
STICHTING 

SC CENTRUM 
BOERHAAVESTRAAT 49 

MSTERDAM 

AFDELING 

LEIDING: PROF. DR D. VAN DANTZIG 
ADVISEUR VOOR STATISTISCHE CONSULTATIE: PROF. DR J. HEMELRIJK 

Report S 23'1 

Statistical analysis 

of part of the data concerning 

Performance trial nr.VIII on flame radiation 

by 

A. R. Bloernt:.·n2 

F'ebru2ry '1958 



The Mathematical Centre at Amsterdam. founded the ll!h of February 1946, is a non-profit 
institution aiming at the promotion of pure mathema!ics and its applications. and is 
sponsored by lhe Netherland[: Government through the Netherlands Organization for 
Pure Research (Z.W.0.) and the Central National Council for Applied Scientific Research 
in the Netherlands (T.N.0.), by the Municipality of Amsterdam and by several industries. 



1. Introduction 

Some general aspects concerning the design of PT VIII will be 

dealt with in a seperate letter. At present we only note, that ow­

ing to the experimental set-up a statistical analysis using all the 

available data iB virtually impossible. In consultation with the 

International Flame Research Foundation it has therefore been de­

cided to deal only with a few smaller questions using a small part 

of the actual data. 

The results stated in this report must be interpreted with the 

following statement in mind: In case an effect will be found to be 

significantly different from zero, it may be possible that due to 

difficulties in the design of the experiment the interpretation of 

these results is uncertain. This interpretation has to be based on 

assumptions concerning correct control of variables 2 stability of 

furnace conditions, randomization cf uncontrollable factorsJ etc. 

It is however, far from certain that these conditions were satis­

fied in this experiment. 
For the general set-up of PT VIII we refer to the document nr. 

1;1 31 /,::1 /'")(\ 2 
..\.. {_..l.. c.. J "' 

In this report only R1-max values of the radiation will be 

considered. 

2. Air versus steam 

Flames with flame conditions I (steam as atomizing agent) and 

XIII (air as atomizing agent) have been observed on four occasions, 

viz. twice in each of the subexperiments PT VIII A and PT VIII B. 
In each of these two replicates of the flames have been ob3erved at 

two different times each. In case observations have been made more 

than twice, we have used two sets of these measurements 1 taken at 

random. 

The following subscripts will be llSed: 

r 1 for flame condition I 
i 

) 
::::::~ 

I 
2 for flame condition XIII I 

\, 

r ✓1 for sub-experiment P'r VIII !\ I i - l2 V 

for sub-experiment p111 VIII B 

k = 1, 2: replicates 

1 = 1, 2: measurements on a flame. 
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Denoting by x. "kl the 1-th measurement of the k-th replicate 
-l.J -

in the j-th subexperiment on flame condition i, we can state on 

the mathematical model: 
,. r"'" 

.p- + 1-

.:::.ijk =-ijkl' 

wherey 1 denotes the contribution to the radiation of the atomiting 

agent used in the i-th flame condition. 

By definition 4-/L ""' O. In the model three random components 
, . l 

eiccur,, Of these :.ijkl represents the variation in radiation between 
two measurements on the same setting of the flame, but some time 

apart. This definition implies E"'ijkl = O for all i,j,k1 l, while 

we shall assume all :.,ijkl to b~ equally an<l normally distributed, while 

Ec 2 -~ 2 ( 'th" fl ) ~ijkl = c. w l'.:'._1 1n .ames . 
Regarding the distribution of the f:ij and E:ijk the same as­

sumptions are made as in the case of fi,jkl. The component ::,ijk re­

presents 1lbe variation in radietion between different settings of 

e flame; we shall denote Ee21 "k by ~ 2. (variance between flames). 
- J D , -

The component E.. _, represents the variation between sub-expe1•iments. 
2 -lJ ? 

