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1. Introduction 

In this report some properties of F. WILCOXON's test for sym

metry will be proved. A description of this test as well as formulas 

for the expectation ancj variance of the test statistic under the 

hypothesis tested and tables of critj_cal values for the case that 

a11d • 
no ties are present may be 

A recursionformula for") the distribution of the test statistic under 
the null hypothesis for the untied case has been derived by J.W. 

TU KEY 13 . Further the powerfunction of the test has locally 

been investigated by EoL. LEHMANN 7 and has been compared with the 
... 

powerfunctions o:f' the sign test and the tests for sym111etry of 

Jo HErvIELRIJK 5 a11d [6) and N.V. SMIRNOV -11 by E. RUIST ·9 .. 
• 

In section 2 a description of the test will be given and in 

section 3 some pro1)ertie·s of the distribution of the test sJcatistic 
V 

• 

under the null hypothesis will be provede In section 4 the relation 

with WILCOXON's two sample test will be given and in section 5 the 

consistency of the test v\1ill be investigated~ Ir1 section 6 a con1bi11-

ation of the s~1gn test and l~ILCOXOt~' s test. for symmetry vvil:L be 

given and section 7 contains a ge11eralization of the test. All 

theorems in tl1is report hold 

the case with ties. 

2. Description of the test 

Consider n1 independent 

for the case without ties as well 
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for 
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The absolute values of the observations artj replaced by tll2ir1 

according to increasing size., i.e. the t. observations which are 
-l 

1 The formulas for 
in 15 and 16 

the variance and the tables of critical valueA 
contain some mistakes. 

Random variables will be distinguished from numbers 
the value they take in an experiment by underlining 
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J.27 

Further 

3.28 
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Then it follows from 5o1 , 5.2 and 5.9 that 

5 .10 

thus 

5.11 

l"y\. I ,..YL :2.. e + ( ,'n., + I ) ( 111,l - ·i .. rn.) ~ 

-- ~ ( 'Yt --,) ci e + ~ ( "YL +t)C - t-). 

~ d.ef ~ 

T \ %, ~- '~~ ~. er >~k; \-t O 1 . s • • - - • ... 
5.12 2. c~ def ' 

t 
"1'\ (-r1. +l) t I .. 

' Li > 

'J '.(, clef t ~ ( "tt.-;-- l) ( ~'V\. +I), J • c2. -· '" 

. 5 IP~ 3 

r.;iu rt h ~-.. r· J.. ,J __ ..., 

5.14 
:t, dtt f ::t, , T . 

er -·· er l- {«t.;H 

'..:.7 l (J a ( I l /)1.. ' "r1. ' ·, l-1) ~ ~ rl ·+- (j ~ ~ ( T I rn., , "n- i ~ H ) rrt, ; H I 

Tr O c::. ....., 0 l~ t f C.)] 1 ')vJ r"< -;-11 r:i ·t~ .. ~ir. m ::,. , I •• ,. ·,::i ). ( ... .., 

5.15 

and the cocffi.cicnt 5.15 is 

e +' 
~ 

Further cf 5.9 · 
'h~ 

5.17 . S'1o/\.(~i - ~~) 
1' ::: I 
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and from D.Jc STOKER 12 p.67-68 it follows that 

5.18 

tl1us 

5.19 t 

Thus cf 5.14 

5.20 

and the coefficic:nt ofl rn.,-a i11 5.20 is 

5.21 

Now first consider the cnse that 

5.22 

5.23 
A ➔ OO 

T -

Wh8re i is defined by 
""--

5.24 
I 

V2'1T 

- ~ + q. e c:: o. 

d,. X 

to(. 
·-· ,.J - .......... 

z 

':; 
••• 

From 5.12, 5.20, 5.22 8nd the f8ct that~ tends to infinit~ 
with~ it follows tr1at - ~-+p-- is posi.tive f()r sufficiently larg0 

<J 

~ ;thus according to the inoqualj_ty of Bienaym~-Tschebyoheff 

5.25 "'""'"' -p T¢Z,.e,f~;r-l 
). ➔ oc, 

< -

Thus the test based on th~ 

consistent for the class of 

criticc1l rt.:gio11 

alternative hypotheses 5.22. 
If 

5.26 

then 

5.27 

< --
~q +rt-

- - --------- be-· i" ng T Ill 9 

a-
based 

tives 

Finally if 

5.28 

then 

\ + 
- "2 

negative for sufficiently 

for .x ➔ CX) , not consister1t 

- ~ + rq e -o 

·::. -&1 lfl1 

er~ 
:5. .,,..,. :t. =c, 

~ ➔ 00 ( ~o( ~ --t p-) 

large~ . Thus the test 

for the class or alterna-
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Thus if 

5.30 

< --
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T £ f .,f, I /yl.; H - C -p T ~ - ~-' ~ ' ~; H] '7_ 
). ➔ oo ..... 

