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1. Introduction

In thils report some properties of F, WILCOXON's test for sym-
metry will be proved, A description of this test as well as formulas
for the expectation and variance of the test statistic under the
nypothesis tested and tables of critical values for the case that
no tles are present may be found in {15}, [16],{ﬁ7] and iﬂB} q)‘

A recursionformula for the distribution of the test statistic under
the null hypothesis for the untied case has been derived by J.W,
TU¢KEY EﬂB] . Further the powerfunction of the test has locally
been Invesgtigated by E.L. LEHMANKH?] and has been compared with the

il

powerfunctions of the sign test and the tests for symmetry of
J. HEMELRIJK (|5 and [6}) and N.v. SMIRNOV [11] by E. rRUIST [9] .

In section 2 a description of the test will be given and in
section 3 some properties of the distribution of the test statistic
under the null hypothesis will be proved. In section 4 the relation
with WILCOXON's two sample test will be gliven and in section 5 the
consistency of the test will be investigated. In section 6 a combin--
ation of the sign test and WILCOXON's test for symmetTry will be
glven and section 7 contains a generalization of the test. All
theorems in this report hold for the case without ties as well as
the case with ties,

2. Description of the test

- o r-} -
Conslider m independent random variables Z2..Z.......7 2) and
—1-=27 =

one observatilion Z . of Zy (i=1,2,...,m). By means of WITCOXON's test
for symmetry the hypothesis Ho may then be tested that the probabil-
1TY distributions of quggﬁ.e*ygm‘are all symmetrical with respect
to zero,

The Test statistic T 18 defined as follows. The observations

Mg om Cungppen:

whilch are equal to zero are omitted. Let the remaining obhncyvations

consist of A 4 Times the value U (imﬂ,E,,,,ﬁk}j WN2reodd . < Us < o . o<
T o o - m'uf:‘-' N

e T f LA,
ar}d Bi til’ﬂes the Vi ]..Llﬁ - 11 1 ( i:" ?25 c v » 3 1,{) . Let f}ur‘*t};’?@? “ oo
def < S
- ol e ST
f“{.b; ‘E‘J Z 9 b 483 , fm:;-'l% . t;‘}L 5
o % ) - o L=
( 2 2 /l ) d‘ﬁ? ﬁ‘{EF

L. = o, + b, (A =t,2,.0,KY) =" e+ my
i il - . o { 2

R

The absolute valucs of the observations are replaced by their raa«o

according to increcasing size, i.e. the ti observations which are

nmmm-ﬁmuwwmmmmmmmwm

1) The fformulas f0£ the variance and the tables of critical valucs
in [15] and [16] contain some mistakes.

2) Random variables will be distinguished from numbers (e.g. from

The value they take in an experiment) by underlining their sym-
bols, |
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Theorem 11

(3#7) %24\-"%1“0 YV = &, 1, ..+ -
and
« 2V ¥ .
(3.8) Koy = 2 (2 -0 B. 7 t, ey Vo= 2,0 .,
2y <oz

