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1) Introduction and summary

Following DOOB [4] 1), we can say that renewal theory in the
simplest case deals with the following situation:

A population, consisting of a certain number of individuals is
given., As soon as an individual dies, 1t is replaced by another,
whose life starts at the moment of replacement. In this way the
total number of living individuals is kept constant. The lifetimes
of the individuals are supposed fto be independent random variables
with the same distribution function. Hence a population of k
individuals can be considered as the sum of k independent "one-man"
populations each of which consists of the offspring of a single
individual, This justifies in many cases the restriction (made in
this paper) to populations, consisting of one individual only. For
convenience we shall assume that the time interval from the moment
0 to the first occurring death is independent of all 1lifespans and
has the same distribution.

The quantities we are usually concerned with, are:

a) the remaining lifetime of the individueal, living a% time t
b) the age which the individual, living at time t , will reach,
¢) the number of deaths in the interval [o, t].

We are interested in renewal theory, because of 1ts applications

to waiting time problems.

Le- us consider the arrival of busses at a busstop, If we assume
that the intervals X, between the arrival of the n* and 01+l)‘tbus
and the interval from zero to the arrival of the first bus, are in-
dependently distributed with the same distribution function F:(x),
we have essentially the same situation as described above. If we
substitute for an individual in renewal theory a bus and for a _
lifespan of such an individual the time interval between the arrival
of successive busses, results of renewal theory can be interpreted
at once. The "translations" of the quantities a), b) and c) are
respectively:

a') the time w, , a passenger arriving at time t has to walt till
the next bus arrives,
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1) Numbers in square brackets refer to the list at the end of this
report.

T —,




-

b') the length of that time interval between two consecutive
busses, which overlaps the point t,

c!') the number of busses N¢ arriving at the busstop in the time
interval ['o,ﬁ],

In this paper we shall prove some theorems, which can be found in
the literature, (3,5) and (5,5) possibly excepted. Here we only
consider the case where not all possible values of the arrival
interval are integral multiples of a positive constant. The
excluded case was investigated by FELLER.[? ]. In this introduction
the random variable X has the same distribution as the arrival
intervals, i.e. the distribution function F}(x) . Its moments will
be denoted by

while we take ;ﬁ; equal to o , if 4,= e , The proofs given here
depend on the following wellknown theorem which was proved by
BLACKWELL [ 1]:

2)

Theorem 1: Unless all possible values of the arrival interval X 7/,

with distribution function E(x), are integral multiples of some
fixed constant, the expected number U_(t)of bus arrivals in [o,t]
has the property

Ut by & Ucteh) - Ut) — 2 (b w)
for every h> o
The analogous theorem, for the case where all possible values of X
are integral multiples of a fixed constant, was proved by ERDOS,
FELLER and POLLARD [ 5 | (c.f. also [ 6] p.2h4,Th.3).
For completeness sake we shall proof th.1 in an appendix. Using

this theorem, partial integration, change of order of integration
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2) The random character of a stochastic variable will be denoted
by underlining its symbol. The same symbol without underlining
will be used for values taken by the stochastic variable.
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(Fubini's theorem) and the LEBESGUE-lemma on dominated convergence
of integrals 3), we will prove in section 3 the following theorem.

Theorem 2: The waiting time Wy of a passenger arriving at time t,
waiting for the next bus, has the distribution function:

Q : 'FO\’ w(O

Hy oo = 7 Fo f
Fltrw) + // {u(t+wvx)-U(t‘3}d ) Tor w >0
!
W

(fm H (W) exists and is given by
+

‘t-yag e 'FO'K‘ w {0

def (fm H (W>‘=~= w
w = t
H() to= i /{;~F, (x)}ix for w 3o,
o

{
Evidently H ) 1s again a distribution function if K, <e ., Let w
be a random varlable with distribution functionH(w. If 4, <
the moments of the distribution function Hy (w) tend to the
moments of H{w)for £ — « , for which we find:
lim Ewe = E wk o 4w

t - e (k+1) Ay
In section 4 we give a proof of the asymptotic formula

U<t>=%+£%-f F ool [t > e0)
{

valid when/qz < ow
In section 5 we consider the length of the arrival interval Lt
which overlaps the time t . Its distribution function kt(L) is