S----- "h.~ S 
~ ~ - A ➔~ 

er 

then the test based not consistent for the class 

of alt(;rnativc3 

follows 

5.31 

hypotheses 5.28 and from 5.12· and 5.21 

The proofs for the tests bc1sed or1 Z"(. and Z are analogous. 
I 

• 

Theor~:;m VI: If the: distributio11s of ~.) ~;i, •• _ ~~_.,.,..I.are identical and 

s-yrnmc~tricc1l ~1ith respect to a then 

1 • \° - ~ + \C 9, e =- a if a. - a , 

5 .32 
2. a._ 

Proof: Let 

5.33 

and cf. 3.35 

5.34 

5.35 

- ~- + t-:> 9. 8) > 0 if 

co 

;-o = ------ o.,. "•= 

d H (z.) 
-oo ---- ... 

\\fe first consider the cast.: tr1at c... >o; th(:;rl p~ 'i" • From the fact that 

the distributJ_on of' zt i.~3 syn·un€.;trical \IIJith respect to a it follows 

that 

5.36 

If further 

5.37 

then 

d \-~ (2.) 

~o.+o ~-----' 

. x) - --
p 

) 

y. <. y 
_-4, 

d H < u.) 
+o 

and from the sy111111et·ry of the distribution of z..t. it follows 
- ~Ci.+~ 

~ ol H (1..t) 

5-39 cl G ( \j) 
= _...;;:~..:;:;o......:,...+.;::;...c --- • 

If 9, > o thE~n 

5 .. 40· e .,, .. .. 

_-p )(. < - .(,,. 

that 
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00 X +~o.. 

d. Hex) d.. H (Ll) 
••• .. ~ 

+o F 

thus j_f 9,> o then 
eo X >< +~O.. 

5 • 41 9. 8 > d H (x) cl H < u..) - d H ( x + ~ o.) cl H c u 1 -,. 
20.+o :ta. +o +o 

00 X 00 

- d H (x:) cl \-\ ( Ll) - cl H (x) d H ( Ur) · .. 
~o. ;-o 

00 
~a..+o +o 

00 

• 

d H ( x.) cl H (LL) - cl H Cx) d. H ( u..) = 

• 

.io. +o 

Thus if q) o tr1en 

Fu!'ther 

Thus 

+() 

> ( lo - q..) ( '·~- - q) 

then 

- -k > o. 

is f)OSitivc. 

ThE.: proof for o... < o 1s ana J_ogo1;is • 

= ·½-( 

From the theor0ms V and VI it follows that if the distributions 

of ~).. a ~c, fop A = 11, ~ ~ • • • • , icJer1tic:;r11 and symmetrica 1 with 

respect to a, then the test ba sc:d on Z is, for- ~ -> co , consistent 

fo~ t ~ class of alternative hypotheses with 

5.44 a. * 0. 

The tests are consistent for the 

classes of alternative hypotheses with 

5.45 0.. < C 

and 

5.46 0.. > 0 

respectively and not consistent for the classes of alternative 

hypotheses vJi th 

5 .47 
anc] 

5.48 
respectively. 

0... > 0 

~ < 0 

In this section a test for the hypothesis H will be described 
0 

which is a combination of the si.gn test and WILCOXON's test for 

syrrunetry. 



'14 - ' -
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6 .1 

• 
z.e • 11,. l 

C. 'rl "Yt, I «.. ci t1Ci • - - c•r - C-,'•, 

) t 

• E~ 2 z· 
/l'1., I ~ ""t1,lt'flC, 

at1d or ,,• . "1., • 

Nt)W 18t 

6.3 

6.4 E. -

• 
• 

th ,•· ,,:; 

T -

f ' 1 t 1 , ·. · l ' (l ... o r Mu ~ a t;; 1 c) ,.A 

le, t 
_.., 

stntlstic W 

cl,, oc:.a c1nd "'11... 

011 tt18 

un1.qu12ly cJ 0 t (~:: rr.1 i r1 e d 

t. h, ; t followir1fG tvJC> 

T 
-1- -nt· \.,_)' ,::: W3nts 

of 

6. Lf

Furth c r , 
V B 11-l t; 1,:'J f 

If 

th(..: 

,-. ror 

E, 

\~Jith 

rn111 . '. \ r· ,, 

J. .I '.;,,. . " 

this 

S "'.') t 1,:, t·y 1· r"'I ('" I ('J D ' J .i.' ... :) 

, 

·t, '··: . ' " 1 ,j, -._,, 

II c hoosu tl·J ~ 

dif"fcre:nt 

a lr:, rt_?;e r V.r7i l 1.1e 

th ,. 
f . 