where R are Bernoulli's nunmbers,

23
Proof: From (2.3) it follows that
174
(3'9) T = Z: (2o, -t;)) v,

A =

and from (3,9) and the fact that Q48554058 are distributed
independently follows

K

(3.10) E(eTT | (k) H) = TT £ (e ™ &m0 g, 1 h,),

4 =

Furthcrigjﬁpossegsing a binomial probability distribution with

parameters (t; ,3),we have

' \ ol ¥ a t-(:
lg Ta, (e, -t &’C%L 4+ £ * ‘
(3i/‘/‘) ('& l_bp;HQ) — M-—-»mgr S S (vb:r-!,?,,.,,,k)*
From (3,10) and (3.11) then follows
K , ST
(3-"2) "ﬁ% { (é":rl (kst);H ) = Z‘b‘ '&% fif::_imf:;im&w
N, | QO -ir:.l £ 2
<
= Z T ’&%Co&»hf%*_
L =3
Further we have
X
(3.43) i%CGthmjt%h w clw
A
and
-e Y ZMM TB 23 <\
taoh U = Z_m?: (2 ') LY L .
(3*/‘4) % Vo=t CZV)},
thus
(3,15) h T 27(27-0B,, XY
ES# '8%,CCH3 X wm}m“ PN ™
From (3.12) and (3.15%) then {ollows
s 2 3 2 1<,
, T T N ThY 2 (2 -0 By 3o R
(3.16) A LTI Cam ) = 5 En — T e
2.8
Thus The cocffiliclient ofmﬁwmwmif;
{2V +1).
(3.17) opoy = O V=0o,4, .. .
2.3
and the cocefficient of T 1S
(2v)l
) By S 2
(E};qgg) 11&v — < R ‘?,Z:”tihﬂl Y =1t,2,.
2.5 fe =2 4
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1. 1f a =oc for cach i then T

(3.27)
2. lf Clq:':, J.Z:CL'{' = | then T T—‘"—-%%‘mtiﬁ*%.
=
Further
(3.28) My € My R er s S By

thus T' does not assumc valucs between O and §, +1 5, 1.e, d=%+¢ 1F
d exlsts,

Further it Té is a value T' assumes, Then T' also assumes tThe
values Té+2rﬁ and (or) T‘mzri. Thus a necessary condition for the
existence of d is that 2? is a multiple of +, +1+ (i=2,3,...,k) and
it may ecasily be V%PiiLLJ that this is equivalent with (3.2%.1).
Further if (3.24.1) 1s satisfied then all values T' assumes are
multiples of t, +1 .

Now suppose that (3,24.1) is satisfied then 1t will be proved that
(3.24.2) is a necessary and sufficicent condition for the occurrence
of all multiples of +%,+: between T', =0 and T! _=n(n+1),

We first prove that (3.24.2) is a necessary condition,

Conslder for any f{ixed value of i1 the following two cases

2 Ak ) for at least one value of 4 » 4.

These Two cases are mutually ¢xclusive and one of the two must

occur, The greatest value T' assumes 1In case 1 1s a Z_ t, ~y and tThe
— * .é--.g. )
smallest value in casc 2 1s a4, . Thus if g.%wﬂt,zi;tﬁux then
-é.nl
no valucs between these two can be assumed by T'!'., Thilis means that

the diff@b&ﬂC&gp@“qm;zz;t o should not be larger than d=t, +1

3 =i
or
(3.29) Z%Lwéﬂézt,}“ﬂ_} +T, + 1 (Lmi,k,”*akui),

which is equivalent with (3.24.2).

The sufficiency of condition (3.24,2) will be proved by induction.
Suppose that it has been proved, for 2 certaln valuc of 1, that in
cases 1 The distance between the successgive valuces of T' are constant

and cqual To t, ++ . Then T' assunes 1In this ¢asce the values

(3!30) /g‘{_tt+f) ’8':0;!&*;:5;.{.‘ 'ézw:t %é‘
For 1i=1 this is truc, becausc aam“Eiu . Murther the contribution
of' the tile of sizc t,, to T' e¢quals

(3.31) 2 h o, h=o,4,...,b, .

Thus ifcﬂ;ﬂ;fop cach 4 »a+1 Then T' assumcs Tthe values

/&:Q,,i,ﬁ. : ,m'g'm- Z;t "‘f-’»é'
T+ F =

(3,32) zhmH‘ +2(~b1+1)
Sb’!“..:.C},%,.. . *,‘t,

L =t "
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observations (cf [5} n.{1 and [2] p.307). The mean and variance
of T under Tthe hypothesis Ho and under the condition (k,t) thus
also follow from the well known formulae for the mean and variance

of W under the hypothssis H, . W2 have

b Y

(4.3 ECT [ (kot)smys Ho) = (v} (my —5 )

and

K
L, L 5“2—:_*;:3:)
(U“*)'I') g(r’(k>t)=%“H°>” 3 (M-

From (4.3) and (4,4) then follows
(4.5) <ECT](k.e)s H) :é{i(flﬁkﬁt),@.;Hﬁ)}(kﬁ—b}-,Hﬁ}:
=(m+) &(m, —Fm|(K,t);H) =0 (cf (3.19))