Et ., , will be denoted by u_,~- r\vari.ance tetween sub-experiment.s). 
- lJ e -

F'inally we assume all El . .:-1, E. ,1~, €. -'kl to be distributed indepen­
" -lJ -~ -lJ . 

dently of each other. 
2 The variance~ has been introduced in the model, because of e 

the fact PT VIII B has L: ic:6 n run half:::: year c:fter P'J1 VIII f\, which might 
has caused another source of variation. It is therefore desirable 

to test at the outset the nulhypothesis. 

n 
H : ,...,.,c = 0 

0 V f: • 

Under the assumptions stated 1 this can be done by means of the 

statistic: 

F 4 
-=2 

which under H, has 
0 

4 ~- ( ~ ~ . .. - ~ .... l 
- , 2 

'2. L \X .. , - X . . \ 
i,i,k -c:,"'· -<.j"J 

a F-distribution with 

dom.T~test results are stated in Table 1. 

2 and 4 degrees of free-
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Table 1 
Results of the test for ct 2 e = 0 

slot F K 

2 9,74 0,03 
3 0,30 > 0.,50 
4 0.,01 > 0:;50 
5 0., 13 > 0:;50 
6 0,73 ;;, 0,50 
7 0,98 :w o,4o 

From table 1 it is quite clear that apart from slot 2 there is no 

reason at all to reject H .At slot 2 there is a slight indication on 
0 

a non-zero variance between sub-experiments. Because of the gene~ 
ral line, prevailins in table 1, the term ~ij will be omitted from 

the mathematical model. 
In table 2 the scheme of the analysis of variance to which 

the model leads is given. The test whe.ther at any one slot the 
effect of changing the atomizing agent is equal to zero, is again 

Table 2 

Scheme of the analysis of variance 

source of number of expectation of the mean 
variation sum of squares degrees of sum of squares freedom 

atomizing 8 2....(x -x )2 1 8LJJ-i + 2 o-' 2 + er 2 
agent L. i 0-0~ e Ii' i Ill b w 

'between 2 L(x -x )2 6 2G' 2 + C5 2 
flames .:,5,k 1 jk. i ... b w 

within 
·?-(xi 'kl=X .. k) 2 8 cr' 2 

flames ~,,,k,I J l J , w 

total X... (x -x )2 15 
ijkl ijkl "•*" > > • 

a F-test. The statistic is, as can be seen from table 2 

2. 2- lx.. - x . ,2. 
. •\_ -05\._, -~· .. ) ,,.s,l"i, 

which under H has a 
0 

F-distribution with 1 and 6 degrees of free-

dom. The testresults are given in table 3 in the usual way: 
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I stands for 0,01 <k~0,05 

II !I !! 0, 001 < 1{ ~ 0., 01 

III It II k ~ 0, 001 , 

In table J have been given as well: 

1) the estimate of the general mean 

2) I! !I fl the effect of atomizing agent 

3) 11 
2 of c:: 2 together with the results of the test H !! Sb b ) 

of the hypothesis: u' b 
2 :::0 

SW 
2 of cr'w 

2 
II !I . 4) 11 

The estimate of the effect of the atomizing agent has to be 

added to (substracted from) the general mean in case this atomizing 

agent is steam (air). Of course the sign of the estimate has to be 

taken in consideration.A+ sign in the third column of table 3 means 

that the sum of the observations on steam were higher than on air. 

Estimates and testresul~s, 

slot 

2 

3 
J+ 

5 
6 

7 

general 
mean 

5,93 
7,93 
6,50 
4 64 J 

.3,06 
2,68 

effect 
atom.agent 

-2:,20 III 
-1,17 I 

-0,25 

+0,30 

+0,6-1 

+o, 12 

the effect of the atom!z!n. agen~ 

2 
s b 

o, 462 III 

0.,718 I 

1$5;:21 III 

'i, 523 III 
0,652 III 

0 

2 s 
w 

0, 07'1 
0,248 

0,257 
\ 

0,157 
0,080 

0,271 

From table 3, two conclusions can be drawn: 

1· There is an indication that in tht first part of the furnace air 

gives a higher radiation th2?! steam. 