;,., """' 

and or IT 
I 

(,. r~ ·11 t , C' ~ 1 J ...L. (_] ~-4 ther1 

T > = -

,.,,, 
1or 

th~ t1y1)oth0sis H 8nd under 
[ ' () 

probability distribution as 

undtr 

6.4 ' ') "'°' '!,,,) ' ' ' \, . ,,... ,. .,,, L 

()11 (' 

tl1 C:: 

I ,..,,~ y ~··11m --~ ·i· r· ... , ':,··· '' 11;'"' • ' * ~ l . - .. ~ 
JI<-• 4'111 ' ,...,,, ,J • ' . t,I 

'"' t o< Lt: ~ c::_ 
c..- · ·rr· ··i x Cl ~:_: t1 (~) t C' 

v:1luc 

''I> ' ' ;"" ..... ,. ~',.-' 

~- E 
f'f! r, x· ' !,,.it(.! ' ' 

~ .t ron1 

... ' lr)rgest 

thE.:n 

the cr1:t1cal valtl.t.:!S, 

th ?" 

. . t,:. 

prc)c0durc.:s or~ asymptc.>tically, 

will 
identici:1 l., 
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II p.21 ,, .... , • '\;"'' ~ ·i t ' 
C On r., .1 t l i ) 

« ::::0, 005; (), 01; 

anc:i 0.,05. In thir1 

-
,j i s t r :Lb tJ. t c (J 

in 1 • 

In thl; 1· c) 1 J_ o i~ in g 

of 1Yt. • 

The :>rl=n1 VII: If XE,,~ ( 6 = 0., I> .... • #'(. ::r o l ••• : s +-,:. > o) a re tr1e c urnula r1ts I • I ) e 

of the s im u 1 t 21 n e o us pr ""1 lJ n 1~) i l_i_+_._;_y_· _d_. t_s_t_· _r_i_,. _b_1 .. _1_t_1_· _o_n_1 _c~_) _f" 'r a r1 cl ~. - t ~ ~.~:.~ ~ ... £. 
th t: hypo the; s :i. s H 3 n CJ ll n C \,:; r th~ <:! o t··1 cl i t ion 

0 --

(6.5 

nr1d 

6.6 

Proof: In the same way 83 in stction 3 we find 

6. 7 
,;, T + -r: .. { "!J... - * 'Y\.) 

.... .... ( k H ... .e, , . ,.t)) .... 
k 

V :::, I 

_i 2.Y ( 2, ~Y ... l) 'B;tv 

2,)1 

~- # I 

k IY 
~ t ..:. ( ""Ct ""(. t + -~- ,:; ft.) :: 
'-=I 
~)I 

y_ t \ z t l.. ~,.,. t =0 1· • ( :i. Y .. t) · .(,. • , 
'!i ty.,.,-f.t 

"CI ""C 4 
,_ ,.,, : '= ·---• ... -• ,,,, < ---

& ! ( :t )I+ 1 - &) l 

6.8 t{S.,:.t.V+\-~ :::0 

and the C<)c.fficient 

6.9 

n r ,-,,..n .tt · . .,1.i.; 6.9 it --

6 .10 

6.11 

6 .12 

I11 

agnin c,Jnsider th~ 

/'"\ .!"'\ 
,.__, l, 

f (J.. i 1 ,,.., '{ AJ' •-1 . I e,.,,i 
- ,,E. -.._, 

• 4■"" 11 I la F,fm ...... 

k 

th J.,•ri 
'-·• 

11or~1a l:L ty of~ th~ 



Th8orem VIII: If 

se--.uer1ct.::s of non 

ki t1r1d 

n e er ;J t ~L \l' f_:; 

satisfied and if mor0ovcr 

(;Xists <I , 

6.14 

Possess , under th0 

t,.~ = t.,). ) "t.i, >. :;:: tl.i>. ) . , -
.A ➔ oo a t v\1 o d :Lr11 t: t7 s i on 8 1 

n1ec1ns, 

r.:. 1-0. j 

$ 

V[t rl8 DC(; S 1 

Proof: Th~ index~ 

It \iill be Drover:-) 
I: 

an ,.1 
! (,J 

th ~) t ·;,,.,,.. 1 i 

the 

and 

,1"1,#l •• r ·rwr 

_,,,,,,,_,..,,'U;I u r :·:, ;,bl>IM"1'.!sl! 1 r a#t :a• (._U 

, a sum totica 11:y ---~-· . -~----
distribution with zero 

~ .,. "" ·~ ' f ''f i " t c uc . c lt.::n · 

,: :a:;u loa. w.NJlll:01<:! 4 ,11- : o .......... ,,:;z:r: JQI t.l'ctn;.111!1 

'\ 
- - t, 

4 =. ""'·~ + --•--•·-•"• u•~-·" v_,., _,,.% -~ 11-1 --• _Hiliil _ _,,_,w1,:_, -et-• 