i o
S ° for [ <o’
(£-1)-
(L) = 3
0 F(6-) - W (e {1=F (O] / W) F (t-n)forlso
O-
Lim K} (L) exists and is given by
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3) This lemma can e.g. be formulated in the following way: If £, (x)
is a sequence of # -measurable functions, such that for all
sufficiently large values_of n and almost everywhere on
E |f (o |s2 ¥ (x) where F (1) 1s « ~integrable over the
~ -measurable set £, and if Lim £, (x)= ¢ (x) almost every-
where on E , then r{»‘;nw/f,, (x) d,'l(x"i/{-‘cn du, .

E £
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o for [ <o

(}:E,-f (im K (L):—: L
R <= i / $F, (x)

J #or L »0 .

e

o-

If A, <, K(l) is again a distribution function. Let L be a
random variable with distribution function K (L), If &, < e the
moments of Kt (L) again tend to the moments of K (L) for t — o s
for which we find

~ B +1
tim E L, =EL z%

t e

Filnally a theorem of SMITH [8 ] is derived:

Theorem 6: If k (t) is any function, which is zero for negative
argument, and is bounded, L, and non-increasing in (0, ) ,
then

+ @ | an
‘.(m / k (£t-x)d Wex) = '/T,T' / k (x) dx
t = - @

2. Simple formulae and lemmas

In what follows we will always assume the intervals between
successive busses (including the interval from time O to the
arrival of the first bus) to be independently distributed with

the same distribution function F, (x) . Because the arrival
intervals are non-negative we take £, (x) = o for x<o and in
addition exclude the case F (o) =/ 1l.e. we take [, (o) < /.
(BLACKWELL [2~]gave a generalization of his main theorem in [ 1]
for the case of variables which are not necessarily non-negative).
We assume that F; (x) 1is not a discrete distribution function
with all jumps in integral multiples of a positive constant. This
excluded type of distributions was considered by FELLER [ 7 ].

The busses can be numbered without ambiguity in accordance with the
order in which they arrive, although F;(o) > o 1is allowed.

4)

The successive arrivaltimes of the busses will be denoted by

S.y 2a
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and the arrival intervals by

X, c&é’f s,
and
. ' k» 2.
Xy d—f:\f _Sk - —.Skn; for
The distribution functions of §, for k= 2,3 ... are then given by
the following relations 5)
e} {'el" x £0
de{ - X4
2.1 Foeog & Pfs, ¢x}=
(2.1) k [ H/ Fhlcx«y)dFl(9) Lor % 3o
while furthermore
o for x ¢o
(2.2) F (x) = PN
k+t — -
/1 fkfxny)dftéy) for xya

o—
By means of these functions we can immediately calculate the

expected number of arrivals in the interval 6) {-o’ffL Denoting
the number of arrivals in this interval by PJt , Wwe have

(23) EN% gkp{&t=k}=“2p{&tak}$

) .
:Z P{§k\<t}=z FK(t);UC*&).

R=1
W ={
Here we have written for abbreviation

(2.4) Uy = Z F, Ce)
K=t

(1

5) We use Lebesgue-Stieltjes integrals with the following notations
for 1ntervals of integration:

”* 4 ] -
f Loy dg oo B [feydg ) ffcx) dg (x) = fﬁ*) g(x);
Q-

a<k ¢ b ag X¢h
b
/ 'F(x) dg x) e /1(0‘) dg ) / fx)ydg (0 22 /fw)dg (x).
adlx<h ﬂ.<)\<b

If the integral happens to be an ordlnary Lebesgue - integral these
distinctions need not (and will not) be made.

6)

] denotes a closed interval, ( ) an open interval.