2. 'lhe variance 11 between flames" is ln general different from zerc,& 
We want to stress the impo»tance of designing experiments on ra­

diation in such a way, that the different sources of variatio~ 

can be measured with sufficient accura~y. In this case this means 

perfo:r•ming replioates, plaited in in the experiment in a balan­

ced way. 
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2 2 3: An.~s~imate of 2~b__±_u'w-

In general two observations have been made on one setting of 

a flame. In testing effects by comparison of flames with different 

flame conditions one therefore needs an estimate of 2u'b 2 + c:w2 :, 

with as high precision(= number of degrees of freedom) as possible. 

The second lin~ of table 2 gives an estimate based on 6 d.f. 
Another 4 degrees of freedom can bs obtained by comparison of: 

PT VIII A flame XI anc1 XI R 

flame XIV and XIV R 

rT VIII B flams V and V R 

flame IX and IX FL 

The following estimates of 2c-b 2 + d 2 . based on 10 degrees of free-w , 
dom have been found in this way. 

sJ.ot 2 0.633 
!l 3 1,'12'1 

!! l~ . 21069 . 
ll 5 . 2i037 . 
II 6 0,975 

!I 7 0 '340 ' 

4. The relation between C/H ratio and the radiation 

A number of measurements have been made with the subjEct of 

~taining information on the relation between the C/H ratio of the 

fuel and the radiation of the flame, generated by this fuel. The 

flames concerned are the following gasoil-flames: 

flames 

C/H of the fuel: 
XIX 
6,47 

xx 
6J97 

XXII 

7,45 
XXIV 

7,66 

We shall denote the average radiation of a flame by y 1 and its 

C/H ratio by x ( 1='1 for flame XIX, • , • , 4 for flame XXIV) • If for i \ 
each x 

J! 

where Eis assumed to be a normally distributed variable, with 

Ef==O and for all x Ei.::2 = cr 2 , regression analysis gives on the basis 

of the observations(x1 ,yi) (i=--=1, .. ,4) estimates a and b for o<., andt3 , 

together with a test fo~ the nulhypothesis fa=O, Results of this 

(Student I s t-) test, :!:ind the estimates are given in table J+, The re-



gression lines have been drawn in the figures at the back of this 

report. 

From table 5 the eonclusion can be drawn that only for the 

first two slots an indication exists of a significant relationship 

between d/H ratio and the radiation. Actually the number of measu­
rements available is definitely insufficient to lead to any valua­

ble conclusion whether or not there is a relationship. 

table 4 
Results of re~ression -~~alysis on relation between C/H ratio and 

radiation 

i slot a b value I k of t I 

2 -13,59 2.69 4.50 0.05 
3 = 2.79 1.46 5,64 0.03 
4 - 0.28 0.65 1.43 0.30 

5 - 3.61 1.08 2.05 0.15 
6 - o.oo o.42 1.68 0.25 

7 2.65 ~1.34 -1.80 o. 

The question whether the relationship between C/H ratio and 
radiation changes with the slotnumber has not very much sense now, 

as no relation between C/H and radiation has been found fort 

larger part of the furnace. 

One could of course plot the found values of b aga t the 

s er. A test cannot be app ed to examine whether there is 

any relation between the values of band the slotnumber, because of 

the fact that observations on different slots are not independent. 

The found values of the teststatistic t has been plotted (fig. 1). 

The diagram actually suggest the existence of a trend, but no proof 

or disproof can be given on basis of the available measurements. 
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fig.1 
Found values of the t-statistic (of table 4), plotted against the 

slot-n.umber 

5® Oasoil - Fuel-oil 

The flames; dealt with in section 4 were all generated by means 
,. 

of gasoil. In order ~o examine whether the type of fuel had any spe­

cific influence on the radiation, cbtained with a fuel with a certain 
C/H ratio, a few gal:bil flames have been examined. As the C/H ratio 
of the gasoil flames did not coincide with the C/H ratios of the fuel­
oil flames, a direct comparison between flames is not possible. In­
stead we proceed as follows. Statistical theory ( ct' [1]) provides a 
method for determining a confidence belt around a regression line. 
These confidence limits, as they have been calculated and drawn in 
figures 2-7 mean: 

