" 
Further L{x.cr),x,,cr) .... ,Xk(~lj is for fixed values of 

x.,x 2 , ... ,x 1" a function of~, say ~(~), and 

( 2 .10) 

From (2.5), (2.7) and (2.10) it follows then that CJ(~) is in 

the interval o ~ ~ ~ 1. an increasing function of ~ , i.e. 

( 2. 11) L { X, ( f?>oL X :t ( ~ .. ), ... , X 1< (~a) \ > L ( x, , x :i., .. • , ><1<). 

Thus for each set :x. 1 , ·xi', ... , x"<- with x .. i. <. x.i>. and satisfying 

the restrictions '"R., \ R 2 , ••• ,'R"' a set X" X~, ... , X\~ exists satisfying 
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the restrictions ""R.,,'R,., ... ,'"R1, and 

{2.12) 11.X.:i.=Xi~• 

R.. L(X,,X,. ..... Xk) ::,\_(x,,x~, ... ,X1<.)i 

i.e. Lcx,,x 2 , .... ><1<) attaimLits. maximum under -the restrictions 

'R.,. 'R~ •... ,~s for X.;,~ = x.h • Sub at i tuting this in ( '1. 5) the two 
terms with ,i.. :::.~.i. and ..i.. =i:. reduce to one term of the form 

Co..,,. + a.iJ ~ x .. _. + ( b.;.~ + l::iiJ -"½ ( 1 -x«J. 
The uniqueness of the max1nn1m of L under these restrictions 

then follows from (2.3.2). 
By repe8tedly applying theor~m I and using the well known 

solution of tr1e probh:m for t.n.1: c2:.3e that s ;;;:o the problem may 

-e solved. This may, how£ver, Lead to a rather complicated pro­

cedureJ which in many cases rr.sy be (o:im;•lified by applying the 

special theorems mentioned in the following section. 

J. ~oms special theorems 

Theorem II~ If C>l.i.,i Cf.;. -ff)§ o for each pair of vaJuefi ().,+) then 

( 3. '1) (.i.._=1,2, ... ,k). 

Proof: This follows immediately from the fact that in this case 

the maximum of Lin D coincides with the maximum of Lin the 

domain: o '€ x .. '§. 1 (,i, = 1, :i, __ .• \.<.). The theorem also follows from 

theorem I. 

The following theorem will be immediately clear. 

Theorem III~ If ,,\,,, -i-~, ...• .{,_. is a set of values satisfying 

(3,2) 

( .~ ')) 
J • ··" 

c(."'--\. -c. ct.;_ L =. • , . :.--. ~. . :::. O 
, I J'"'-' . <"L,A.y 

for e a ch ..i.. ;e. .i.., , .i..,, • .......... 

then the maximurr: 1i.kelihood estimates of'TT'..:..,'IT~t, ... , 

11 .. ., are those values of x .. ,. x..._ •.... x,.,, which maxi­

mize L~. + L~,. + ... + L..:., in the domain 

J d. . . (X- -X·) ~0 1 

I 
-\.h~ 4 h_1 ~h ,1.h., 

( h. , h.1 =- I , ::l.. , • • • , V) , 
l_ 0 ~ X,;,., °& -1. 

For the proof of the theorems IV and V we need the following lemma 

Lemma I; If J<,, X;,,, •.. , x 1,is any set in :n with 

·1 X· ./ x-i '\, " . 
,:::, -i;<, > jl 

( , J• ) H ' j O ·+ 
j. c<h_..: ::=::<Xn· - -~ for each h. < -i) 
4, <'X.(," ~,.,\i h for each n >-i.. ,, 
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for any given pair of values ct.{) then a number x. exists 

satisfying 

( 3. 5) { 
1.x.,x~,, ... ,xkis also a set inn if x. is substituted 

for x... and XJ , 

2. L.,. (x) + L-4 (x) > L.t(:X.._) + Li (x~). 

Proof.: 

The following cases may be distinguished 

(3,6) x ... < X· cl ~ 1-t ; then take X =- Xi, 

( 3. 7) 1~ :§ x .. < X· -a 
, th.en tals:e X = X.;_\ 

( 3. 8) X· "- < i-,._ < X• ·1 ; then tal{e X: =)i· 

It may u1;=~ i ly b.? proved that this number x sat if:1f ies ( 3. 5. 2}. 

For (3,6) e.g. we have 

(3.9) L.; ( X) == L~ ( x~) a 

and 

~3.10) X.;_ <. X ~ 1-t. 
From (3.10) follows 

(3.11) L.;_ ( X) > L~ ( x .. ) 

i!i'nd (j.5,2) f·.51J.nws frum (3,9) and (3.11). 

