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"-"'\ O. 0ummary o 

In this report the following approximations to tl1e percentage 

points of the non-central t-distribution are consideredo 

Io Three closely related approximations based on a normal 

approximation to the distribution of x + k 

freedom X 

degrees 

. Two of 

of 

these approximations were derived by WoJo JENNETT and 

BoL. ~ELCH 1939 and by NoLo JOliNSON and BoL. WELCH 1940 
respectively .. The third one was derived by \AJ oA o HENDRICKS 

1936 for the percentage points of the central t-distribution 

STUDENT's distribution and could be generalized for the 

non-central t-distributiono 
IIo Fuur closely related approximations based on a method used 

by H. GOLDBERG and Ho LEVINE 1946 for the percentage 

points of the central t-distributiono In this case the 

the coefficients being functioreof a normal variable with 

zero mean and variance 1= 

IIIo The approximation of Mo MERRINGTON and EoS. PEARSON 1958 

based on a Pearson type IV-approximation to the non-central. 

t-distributiono 
IV. The approximation of Belo HARLEY 1957 based on an 

approximation of the distribution of a function of~- by the 

distribution of the correlation coefficient in samples from 

a bivariate normal distributiono 

V. An approximation mentioned in DoBo OWEN 1 s table of factors 

for one-sided tolerance limits for a normal distribution 

1958 o This approximation is based on an approximate 

relation between one- and two-sided tolerance limits. 

VIo An approximation based on a normal approximation to the 

non-•central t-dis tri but ion. 

These approximations are compared with the exact percentage 

points for several values of the non-centrality parameter , the 

probability ex and the number of degrees of freedom f .. For the 

i 
. 
• 
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central t-distribution the approximations are especially important 

for large values off, where no tables are available. Then one of 

the approximations II is the best one: it is identical with the 
' exact percentage points in three decimal places for 0.950 sex <0,99 .. 

For the non-cen-'cral t-distribution we used f --- 2 1 9. For these 

values off the approximations I and II are the most important 

onesD In some cases III or DJ may be better, but for these 

approximations more computational work is needed. The approximations 

V and VI are not recommended; VI only gives reasonable results 

for the central t-distribution. 

Further the report contains a description of the exact tables of 

the non-central t-distribution. 

This report contains some approximations to the percentage 

points of the non-central t"·•distributiono Most of these 

approximations are known in litterature; some of them however 

were only known for the special case of the central t-distribution 

STUDENT 1 s distribution~ but could be generalized for the non­

central t-distributiono 

In section 2 a description will be given of the existing 

tables of the non-central t-distributiono The approximations to 

the percentage points will be given in sectj_on 3; in section 4 

the approximations will be compared with the exact percentage 
points a 

2. Description of the tab_les of the non-central t-distributiono 

Consider 

x possesses a 

with f degrees of 

. 

.,;,oJ I 

freedomo Then the random variable 
( 

+o 
X 

f 

possesses a non-central t-distribution with f degrees of freedom 
and non-centrality parameter 

1. 11
~. possesses a N JJ-.,O 

x possesses a normal 
-distribution 1

r is 
distribution with 

an abbreviation for 
mean and variance 

.. 
• 
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Let t ·. f, ,ex be def'incd by 
• 

p 

p 
--t 

....,,_ L 

.J ~ '-' r b --- P , t <-t ... _ 
- -

consequent ~ .. y 

l 

2;4 t 
J 

' 

Tables of the non-central t-distribu·tion are 

Tnts table cont&ins 
' 

a. A ·0ablc 
' . as a function of f, ex. and 

2;5 
' 

def p 

r 

- 2 l. ,,. 
p -2_.-.. d . ..., X 

f-:-1 

for f ~ 21 24 5 49, 

0' --. ', 

' .. 

0.995;0,99;0,95;0,90;0,75;0,50~0,25;0,10;0,05 for 
, f=2 1 4, 

ard p ~ 0,25:0:~5;0,10;0,065;0,04;0,025;0,01;0,004;0,0025; 
0., 001 • 

" ' ' b • A t a. b l c a::--
' 

' 

' 

, t, 
-•st,•· .. 

-h._ - H 

- \/ -~ 
\ ..... 

as '"' ..o , , ,"l ri .4- i o n ( J. l. 1....,:.. ....... ,.._, IJ -·... .:. . - of 

of f n:1cl D 9 
•• 

' 

<.:.:. 
-- -v-... .. ,/ ·,, -· .. 

f .and p., f---~ the above mentione,d values 

T°h.i:J t71Jlc only contains val1.,les of p < 0.,5 so values of 
, 

' 

' 

. > 0) , For r;e[:;ati ve valu_es of · 2; 3 and · 2; 4 may be used: 

Fo11 p '" ... 0,5 ·,, ..... O· · th~ non-ce11tral t-distribution reduces to 
' 

. ' 

' 

• S'I1"LT:JE}TT' s q.tst:ribuJc:.lon. In this case the exact percentage 
• 

-
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points may e.g. be found in the tables of E.S. PEARSON and 

H. C). HARTLEY 1954 -,1. 138 . This tab le cont a ins t f, 0 JC)( 

f 01,, 

f 

and 

1 1 30,40,60..,120 

o,40;0,25;0,10;0,05;0,025;0,01;0,005;0,0025;0,001; 
0,0005. 