and
(4.6) V(T | (k.8); Ha) =

= o BT (kat), ms Ho) | (IG8) 5 H o+ €{a’z(‘{t (W, 8),m s H)| (k,8) 5 Hol =

> b

L T i, = & A : ‘ ) | | ~
2 (- ) k{{@thﬂ"z‘ (Kﬁ‘b): Hq)—-
>_ 3 %,

_ 3%(%*¢‘>2’+”\’L - _
- ) T TSR (er, (3.20)).

= (A’L +’)% GJZ’(@: “"%%i (ksﬁ);Hﬁ) +

>. The consastency of the test

We agoain consider the seqguencec {g@}and an alternative hypo-
chesls stating that the distributions of =z, under the condition

Z,#o0o arc, 1tor » =w,2,..., identical, Lot x,,x, . . Lo X denote

i : A ﬂ
the positive obscervations and YosYa, o -0 s Y, the negative observ-
; .; , | 2y %
atlons, Wlﬁh.ﬂ%hh+fn@kmunh; Let Turther
del
P;r P[%l:}{:’){zhz’ta} }\:laﬁ.‘,“‘
(5.1)
dﬁ{l
q = 1-p
and
- b= Pl - Pl '
(5;2) == AN 3""‘2!’1] _— >m5h¢ ‘;j}-*-"] }\,k—'v = 1,2, ¢. « .

Theorem Ve 10 (3.36) is satisficed then the test based on the
critical region Z (cf.(2.5)) is, for x > o, consistent for the
class of alternative hypotheses

L, T

{
(5»3) gP“E +§<3C181>O..
The Tests based on the critical reglons Zw!and Z, respectively

are consistent {or the classes of alternative hypotheses

T

(5.4) p-% *pqb <o

and




~10 —

(5.5) b-% +pqb>o

respectively and not consistent for the classes of alternative
hypotheses

(51?6) P~é~+\oq’8>0

and

(5.7) p-z +pql<e

regpectively.,
All tests mentioned are, for sufficicntly small « , not consistent

for the class of alternative hypotheses
(5.8) p-%ﬁ-pq@ = .

Proof: The notation will be simplified by omitting the index a»
From (4.1) it follows that

(5'9) T s i i 5%%(_&&;“&?) +(%+1\)(’Y__}:’-Ji“%}*

B A, =y é-,:.i
LLet H be an alternative hypothesis stating that the distributilions
of z., under the condition z, #o arc, for A=1,2,..., identical,

Then it follows from (5.1), (5.2) and (5.9) that
(5.10) 2 (Tl m,.m H) =mmn, 0 +(n+(m-5m),

.et ffurther

1 . S*f%_ﬂﬁ g’ﬁ{rim,tﬂ,?z,. o ,*Ek;HQ&‘
(5#/‘2) > 1 elef A

3., el def -fg-m(m,+t}(2,%+‘),

et

%
then
%, < &Ra < 2
_— .
(5.13) C, B2 OE S
Further

_— 5{@%(-{- I’”"iﬂx; HH ,},L’#H} ~%q1{%(T)%,ﬁLi;H)1%3 H},

From (5.710) it Tollows that

(5.45) o E(Tmomo )| miHE = B+ (menta gy s B = O(nd)
and the cocfficicnt of m in (5.15) is

(5.16) po (8+1-2pqB)

Further (cf (5.9)) .

(5.17) a (T ]m,m,; H) mﬂ}{z 2 eacg%(ﬁugpiﬂmwtﬂ



-1 -

and from D,J. STOKER ([12] p.67-68) it follows that

(5«48) q’z ; Z_ 5%%(?_&&*%{)\%,%,; HE = m,.;%ﬂ‘(m-t—\),
= ,é,m;

T.1US

(5.19) E{ (T |mom i K miH] 2 m(m*o) po.