For the cases (3. 7) and (3 .8) it may be proved in an 

analogous way by means of (3. 4.2) that x satisfies (3.5,2). 

In order to prove that this number x satisfies (3.5.1) it is 

sufficient to prove that 

r ol h.,.(. (Xh.-X) ~O for each h. <~i.., 

( 3 .12) 2' CX:.;_, h. (X-X1.)~a for each h. :::,, ..\., 

3, c,{h,..i (Xn-X) ~O for each h. <i, 
I ' l4, o(. h. (X -X1-.)2:ofor each h >- i · -a, 

From the fact that X satisfies 

(3.13) 

ano. +-he fact that x x x is a set in 1> it follows that - v I> ;. • • • • • \<_ 

(3.14) 

Further 

{
1. o<.n ..... ( x1-i_ _ x) ?.: 0<'.1,__.._ (><h.-X.;_)"-ofor each h. <-i., 

2 . o( i > h ( X - X 1-.) ~ o(i. h. ( xi - X h.) ~ 0 f Or E; a Ch h. > -i . 

it follows from (3,4.3) and (3.4.4) that 
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r c:x...._,h(X-Xh) =o<i,h. (X-X1-i) for each h > .l with o(_ .;,., 11. = 1 • 

( 3. '15) 
2. ol h.,j ( X 1-\ - X) = o( h. .. ~ ( X h. - X) for each h. < i with oC '1..-j ,,. 1. 

and (3.'12) follows from (3.14) and (3.'15). 

Theorem IV: If for any pair of values (-i...~) with ,i,<i 
(3.16) 

and 

r OC.1., 11., = ol.i,, . =- 0 for each h. between ...i.. 
, 'd 

( 3 .17) 2. o(h.. =c<.1-,_• for each 1-t. < -i.., 
,-i. ·~ 

3. oC.-c,h. = o<.~.h. for each h.>-j, 

then 

( 3 .18) p,., = Pi · 

Proof: Suppose X,. X:i,, . . . ' X k. is a set in 1) with 

(3.19) 

Further we h:•vec (cf. (3.46) ,md (3.17)) 

{
'1 • 

( 3. 20) 2. 

3. 

for each h.<-i, 

for each n.>~. 

and~, 

From lemma I and (3.20) it follows then that a number x exists 

such that x, •... ,x..,_,.x,x-i.+••· .. x~_,,x..x~+•• ...• x"- is a set in 1'l 

and 

( 3 . 21) L.._ ( X) + Li ( X) > L,L ( x .. ) + Li ( X -i,) . 

Thus for each set x,,X;,,, ... , ><1< in]) with x-i. < x~ a set 

in]) exists with 

( 3. 22) { '1 • x: = x'i , 
2 t L ( x: , x ~ , ... , >< ;< ) >- L ( x, . x,., .... x 1<.), 

i.e. L attains its maximum for x., = xi and ( 3 .18) then follows 

from the uniqueness of this maximum, 

Remarks: 

4. Thi:::-, theorem also follows from theorem I. If "R.\ rr.::prsscnts 

the restriction Tl.;_ 2. 'T(ci it follows from (3 .22) that L attains its 

maximum under the restrictions ~., ... , "R, ~. . . . ""R,, 
A-t I "'+I l ) '\ 

for 
x. ~ x. giving ,._ - ;! ) p~~p~; from (2.1) then follows: p;.=p-a· 

5, If IYYl. 0 -::: 0 :J i.e. if the probabilities 'TI',,tr~, •.. ,'Tfk. satisfy the 
inequalities 

(3.23) 
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then each pair of values (..(,,.i) with 1,"' ..L +, satisfies ( 3 .17) . 
Therefore in this case we have 

(3.24) for each .-i. with 1,-L > {-i..-.i· 

From theorem IV it follows that if there is a pair of values 

(~.~) satisfying (3~16) and (3.17) then the problem may be re­

duced to the case of 1.<.-1 series of trials with s-1 (or less) 

restrictions by substituting x.._ =X.j in L (x,,x1.,·• .. x,,_) i.e. by 

pooling the ..L -th and ~ -th series of trials. 

Theorem V: If (4.~) is a pair of values satisfying 

( 3 . 25) f._ ~ 1 i 
and 

r 
d.. . . :::,. o, 

"-·J 

( 3 0 26) 2. Dl h,.;_ ~ o(h.~ for each h < -L, 
0 

3 . c<.u.,. ~ oC~,h. for each h. > ~, 

then 

( 3 . 27) 

Proof: Suppose x,. x,., ... , x 1~ is a set in TI with 

( 3. 28) 

Further v1c hrvr:: Ccf. 