6=

F 52"":ék*Lare independent and have the same distribution
functlon. As x,+. ..t Xk s timplies g, +..+x, <+ and
Xipr * o0+ 2., STwe have

(2'5) FK*L(f)s Fx (ﬁ) P{ék¥)+"'+§h+tstj‘~‘ cht)‘ r(_ (T'>

It follows from the assumption ﬁ (e)< ! that there exists a & > ©

with F, (&) </ . Now, §,< nd 1implies min x; < 4 , therefore
= 1< ign

(2.6)  Fo(nddg 1= {1-F )" o

Thus, for fixed t > o, F (t) </ for n >-§' and from (2.4%)

€0 o us i .- L
(2.7) U )= ) F (&)= 5 FL < Z Fk<f)ZF(t)<w,
Kxi L=0 kst oy =0

proving that W (t) is finite for every t > o.

STEIN | 9 ] proved inequalities analogous to (2.6) and (2.7) in

a more general case.

U (t) 1s a monot-nic non-decreasing function of t , as follows

immediately from the dzfinition (2.4), or the interpretation of

U ce) as EN, .

Lemma 1. For any positive integer k, U (t) is a solution of the

integral equation
k

(2.7) U (&) = }: Fr (£) + / W Ct~x) dF, (%)

[l

£+

¢~

Proof: From (2.2) we have

t+ 'E+Eg _
/u(t-x)df‘_k[")= / S OF (e dF (0=

O re=!

Q:‘)— ¢+ co ke

= < ) = -y FoCt),
2 / Foce- )dFk()..Z Fr(t):ucw zrr
r=i o- F = kel vl

We dnfine

(2.8) L (t R d,__.(i_f L Cteh )= UL (4) ;
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BLACKWELL | 1 ], lemma 3, proved

(2.9) Wt h) ¢ Weh) + 1.

This follows from the interpretation of U (t) as E N, . U(t h)
is the expectation of the number of busses arriving in the
interval (t, t+h]. The time available after the first arrival in
(t, ¢t +;1] for the other busses which arrive in that interval, is
smaller than h , so (2.9) holds.

Equation (2.9) can be used to find an upper bound for U (t) . In
fact for every fixed h

[+]

(2.70) U (&) = > U (- (k-0) h) - u(mkh)}w((%-l%]h)é
k=4£~‘
S ! W (t-kh, h) + UL h)

K=t
£+ {u(h)wl + W Ch)
which leads to

(2.11) Uet) = OCt) (t — oo) .

Using the fact that Ul (t)is a monotonic non-decreasing function
of t , we can derive from (2.7) the inequality

(2.12) U (s, p) ¢ LQExh) o0 1

[=F(h) /- F(h)

Formula (2.711) could have been derived from (2.12) instead of
(2.9). The result of the next lemma will be a useful formula and
is derived by means of partial integration only.

Lemma 2 2.

(2.13) /um{/- (- x) (/UC‘PX)[/—F(*)} =)
= / (t-x)dF(X).

g -

Proof: By integrating (2.7) for k =1 we find:

/u(x)cIX=/tF(x)dx+/Zx/xCL(x dF, (5)—

+t+

-F Gace-0] e [ e dF, (x}+/dF(y) /u<x ~y) dxs
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(introduce z_.t~x1-3 in the third term)

/ o) dF () ]dF(y)/u(f ) dz =

- /t+(’c~x)dF,< /u(f 2) /dF(g

o-
£ 4

./ e dF G c U Bt ex
from which (2.13) follows. '
In the next section we need the theorem of Blackwell mentioned
ebove. Introducing the moments of F () , i.e.

o0

(2.14) A def ok L /HC(F, (x) ,

the theorem can be given the following form:

Theorem 1. If F, (x) 1is not a discrete distribution function,

with all jumps in points which are integral multiples of a ‘
constant, if [ (x)=ofor x<o and F (o) < / , then

Lim W (t,h) = A
t—w @ A
for every h>o . (If M, = w , then lim Wt h) <o ror every h»o).

T - @&

A proof of this theorem is given in the appendix.