Thus (cf (5.14))

(5.20) (T 1wy HY =0 ()

and the coefficient of w’ in (5.20) is
<2, * -c:'.s
(5.21) <= po ( B+i-2pq8) +pg = V4.

Now first consider the cagce that

(5.22) pm%+pq9coi
We have
(5.23) fi:;jb[jj?lZQJ’“ZF”*mf?f;ﬂp[1->*”§i§J’n:H} 3

= ’evrn, ?[—————E—T; >“mmwm-§icx+\* ‘%;H]}

A -3 O =l

where giia defined by

Vo

o Lo
(5~24) _,i “j‘z..\mx d X = .
gm'.

From (5.12), (5.20), (5.22) and thc fact that m tends to infinity
With » 1t follows that w~§£§g;ﬁ4mis positive for sufficiently large
X ; thus according to the incquality of Bienaymé-Tschebycheff

R

(5¢25) MP[T¢;£$%,H] é’avm“”"“““ci"“”“"—;" = Q.

A - CO )‘**m(gazcm"&'i"“)
Thus The test bascd on thie critical region Zﬁiis, for \ = oo
consistent for the class of alternative hypotheses (5.22),
1f

(5.26) b -% + pqg 0 >0
then
(5.27) 0 | ~ c €, 5 |mH] =
< B — T =5

3

Yy

Nseo (£ e + p)?
miéfggiimbeing negative for sufficiently large n . Thus the test
based on Z‘g 18, for M =+ , nNot consistent for the class of alternsg -
tives (5.26),

Finally if
(5.28) p-% +pq b =0

tnen



Thus 1f
-
(5~30) €M > ‘ -

then the test based on :;aia fOor A= oo Not consistent for the class

of alternative hypothescs (5.28) and from (5.12) and (5.21)
follows

(5.31) I —2__ < \[5.

N aoo O

The proofs for the tests based on £, and Z are analogous.

Theorem VI: If the distributions of
symmetrical with respect To a then

1. P"""";&:“"{"PCLS = O i f a =o,
(5.32) {
2 . Q(Pm%ﬁ-pqe) >0 1if Q. = 0.

.2z are identical and

2" - -_— AW

PN

&

Proof: Let

(5.33) H(z) = PLz, s =]
and (cf.(3.35))
(5.34) =Pl oz, =0
Then (c¢f (5.1)) oo -o
J dH= § (2
(5.35) P =rrL::““ > Q, = fm.ﬂ
We first consider the case that a>oj; then px 4 . From the fact that

the distribution of =z, is symmectrical with respect to a 1t follows
that T

SdH(z)
28 +Q |
(5.36) q = 2
I further
(5.37) Feo'd Plaesx] L G = Plyisy]
then X
6 ol H (%) gdH(u‘)
(51*38) CL F(x} mmm%,m(mm , F(}() — +G P
and from the symmetry of the distribution of ELaig follows that
| cl ' § dHw
(5*39) duG‘(_\j‘): ——}:{‘g‘s—‘i"‘w‘ 3 G(H)mmwgma
I g >0 then
(5»“'0) mPL Ko = 3?] "“.P[iﬁz_.": l-j-*}»] S
> Pl x> ’:‘*""20-1 ‘““—P{E’:Lﬁtﬁ +2,c:~s..}=:
....3«' “"""‘fé’
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oG X ' - X +20
RADPD FJ 20.4+0 Ct' + O | q{ +0 P
thus 1f 950 then
<0 X ' X + 2O,
(5.41) bab > {dHeo { drw -{ dr(xvza) | dH(uwy =
2O.4+0 LA +O = RPN
0 X cQ X
':S dH(’QS dH(UL)"-S dH(x)S d H((w =
20 tT0 2O+ 200+ O Iy ,

O OO

= S ol H {(x) S o H (W) w?dH(x}g c H (W) =

2Q 4+ O A0 +0O 2.+ O + O

- 2

= T7 C}'z “'TTRPC;, *"’*"WAQCCL”P)'
Thus 1f g so0 then
(5.%2)  p-% +pg0 > p-g +T q(gq-p) = (P-9U 7 -T P>

} } A
>(k-9)(7 -gq) =5(p-~q) Z°.
Further 1 q;i>then o = and thoen

(5.43) P-% +pq 0 = p-% >0

Thus b-%+pg B is positive if a is positive.