6 .16 -0 

,8 t1d that 

Q , J , RI q <fl t1' w~•li•"'--•"' Io " . ; o,jldl?"f;fl J~lliP ,...,,tio,qs, .... ,~ ¼Jtft --

• 

6.6 it 

· 6 .18 

6 .19 .. , 

6.20 • 

'lt. l t --!! ,ta.•\ ~'4$0 e ti 11."'"'L I! ,,,.., ..... ,.-:t ii ti ~-,o;:: I O'i;sil 

,; 'I~ 
1'C. '1,,~ 0) ,,.. ( 1t Q,) yt..) :,.,, 

1!i .. 
·- 't, ' 

'1(1 'I,, + ,,,,,,__,, __ ,_ :"1'~ilJilJ T!,y"ll~-«'i"' 

. ~ ""Y\ ( #"If'\. -+ ' ) Jt 

tr1us 6.17 f •') ] 1 ·J't"l s··• ., ·\_ . ~- ... ( V '1 L 

\,f. 

·t f1 r::1 t Ir\ t t.:· 11 c, S 

t \.,,, o t ".t.\(,t 

., 
"'"" r-· c·1 
·"f . !' )l t..,c,lj . ;i; ' 1" ~ < 

,,., fti.4 

1 h VIIT w• "'> •• ,;,r·,~ ·, -
· ,1., 1, Q ~ i . ~ J.. /l, · . · 

1,,1 - ,l. ,,, /,"' ' ...... 

be appr~ximated by 

• 
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x.~ + y.2,,-. 2 ~ x ld 
.L --------

-~ t->(.~ 

6.22 clx d.y > 

wh t~ re_: 

6.23 > I ' ..... ........ ;c 

t+ 

\.c 
3 ~'t:i, 

'r"L - :1.•• .... 
""' i L 14 I U 

'3 ~ ( l'r'1.. + ,)2.. 

Analogous formulas holcJ for the other oncsided and for th0 two
sidE.:d tE:st. 

Thus 8rl approximatio11 f 1'Jr) Ol r:1:.:y 1Jt~ fl0unrJ by 1ncons of a table of 

the tiv,~) d irJ.ens ionn 1 r·1or1-:1a 1 dist 1"li but ior1 v"1i ·th correlation coefficient 

cf c.f£. 8 Tcj ble 1 contai.ns t·his approximDtion for the 
I level of si1-nificar1ce ()i' 

"' .•.. Z
1 

a rid 
""(, for some valuus of~· 

r we take 0-.85; the table not consill 
taininr,:: the value _.-, 1 3. 

Table 1 

Approxiina tJ_on for ol. for s 0111e va 11..lC;S of o<.' and 
... 

- - "" ., ..... 

ol' 0.9005 0., 01 0 02 f-) ., - 0,05 
I'-(. ...... ..... 

o,85 (-) 
0., 00CJ 0.,015 O., ()3 7 0.,072 

0,90 0!1007 0.,015 0.,035 0!)068 

0.,95 o., oor-7 0.,013 0-'032 0,063 
-. 

2 .. ) " Y} t· ,., 1 n Cl 
(_,. "·-' l. ,_ i .,. $, u t. i"' l 0 ..; l. J. i~1 opproximation fcJr th2 on8sided 

Approximation for ~t for so1~(: v2lu,~:s of~ and -"t ------------•~·-------- --·-·- ---.... ------
~, -·- .. --=•• , . 