( 3. 29) 

X;_ > X_; . 
Q 

( " nr:) .) • .r:..) . 

for each h<"..i., 

for each h>i· 

From lemma I it follows then in the same way as in theorem IV 
that for each set x,,x"' ... ,xi,_ in Tl wj_th x:,.> xi a st:t x:,x; .... ,><~ 

in]) exists with 

(3.30) {
1 . x~ =:: xi , 
2 . L ( x ~ . x~ , . . . , x ~ ) > L ( x., , x z. . . . , x k.) , 

i. e, L attains its max 1 rn'J.m for X.;_ ~ X.j ~ ( 3. 27) then follows from 
the uniqueness of the maximum, 

By means of theorem Va new restriction may be introduced. 

This is sometimes useful as may be seen from example 2 of section 

4 · In the following section some examples will be given. In these 

examples the theorem II-V will be applied if possible and theorem 

I will only be used where the theorems II-V cannot be applied. 
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Suppose k =:. -4 ,'Y'Yl. 0 ::: o (-rr1 ~--rr:z ;§'ii~~--rr,.)and 

(4.1) 

From ( 4 .1) 

( 4. 2) 

.,\,., 

a.-.... 

'h· ... 

f. 
and 

1 
4 

10 
o,4 

(3.24) 

2 3 4 

3 10 8 

5 30 15 
o,6 0,33 0,53 . 

it follows that 

and the problem is reduced to the case of k -1 ""''3 series of trials 

by pooling the second and third series of trials: 

,i_ 1 2( +3) 4 
' 4 13 8 0.,:, 

( 4. 3) . 10 35 15 ll't,.: 

r 034 (,, 37 0,53 . 
From (4,3) and ( 3 . 21+) it then follows that 

(4.4) p, = P:i. 

and the problem is reduced to the case of h-z"' ~ series of trials 

with 

{ ~ 1(+2+3) 4 

" '17 8 0.,:, 

( 4. 5) 
'h''. 45 15 

l i; 0,38 0,53. 

From (4.5L (4.2), (4.4) and theorem I then follows 

(4.6) 

Example 2: 

Suppose !-<. = 5) 'Yi'\.1 ::: 6 l 'Yho "" 4 

( 4 0 7) 
r ~. 

1 2 3 4 5 
7 13 15 2 12 

ti '10 20 30 5 15 
0,7 o,65 0,5 o,4 o,8 

and 

( 4 0 8) c,(l,'.t =: o.'.'.l,~-,,. c,(~,'-,::. o(,,,5 "'1, 

Then the pair of values;,,=-~, i.=4 satisfies (3.16) and (3.17). 
Therefore we have 

( 4. 9) 
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and the problem is reduced to the case of l-<. -1 =4 series of 

trials with 'h'l.\ = 4 , 1m.~ -=- z. 

A. 1 2(+4) 3 5 

(4.10) 
I 7 15 15 12 a.. ... 
I 10 25 30 15 'Yl;_ 

r 0,7 o,6 0,5 o,8 

and 

t I ' ""1. ex:,,:,, :,:, o(I,:?, = o<.~.s (4.11) 

For these 4 series of trials the pair ;, = ~, i =- /4,,and the pair 

;., =~ 1 i-:;:.5 satisfy (3.25) and (3.26). From theorem V then follows 

that L attains its maximum for 

(4.12) 

and from ( 4. 9), ( 4- .10) and ( 4 .12) follows 

(4.13) 

Example 3: 
Suppose k. -::, 4 , 'Y11.o:::: rm..,::::: 3, 

f, 1 2 3 4-

(4.14) 7 18 13 10 
'l1.. 10 30 20 25 ~ 

Lf. 0;7 o,6 Cl ,65 o,4 

and 

(4.15) 

For this case the theorems II-V cannot be applied and therefore 

we use theorem I. 

Take i>..=1.. and -i>---===4 (i.e. omit the restriction 'T(1 ~114 ), then 

p:, p~, p~, p~ are those values of x.,, x,,,. Xi, x ,, which maximize L 
in the domain 

( 4 . 16) 
"§ 1 ( ..i. == 1,2, 3,4), 

From theorem III ~nd IV then follows 

(4.17) 

and from theorem I and (4.17) (cf. (2.1.2)) 

( 4. 18) 

In this way the problem is reduced to the case of k-1~a series 

of trials with 
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i, 3 1 ( +4) 2 
I 

a. .. 13 17 18 
(4.19) I 20 35 30 f\'l., . .., 

1: 0,65 o,49 o,6 

and 

( 4. 20) cxa'., =o(-'i.~= 1. 