The proof for a<e 1s analogous,

From the theorcems V and VI 1t follows

that 1f tThe distriobutions
of 2z, amc, forx =1,z

D e e identicnl and symmetrlcal with
respect To a then the test based on £ 18, for N— <o

for the class of alternative hypotheses with
(5’44) a # 0.

, conslstent

Ihe tests based on £, and <, respectively are consistent for the
classcs of alternative hypotheses with

(5.45) @ <0
and
(5.46) & >0

respectlively and not consistent for the classges of alternative
nypotheges with

(5.47) a >0
and
(5»)48) A < O

regpectively,

6. A combination of the sign test and WILCOXON's test for symmetry.
In this sectlon a test for the hypothesis Ho will be described

which is a combination of the sign test and WILCOXON's test for
symmetry,



and let & denote the s:

€ = & + (1~ &)

= E,i'i'(i“é;}

Analogous formulae hold
cest.

I

the conditions (k,t)

thne test statistic

Choesis

of, , K, ANd m

OUn the other hand the critien

uniquely determined by g ond . One may now procced e,2. in one of

the following two




Toble IT (p
o ;:3 t .tL _ FQ % {"f’“ g C h j.‘ =~ 1 X - e e e
0,05. In this table wo us.d

dow Y . i -~ - ., ; N b | - B " e ey e .
the signh test instead ol m, ;0 then v 15, under

vt B - g

sy e St
» 2 " ) ﬂ @ﬁ t fi 1%&} b3 VALY

stributed symmetrically with
so be found in {1] (p.31).
In the following an ap

v Z2oero ¢

proximatis

values of v . First we prove

Theorem VIIe I Kg o (( ©=0,1, 00 .4 =0, 0, )8

2

of the simultancous probabllity tribution of

the_condition (k,t) the

IR A, =4

=

way ag In section

we 'ind

3 the coefficicnt of

W

ﬁ;%wdﬂ"'“ﬁ

thb COCffiC i@f@t f}f T

FEFE:

g

In orde
W‘i’? . jtw VY e o
asain congi




- R L
ij %,}?;i “

t!,;. }-t mtﬁ.g)\ 3

w&,h

¥

»_two dimensional nornal probab:

P Yy Y& e o e - - » ., PR | Ny : ;,
means, variances 1 and corrclation coefficlent

(6.15)

Proof+ The index A 18
Tt

will be proved that

"% ‘
T v >4V 1T

Wﬁl




! x® + 4o 2m xy

= P Tz U %
6,22 cxa:szw*mmimmwg 2 cixdg
(6.22) R ,

¢ i
Wht‘;pﬁj

!

(6.23) n L 2 %\/’{ = 0,8b6.

3 = 3
m® - &by
’ + ___..______.._._._...:';._,.....,._M.....-T_Q;..
3 4+

Analogous formulas hold for the other oncsgided and for the two-

sided test,

Thus an approximation for« may be found by means of a table of

Che two dinmcensional normal distribution with correlation coefficient
~ (¢l ec.g. [8] s, P.52-57). Table 4 contains this approximation for the

5

level of siynificance of Z, (and thus of;é) for some valucs of &

“

and « , For th.e¢ smallest value of r we take 0.85; the table not con-

taining the value « %V?l
Tablc 1

|

Approximation for « for some valucs of « and ~

[P

o' | 0,005 | 0,01 0,025 0,05
L | * ~
0,85 | 0,008 | 0,015 | 0,037 0,072
: 0590 03007 I 05O15 | 03035 | 05068
- 0,95 | 0,007 | 0,013 | 0,032 0,063

Further an approximation for «' may be found from (6.23) for given
valuc ofx ;3 table 2 contoins this opproximation for the onesided
test for some values »f o« and =.