3. The limiting distribution and moments of the waliting time.

A passenger arriving at time t at the busstop will take the first
bus arriving at or after t . If we denote the waiting time of a
passenger arriving at t by w, and the distribution function of
this waiting time by FJf(vv) we have for w s o and t > 0

[~ Hy ()= P fw,>w) = Pfg >tew)s § Pfg ctls, LStw)=
=l-vFl('t+V\l)+§:/ /O(F(y) dF Cx))
o 7 kxix<t g>t+rw~x
therefore, using (2.4)

o e e G D U NS e o g GRS G

T) By U (t-) we denote Lim U(t-¢) and in S Sdxdy we first
integrate with respect to % , then with regpect to y-

P
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Ht(w)=ﬁ(f+\”)~ Z /// dF,(Lj) chk(x‘):.
(301) K=l X<t y»tsw-x - (ol (& swimg) ¢

= F (o= S /m/t-df‘—k(x)df:(yhz / /dfi(*)dﬁ(sh

k=l op G- k=l ws -

@ ) o )

o + F (trw- )C{F;C )=

= Fl(mw)- kz lk(t-)/ dF,Cy) Z /}’k(-t: y y
=/ w o+ k=l we

= E(f+W)+ /%{uth/-g)- U(t‘)}c{F’C‘j).

W+

Applying the Lebesgue lemma (cf., footnote 3)), which is allowed
because of (2.9) and (2.11), we have, for 4 < e , according to
Thl/]

N £y =
é_ff lim Ht(w):l+(_"rﬂ / {U('!’.’+W~‘j)"uc"“")}<-{l 4’ =

t-?o‘a twor W

oo eo .‘w‘l— OﬂdFl Cg)+
= /- / Y=> 4 F (y) __,/;’(—’« / ydFf, Cy) , /+f1
w /“/ Q- w

(3.2) Hew

+/-”(1[ {/-F,cw}z 7’(7 /w;dﬁc'j)+/%,{/~ﬁc»v>j=

::;t //W{/-ﬂ(y)}dy.

It is easily seen, that H«w) 1is again a distribution function.
If w, = e we cannot use the Lebesgue lemma in this derivation,

but then ,
Lim H, (w)=o

t-»eo

follows immediately for every finite w , for in this case:

Hth)z P { at least one bus arrives in the interval[},%+w1}s

¢ expectation of the number of arrivals in [t,t +w]¢

=

< UCtsw)- UCt-1) = Ut-1,ws1),

N

and therefore, from theorem 1

) (w) Li U (t-1, writ) =0,
(3.3) o g lim Ht N t:’m

t ~ e

We have thus proved (cf. (3.1), (3.2) and (3.3)):
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Theorem 2. The waiting time w, of a passenger arriving at

time t , walting for the next bus, has the distribution function

o for wa

f o
(w) =
Ht ) iF (tew) + / {M(f“"“’{)*u(f')}d‘:l (x) for w30
’ Wt

lim H, (v exists and is given by

Tt a3
for w2
H CW):
/ {1«!“ CX)} 1(0\" w2 e
(If M, = x»é4<wJ oTor every w ).
Let us now define for all k» o :
o0
Vk (%) di‘-F £ "_‘_’-i;k = / d H

An =2asy calculation shows

Y, = et
We now prove (ks 4,
Theorem 3. If o, < the moments of the distribution function

H, ¢w) tend to the moments of H(w) for t - e , i.e.

[lm E\___tk Lim Y (H:VK = /L[Kif,

i

i

£ e t s (ké—l)/{-(,

If U, =0
lim B ow, o tim VY, (t)= e for every k >a.
e aa toen

Proof: From (3.1) we find (if ¢/ <o ):
(3-:)‘1‘) Vk(i') = / D\,VKdF’ ("Ci-W) + /wwkdw [/ (u(é-{-\u—'*)‘u(t‘))dﬁ [x)}:
Q* o+

wo
ca

i

Wt o+

/:-t)“af; (x) + [w"/( U(‘t+w~x)au(t'))dﬁcx)] r

- k/w ) / (ucwwﬂ) Ut))dF (0} dw=
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(-~ -] o0
= / (X—t)de;Cx)-k/w“" [/(U(ﬁ*w—X)~U<t~))&E(x)}AW.
2 Wi

T+

f M <=, we find by means of (2.9), (2.11) and the Lebesgue
lemma:

=4

e
Lim V() = ~k°/w {w/ 2 dF,ch} dw =

T e
K = *
=;Z{7 { /Wk"(xuw) <’LW}<(E(X):
+ o)