"If at slotnumber i a measurement will be made on a gasoil 
flame with a C/H ratio x, then in the long run in about 90% of the 
cases, the corresponding observed value of R1 max will fall between 
the limits indicated for that value of x in the diagram for slot i~ 

Note that we have calculated 90% confidence limits. The confi­
dence limits may serve as control-limits: if a next measurement on 
gasoil flame on plotting appeared to fall outside the limits, action 
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might be taken to examine in what respect the flame differed from 

the other flames (taking account of C/H ratios). In that case there 

is a probability of 10% that such an action will show that there is 

no difference. 
If on plotting the measurements of the fuel-oil flames less 

than about 10% of the dots fall outside the limits, one has to draw 
the conclusion: no difference can be noted between fuel-oil and 

gasoil flames. In diagrams 2-7 4 out of 18 points are (just) out­
side the limits. Taking the 18 measurements as indepent observa­

tions (which they are not), we can test whethe~ the hypothesisi 
l!Each po::tnt has a probability pz0.10 of falling outside the limits 11 

can be rejected, According to the table of a binomial probability 

distribution we find k=0,10. Therefore we have to conclude that no 
evidence has been found for a difference between the two types of 

flames. However the whole !fexperiment 11 has been based on seven 

flames only, which is highly insufficient for a difference (if it 

is not v~ry large) to show up. 

6. PT VIII C 

Two flame -conditions, viz. IX c1nd XIII difrering only Wlth 
respect of the density have been studied in a small subexperiment~ 

denoted by P'r VIII C. Thts sub-experiment did not provide an esti­

mate of the source of errors. Therefore in comparing the results 

of flame IX and those of flame XIII one has to use an external 

estimate of the error-variance. Table 5. column 2 and 3 state the 
mean of the observed values. 

Each mean in column 2 has a variance G'i. 2 + ·1/4 u 2 , as they are 
;J w 

all based on five observations. The means in column 3 have a vari-

ance G'b 2 + 1/9 cl w 2, being based on nine observations. The difference 
~ between both mean values has therefore a variance 

2 ._. 2 0 ct 2 Cl 2 
C' + G "" ' C: '- + "--' - 2 r' C + f'\ 36· ,.., b -,:r- -r b T - vb v, uW , 

2 2 As ct w is smaller than cr'b , no ~reat loss is incurred in taking 

this v aria nee as 2 C" b 2 + G" w 2, of which an estimate has been ob­
tained in section 3. 

In column 6 we have given a 95% confidence interval for the 

difference 6. Only for the second slot the value o is not inclu­
ded in the confidence interval. This means that cnly at slot 2 
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there is a slight indication of an actual difference between the 

two flames. 
Emphasis must be placed on the fact that the width of the 

confidence intervals (aud therefore the uncertainty in the deter­

mination of 6 ) is due to the set-up of the experiment. 

Table 5 

Comparison of flames IX and XIII of subex erlment PT VIII C 

1 2 3 4 5 6 
slot fL IX fl.XIII 6 s confidence limits 

2 9018 11 .1+8 -2,30 0,796 - 1~. 07 and -0,53 
3 10,39 11.58 -1,19 1,059 -3,55 and +1.17 
4 8.41 7,65 +0,76 1,438 -2.44 and +3,96 
5 5 .18 3,99 +1.19 1.427 -'1.99 and +4 ,37 
6 3,79 3.19 +o .60 0.987 -1.60 and +2,80 

7 2 .68 2.54 +o ,14 0.583 -1.16 and +1.43 

Literature: 
[1] HALD: Statistical Theory with engineering applications, 

John Wiley, New York, 1952, 

;;, ' 

/j<fyYc, j,,,,:,c cy 
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Figures 2-7 
Relationship between C/H ratio and R max for gasoil fired flame~ 
The indicated 10%-confidence limits Jre confidence limits for a 
single observation. Measurements on fuel-oil flames are plotted 
and indicated by their flame-number 
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