Table 2

Approximation [(or «' for sonce voluwes of « and «

e il v

it e ek RIS i L

—

‘ « { 0,01 0,025 0,05 |
0,0004 | 00,0165 | 0,034
0,0068 | 0,0175 | 0,036

00,0075 | 0,01973 0,040
R S S

In [1] (p.32-33) a tablc 1s given for the approximate cpitical
values of Z, for a« =21(1)100, « =0,01; 0,025; 0,05 and “ =0,85
(1.c. foro' =0,00064; 0,0165; 0,034),

We now consider the sceguenco {;Q;and an alternative hypothesis

stating that the distributions of z, under the condition 2, #0 are



~18 -

identical, Then il p,g and B are defined by (5.1) and (5.2) it
follows [rom theorem V and the properties of the gsign test that

the following
Theorem 1IX:

LT

cnneorem holds .

3.30) is satisfied then the test based on the

critical regilon Z 15, for X=-es-, consistent for the class of

alternative hypotheses

(6.24)

and, for suffic:

o + % and(or) O #o

Ciciently small « , not consistent for the class of

alternative hypotheses

(6.25)

The test based on Z, 15, fOri-se consistent for the classes of

alternatives

(6.26)

1.

2 .

P <%
p2% . p-% +pqb <o

not consistent for the class ol alternatives

(6.27)

and, for suf

-

N S I
L aC

Pé% A Pw%*‘pq@}o

iently small o« , not consistent for the class of

alternatlives

(6.28)

p;a% , F; -+Fmi9:ze,

The test based on Zy 1o, foriwe , consistent for the classes of

@ltermatlveg

(6.27)

1.

O

hF}ﬂé;+~qu5:>o,

not consistent for the clags ol alternatives

(6.28)

and} | Iﬂ . a;“.-'u.f j. :3

alternatives

k}éaﬁ 3 meﬁ -+ pQL@~cG

iently small « , not consistent for

(6.29) pex » Pp-x *Pgb
This test has two advantages

"Aalls 1n the critical region then the statistic T

/] 5 :E.F ﬂl :.,.. 1.1 .
need not be computed,

2. The

(v

st 18 consistent for a larger class of alternatives

then WILCOXON's tesgt {or symmetry.

Further the tegst 18 analogous To The te

est for symmetry of HEMBELRIJK

(cf. [6] s P.69-81), which is based onm, and the test statistic W

of WILCOXON'=s
23 the first

a8 Tthe sccond

-

cwo sample test applied to the positive observations

and the absolute values of the negative observatlions

sample (cf section 4). The critical regions differ
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Taonle TIT

Critical values v, and T  of Z for the cape that t = for each
== i 4o B SRSy e SO e P gt Tl s T U RPN SR S—

: - - - - - - 5
6 - - - - 6 | 21 6 | A7
7 i} - 7 28 7 24 7| 22
3 3 36 3 34 3 30 6 | 28
o || 9 13l 9 | 39 7 | 37 7| 31
10 || 10 49 || 10 | 15 3 | 41 8 | 35
11 |l 11 56 |l 9 | 54 9 46 7 | 42
12 || 10 56 || 10 | 60 3 | 56 8 | uy
|13 11 | 73 | 11 | 67 9 | 59 7 | 59
w12 81 || 10 | 77 || 10 | 65 8 | 57
15 | 11 ok || 11 | 82 I 9 76 9 | 60
16 || 12 | 100 || 12 | 90 | AcC 80 s 74
17 4| 13 | 107 11 | 103 z 11 | 85 9 | 75
18 || 12 | 125 || 12 | 109 L 10 | 97 10 | 79
19 || 13 | 128 || 13 | 116 11 | 106 9 | 90
20 | 14 | 138 || 12 | 130 10 | 120 10 | 9o

oo WINN Ak eun Fevmb Bl gradm WEEEE Tl AV Nlth IR il

5) "=" means thatPlvzverTzT|m,H,]>« for each pair of values

(V,T)With -m 2V S m, ~3mn(m+1) 2T € Fm{m+); (¥ =m, -m,).

R
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