0( 0,01 0,025 0.,05 
/It, 

• • .-..,, -
o,85 C) , C.1 o ES l.~ -r.::. 0.,01b? 0:;034 

• 

0,90 0:,0068 (),0175 o.?036 
0,95 0.,0075 0,0193 o, oJ..~o 

i--------..... -· .. __ ,.,,.,.__,,_ - ------------------
In 1 p.32-33 a tnblc 1s given for the 8pproximate critical 

values of~ Z~ f'")<..Jr "Y1... =21 1.100, ~ .. M0.,01; 0,025; 0,05 l1r1d A(, =0.,85 

i.C • for ol.: .,, Q_,0064; 0_,0'165; 0,03~- • • 

We now consid0r th~ sequence i) ond an alternative hypothesis 

stating thot the distributions of?~ under the condition ~x*o are 
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l, c=i r.:::i n t i ' 1 :.l 1 Then ·, ·0 ~p c·• .l"l t... - V (.:. • ' j -- l~ , . .I , -:L gnd 0 are defined by 

folloivs fron1 tl1eore111 V or1d the~ properties of the 

the following ~heorern holds. 

and 5.2 

test 
it 

that 

rr11eorem IX: If 3 • JtS 
'"""' ' I L . c" _L , :., :, 

i □ satisfied then the test based on the 

fo11 >- ➔ oc ·., consistent for the class of 

alternative hypotheses 

6.24 i· anc1 or e ~ o 

and, for sufficiently small~ , not consistent for the class of 

alternative hypotheses 

6.25 I > e ... 0 . 

Z l • .e. ~lf.1y forA ➔ oo, conr3ister1tfor the classes of 
------------------;...------..;;.._._-----
The test or1 

alternatives 

1 . 
6.26 

2. 

not consistent for the class of alternatj.ves 

6.27 ~½ + f9-e >O 

olternativer-3 

- ½ + = o. 6 .. 28 

The test basec] 011 
. 

••. (" l ! . 
. •. l ..I j for .-\ ➔ <X) , <2or1si::3tent for the classes of 

alternatives 

6.27 
1 • \ > Z, ,. 

r - ~ + 

not consistent for the class of alternatives --------------------------· 
6.28 -½+p~0<o 

an cJ , for s u £1 i· J. c, :Ler1 t 1 y f3111r.1 1 ~l oc. 
• •- 1, =••••'••a • 11:u; ,11u •tis .,.,a1,.z1 a• • •t 11 : , - cu; 11 11 1r1r.,_,., 1 loll"•• 111.1• •• ••• o • zt 1 44 Z,,. 

I 

1'.l O ·c consistent for the class of 
I t tt I I ()qp ···••n.,,., ....... JI I,, I ,. ) d Ti ate I,,. Si I I '4 pHPJiu t 1'11 11a Ii I 14 

1 , ..l-a -cerno L-lves 

6.29 ' + - ~ 

'1 • If 'Yl..., fa 11 s i 11 

need not be computeci, 

region ·then the statietic T 

2. The test is consistent for a larger class of altern~tives 

tl1en WILCOXON 1 s test i,or sym1netry. 

Further the test :1_s ::1118 logous to tl1.e test f~or Rymmetry of HEMEI-1RIJK 

cf ... 6 :; p.69-81 , v~hich is based on -Yt,, and the test stc1tistic W 

of WILCOXON's two sample test applied to the positive observations 

as tr1e first 8r1c1 tl1E_; r3bsoll1·te values of the ne.gative observat:1.ons 

as the second sarnple c]f section 4. The critical regions differ 
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Ta l,) le II 

cf section 6 

-. 

ol 0.,005 0,01 0,025 0,05 
... 

v« Ta,. --
T°' T. IYl., v« I « VD( "· I. :t. I 2,. \ ~ I i. 

J.io 

• 

. 

5 - - - - - - 5 15 
6 - - - 6 21 6 17 

7 - - 7 28 7 24 7 22 

8 8 36 8 34 8 30 6 28 

9 9 43 9 39 7 37 7 31 

40 10 49 10 45 8 41 8 35 
11 11 56 9 54 9 46 7 42 

12 10 66 10 60 8 56 8 44 

13 11 73 i 11 67 9 59 7 59 
14 12 81 10 77 10 65 8 57 

. ' 

15 94 82 
- , ,-

9 60 11 11 9 , ( b 
I . 

16 80 8 74 '12 100 12 90 10 

17 13 107 11 103 l 11 85 9 75 

18 '12 125 12 109 10 97 10 79 

19 13 128 '13 '116 '1 1 106 9 90 

20 14 138 12 13 (_) 10 120 10 94 
• 

.... W ..._ .... ... - a r• ■Ill• at ■ 

5 rr_,, means that"P -y_ ~vorT~T (l'Yl..~ H0 >«. for each pair of values 

( T 8 -'-h I T \ ( V ) Vt W ]_ G - 'l'\. 'Ss. \/ ~- IV\.. > - ·2- 'Yl.. ( 'Yt. "t-' \ ) ~ 'a ~ 'Yt ( rr\. + \) ; - '%::: "h, l - ~ ~ • 
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