(=}

z—li‘ \Mk WK+I ' AF(X):

o+

(=]
-k KU (0. Z2xu
M, k (k) { (1) M,
ot

Therefore, we have for k» o and 4, < eo:

lim Y (¢) = lim E w' =9
(3°5) t v k t > eco *

If p, = , then
{im })k (L) = e
(336) AR X1

We distinguish between The two cases M, = e and &, < e
If a, =0 , then (3.6) follows immediately from (3.3), as

Y, () s /jdetcw > /\,cijtcw)a A"[,~ Hr‘.(A)}
Q- A

for every non-negative A

If s, <2 , we get for every positive A , using (2.9), (2.11)
and the Lebesgue lemma:
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lim ¥, (t) > w“’" / wid {/(M(i +w~x)'~u(t")}dﬁ(x)} ]

t o9 ot
A+

=L»m{ /(u(th) uuHHx} ’

t 3o o+

t oo

A <o _
lim & /w“"{/(ucw,x)-ucw)dﬁf”} due =

o

A+

) Ah+l /OO , / el FC)
N AR -7l AL A
A+

[» 2

and this becomes arbitrarily large if A —»eo.

This completes the proof of Theorem 3.

If the last bus arriving before t came at time t-¥, to

the busstop, we may ask for

P (V> e We W

Analogous to (3.2) we find
e/

(3.7) lim P{?t>#““i‘ﬂ/t>wf°/‘jf,/{/_F,(y)}d

t s

4, Asymptotic formula for Uct)=EN,

Theorem 4: If 4, < e,

t A f e o) (B ),

MC‘&):EN.{;‘“I 2—;;7;

Proof't For #, << we obtain from 1emma 1 the following relation:
A, {’T“(f)} t /“,u(t>~/U<x) f—F(t-XJ}dx+

+ ~w‘:)<:lF,CX)‘

oQ
(
&
But /u,{l + Ut )}~ t =Ew, =V (t) , because we have from

(3.5):

oo 0 o
l)lCﬁ):/Cx-t)dF,Cx)'-/ / {U(t*"""“‘)“u({")}‘iﬁ(x)dws
4+ e w
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- / (x-t)dF,U)«/ / M(Hw_x)dﬁ(x)Aw +

+M(t)/ I-F(m /Cxt)cl{:cl) +
~/b{(x} (n Pt dnv Uen) f {,_Flw}am

= U, {1 + U (f~)}~

/tu(x)[f~f:(+,x) /UC"”{/ZF,(M}AX:
’ X +

o)

@0 Y } ¢ Y
/ / U (t-x) dxdl, <9>=/ / U (sew-y)dwdb, ()=
o o+ o

for

i

o+

/ / U (tew-y) dF, Cy)dw.
o w ot

For L, K ea e have thus from (3.5):
lim (e U)ot ) s Uim 9, ) 2 22

i

t e t .y ea 2/4{[
or
(Ll'n/]) L/I('t): E'k_‘:!‘s :‘—-i—'i‘_{f:(__?:,. ~- ] = OC’) (t-‘@@)-
M, Z/L{f"

THECKLIND [ 10 | and [ 11 ] proved, that

U,(,.:>:_2_.+o(%z'"5)if Sy < 0 and [ «< & < %
7

while SMITH [8] gave the following formula for var {_{\_},ﬁ};

- { -
< A o (* if < e .
L Fes t o+ (%) A
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5. Some other results

Analogous to the derivation of the distribution of w we can

s
find the distribution of the arrival intervel contalzlng the point
t end the limit of this cstributionfor t - « . We denote by Ly the
length of the time interval between the last bus arriving before

t and the first bus arriving at or after t and define

K, cly «&F P{Ltgl}.

T

Then we have for t > | »

S aF )
- - - )+ {x
5y k, (L) = - F(ea kZG/[ F (%) +
+{/-/‘u}°€ /aFm
él (t-L)-

(-1)-
s - F(t—)a-l/{(t'—)[l-F( (é)}-# /ch)dF,(t*X).

Using (5.1) one can prove the analogues of Theorems 2 and 3.