From (4.18), (4.19) and (4.20) follows 

(4.21) p,=p;,:::p.i,=0,55 ·f~=-0,6. 

Example 4: 
Suppose \<. -::.8, 'YYI..,= 13. ri'Yl., =- 15 

,(, 1 2 3 4 5 6 7 8 

( 4. 22) Q· 8 22 13 25 20 21 32 2 .(, 

'l'l.;_ 10 J+o 20 50 30 50 50 5 

{i o,8 0,55 0,65 0,5 o,67 o,42 o,64 o.,4 

and 

(4.23) o(,,:i. = o(,,,_ -=oC~, =oC;.. ~ = c(5 b = o(.5., =o<, ~ = 1... 
"'i I ( J;;;:, 1 ,~ 1(J, 

For this case the theorems II-V cannot be applied and therefore 

we use theorem I. 

If we take A»= Li and ~:,. = 5 then it foll~ws from theorem III 

that p'., p~ .... , p~ are found by maximizing 'J; L..:. under the 
0 

restrictions: x, '§. x.,,, x, ~ x,, , x 0 ~ x"' and LL. under the res-· 
.-\.!:'5 ..\. 

t . t. < <: ric ions: ><s =Xi,, x 5 .§. Xs, x 7 = X 8 • 

In order to find p,' , p;. , p~ , p~ we apply theorem I; this 
results in (cf, example 3) 

(4.24) 

In an enalogous way we find by means of t~eorem I 

From (4.24), (4.25) and theorem I then follows (cf. (2.1.2)) 

(4.26) 

and the problem is reduced to the case of k-1 =1 series of trials 
with IYY1.~, = \0, "Yn '. = l I 

r-t. 1 2 3 1+ ( +5) 6 7 8 r e 
22 13 45 21 32 2 

(!L 27) "r{: 10 4o 20 80 50 50 5 

f o,B 0,55 0,65 0,56 o,42 o,64 o,4 
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and. 

(4,28) ::,. ct_,' l =- o{~• 
) t .:i\4 

For these 7 series of trials we again apply theorem I; taking 

...i..A =- i and ~>- = 4 one finds by means of the theorems II-V 

( 4 0 29) , ' b p, ==- p;1, ::co, • 

From (4.29) and theorem I then follows 

( 4. 30) p, = h 
and the problem is reduced to the case of \.<.-';<,,-==b series of 

trials with " II 

'Yn.o =:. 7 l 'Yn., :=: fJ 

,L 3 1 ( -jJ++5) 2 6 7 8 
" 13 53 22 21 32 2 (4.31) 0...:. 

" 20 90 4o 50 50 5 -n,. 

1~ 0,65 0,59 0,55 o.,42 o,64 o,4 

and 

" " " 
,, II 

(4.32) 0( i,1 =- Cl( 1,:\, ::: d.. 1,6 == oe,,a = c<..7, '1 ;:; 1. 

From (4.31), (4.32) and theorem IV then follows 

(4.33) 

and the problem is reduced to the case of h -3. ...._5 series of 

"' b '" trials with "l'Yl 0 :::: , 'YYL, = Li 

,t, 1( +J+L~+5) 2 6 7 8 
IH 

66 22 21 32 2 (4.34) a.. ... 
ill 110 40 50 50 5 IYl. 
-<. 

f' o,6 0.,55 o.,42 o,64 o,4 

2nd 
Ill 111 Ill 111 

(4.35) «-1,i = o(,,1, = ex.,,& = o<...7,e = 1 · 

From theorem V it follows then that L attains its maximum for 

x 1 ~ x 7 • Introducing this new restriction it follows from theo-

rem IV that 

(4.36) 

and the problem is reduced to the case of k --4 = 4 series of trials 

with tlf\ 1111 =- 3 'l'no =- IYYl.., 

4, 1(+3+4+5) 2 6 7(+8) 
111[ 66 22 21 3L~ O.· 

(4,37) 
... 
lfh 110 50 40 55 ll'l...:, 

f'" o.,6 0,55 o.,42 0.,62 
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and 

\IU Jl•I 1111 

(4.38) ei{,.1, =- o(,,(, = DC. i.7 "' '.1.. 

From theorem V then follows that L att8ins its maximum for 

x, a x1, ~ x~ €. x 7 ; thus we have 

(4.39) p I :::: p 3 :::. pt.. :::: p ~ .... F 6 =- o, s 4 ; p ~ = 0. 5 8 ·, 'F 7 -:; 'p ll "' 0) 6 ~. 
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