Theorem 5: The length .Lt of the arrival interval overlapping

t has the distribution function
P for [ <o
(5.2) Kf(l): (1-1)-
Fray-Ucen [1-F 0+ [ U df () for Lyo
Lim ke (1) exists and is given by )
0 for l<a
(5.3) K (L Lim Kk, (1) - " #
T -y a0 / " > Q.-
% /o df o o
(If u <e éhm k, () = o for every L )
2
(5.4) E (," = / a [uu-)-u(cf~€3->}éf:,(“-
If M, < e, then K (l) is again a distribution function and
l\
Lim £ k() « Zxn
oo "t // E g

G G e e S 3 e wa G o G o

As Lt - 2+ v , (5.3) is an easy consequence of (3.7).
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. Iif /Mism

The following theorem, here given only for the special ecase of
stochastic variables, whose distribution function F,(x)satisfies
the restrictions made in section 2, is due to SMITH (see [ 8 ] s
page 16, Theorem 1): |

Theorem 6: If k (t) ig any function which is zero for negative
argument and is bounded, L‘ , and non-increasing in (e, =) 5
then

+ W u / /Qak )d
Lim kK (t-x)dUx)=s—7 (x) dx.
<5‘5) ttaw !i g

If M, = o , the right hand side of this equation 1s to be taken
as zero,

Proof: This theorem can also be proved by means of partial
integrationg) using theorem 1:

. -3 4 Cp
) If /k(x) d x exists, then k(+w) = o and so /dKCK)=o.
(=] — GO
Therefore,
+ 63 + 0O ¢ 0 + G
/k(t-x)dU(x).—./ U(t—x)dktx)=~u<f)/dk(x)+/UCﬁ—¥)d-KCU=
- S L
rA/ [UCt)-UC*~¥]}dKLx}.
- e
In addition we have:
e ~ o9 b D
}/ k(x)dx = lx k(*)} - // x d k(x) :-:// X dl((x),
o o-
© Q-
because k (x) = o (x™') for x = e«  (which follows from ko ¥ o

and k() el ).

(5.5) now follows from Theorem 1 (2.9), (2.11) and the Lebesgue
lemma. Smith used the last theorem (which he proved, starting

s e v e m ove e G e e

Partial integration is easily justified if k («x) ig
continuous from the right. If k («x) is not continuous from
the right, then we change k (x) into k(x) = Lim &k (x+€)

in our proof, for vo y © //q; ,
[in e exy dU (x) = Lim k" (t-x)dUCxrand kexydx = [k (9ex.
1 ‘4 kK (t-n) X o / c/ p

t > co

-0

s
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from a special Tauberian theorem) to prove a.o. (3.2), (4.1) and
Theorem 1.
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Appendix

Proof of Theorem A1

Lemma 3. If F, (x) is not a discrete distribution function
with all jumps in points, which are integral multiples of a
constant, there existsfor every ¢>o0 and every positive integer
L a real number « and a positive integer k such that

L ﬁi dF, x>0 for = o0, 0., L=1
5 csjecxgar(fri)E
Proof: (cf. the proof of lemma 4 of BLACKWELL [1] ).
Denote by V' the set of all points v such that for every open
interval | containing v P {5 4 [} > o 10),
Because of our assumptions on [, (x) there exist points v,, v, ¢V
and non-negative integers k and k, such that o <lk,vi- kvl <&
The lemma is proved if we can find a non-negative integer m and
a real number « , such that

Q<. minl kv, kv, ) < a+é

a+((-1)e< m. meaxlky, kv ),

for then we can take k = m. max (k ,k; ). Therefore the numbers

kd_ef [“"‘)g ]+l} max (k,,kyJ |
- Vv, = &y vy

a@;{[chwﬁ ]+q min kv, k)= &)
- Fiv, =Ry vy 2

satisfy the requirements of the lemma,

We will now give an elementary proof of the following theorem,
which is a translation of the proof, which Erdds, Feller and _
Pollard [ 5~] gave for the case which we excluded. BLACKWELL gave
in | 1_} an elementary proof of this theorem:

Theorem 1. If F, (x) iz not a discrete distribution function,
with all jumps in points, which are integral multiples of a

constant, if F, (x) = o for t < o and F, ey <« 1+ | then
Lim L ¢&h) = b
g A
10) Then P {:QN € I} > o as well, for every open interval
I which contains n,v, +..+n_v, , where v....,v €Y
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for every h >o , (If @, = = , then ;;zw U((t,h) = o for

every h > o).
Proof: From (2.7) and (2.8) follows
£+
(8.1) U ttn)s [ fuceen-n-UCen)df oas

Q-

(t+h)+ k

~ t
+/uc'a+h~x>achx)+Z {Fr(w‘»)—i",.{ }},
=i/
%+
£ K F,oox)
Therefore, with ka(x) = 2 lk , we have:
L=t

T+
(4.2) LM-::,M:/ U (e=x) d G, () + £ CE, b)),
o~

where lim & (¢t h) < o for every positive integer
From (2.9) and (2.13) follows

(2.3)  lim /tuct-x,m{/-ﬁtu}ax: h,

]

t
(A.4) Lim / u*(f_-,’h) {lnf‘:(x)}cix = "’;

t>ea
2]

if we define
U ceny d2F - Wdle-h),

As U (¢, h) is bounded according to (2.9),
(8.5) Limsup U (th)s Us .
t 3 as
Let th be a sequence of real numbers, for which
(A,6) ('m H("'n:h) = U .
h - co
b+
If A/’ JCK Cx) > o , then we can prove:
a+

b+
b+
(8.7) Lim [ U Ct-x,m)dG G = U [ da, ¢
QA& at

Suppose that for an n > e




b+ ~19- br
Lim su? / U (e, -x, h) AGKCx)SCM~723/ 4G, (%),

n — <«

fhen from (2.9) and (A.2) we have for every ¢ > o and

sufficiently large n with appropriate choice of e:
L+ b+

U Ct,, h)s / U (-2, h)dG_(x) +(u-7)/4ahcx)+

a¥ ,
Q- i d
<+

[ U a6 00w f1ed i} [TaG e kb

K4 +
b+ ¢ -
1]

c+ b+
< (M+£)'/ 4G, (-7 //¢GKLK)+{I+LACh)}/%&khh%%M5
O~ Qv

(o
b+
& M+ZE—W./deCU,

which contradicts (A.5)3 for sufficiently small £ . Therefore
(A.7) is true.
For an arbitrary ¢ » o we can choose A such that 11)

(4.8) /A{/-FICX)}A)(}',/C{/-E

[+]
and according to lemma 3 we can choose a real number a and a
positive integer k , such that

i 4G, (x) >ao
ko.+j£<x<a.+cj+l)£

for Js=oo, ..., (= [J%} )

so that from (A.7) for sufficiently large n every interval

a+je< xs a'%i*')i Cj=o,1,..., {) contains an x; such that
(A.9) (/‘th‘xj,}’) > W - £
If a+jé< x g @+ cj*v1) & , then [x-x;{< ¢ and

(8.10) U Cty=xh) - U Ceg- sy, Ml [U e, -0 UGy~ x5 ]+

+]H(tn+h—x)-u(&n+h-:_j)\ € Ut -ne)s UT(ty-x,€)s
s U (tarh-x,8)+ U Ct, +h-x, €),

- o W - - - - o

qu) It M, = o= we choose an arbitrary large ™M and A such
that j’A{l-Flcx)}dx »M. The other necessary changes in the
proof if u, = o are clear,
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From (A.3) we find (D¢
h > ‘l:\i:-\” 0/ H(t\\«-a—x,h){la—ﬁ(x)zdx z
{ Ci+1) €
Sl ) fucseenam imfoof 4
Thus, with (A.3), (A.4), (A.8), (A.9) and (A.10)
(L) € }

*® #
. b +ha
hy (up-0)CU-E)- Ly o/ {H(tn'X,é)vu (t,- %8s Ultyrhox )+ U2, v 0-xE)

. {1- F (x)}dx » (- EU-€Y- BE.

Ag this 1s valid for arbitrary € > o

N

us = -
In the same way we can show !
h
{im inf e, h) > 7;‘, so that

b>o00 "
LUt k=~ for every h> o,

as was to be proved.
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