The table of RESNIKOFF and LIEBERMAN will now be illustrated 

by means of an possess a N ~p -distribution 

~ and o observations 

of z. Using these observations the hypothesis 

2;7 

will 

Then, 

2;8 

2;9 

, 

be tested, where a 

true., v-ve 

is defined by 

p - u ::.::,.. u 
.. 1 .... , t:: ... .... c..,., 

-· t 

The test statistic is 

-
2;10 t .~.-= y - ~- n. 

I . J 
' •--' 

where 

• - def y 
n 

n i=i 

2;11 

de:f 1 
~, .. , ___ 
n-1 

Now we have 

-- Po, 

and p 
0 

have 

are given numbers. 

u possesses a N 0,1 -distribution. .,., ., .. 

y' ., 
l 

n 

1 Further examples of the use of the non-central t-distribution 
are given by NoL. JOHNSON and B .. L. WELCH 1940 and by 
G .J. RESNIKOFF an~ G. J. LIEB"RRMAN .· 1957 .. 



. 
• 

-
Y.7. lb 

2;12 t 
a' 

where 

• 

n - a­
a 

s Vn-1 
a 

- 5 -

fl 

n-1, 

Possesses a -

with n-1 degrees of freedom. 

2 
Further x and~ are distributed independently~ consequently t 
possesses a non-central t-distribution with parameters f = n-1 

a and ..._. = -

centrality 

2;14 

a n. If the hypothesis is true the non-
• 

parameter is cf. 2;8 

b= - up n. 
0 

If an upper critical region is chosen the tailprobability is 

2;15 p t > t f n-1 :, 
' 

( p t <-t f ..... n-1, 

1 - P t <t f n-1 :J 

n 
• 

n if~ 

u n '1-D 
J: 0 

p < 0.,5 
0 

if p > O., 5. 
0 

These probabilities may be found in table b mentioned above for 

f = n-1 and cf. 2;5 

2;16 
if p < O., 5 

0 

if p O > 0., 5 . 

The critical values with level of significance ex may be found in 

table a. 

If e .. g. 

n 10 C p ., 0 0,25.9 ex,-- 0..,05 

then we have cf~ 2;4 

2;17 10;0.,05 -t --
' 

-0,164 9 -o.,492. 
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i,,;i th ct=-~-= O, 10 and the same values of n and p v\Je have 
0 

2;18 10;0,10 -t 110"0 90 :, ., 

~=-~ - O , 2 8 3 \ 9 -0.,849. 

If, however, 0,25<::p ""'"0,5 or 0,5<p < 0,75 then the percentage 
0 0 

points and tailprobabilities cannot be found in the table of 

RRSNIKOFF and LIF~ls}~RMAN. In ma11y cases the percentage points may 

then be found in the table of 

II N.L. JOHNSON and B.L. WELCH 1940 • 

This table cc1~tc:ins 

a. A table table V of a quantity 

f and of 

2;19 

for 

and f 

t 
r def 

0..,05 

4 1 9,16-Y36 3 144.,oo. 
For other values of f A f, ...... ,a 

interpolation with respect to 

may 
12 

From f, and A f :1 2), d-. 

.. 
f 

then follows 

f,6,cx. as a function of 

be found by linear 

2 

2;20 -------------------· 
1 - 2 

By means of this table and the relation 

points t f,-,~ may be found for_~-0,05 

2;4 the percentage 

and ~=0,950 For the 

10 we find 

t 

Linear interpolation in table V gives A r,~~a 
and from 2;20 follows 

1.,6312 

b. For other values of ~the following table table IV of 

JOHNSON and vJELCH may be used. 



Let 

2;22 

be defined by 

Pt ~t f.,6 f,t ,(Y.. 
0 0 

- 7 -

= Cf,.. 0 

By means 

contains 

of table IV 

a quantity A 
f 3 t 3 CX 

0 

f:,t ,ct 
0 

may be foundo This table 

as a function off,~ and 

y' 
to 

2f + 
2;23 

2f 

2 t 
0 

2f 

0 

if 2f 

if 2f 

for ···· 0.,50;0.,40;0,J0;0.,20;0..,10;0;05;0.,025;0.,01;0.,005 

and f = 4 1 9,16,36~144,ooo 
• 

may be found by linear 

From f., t and 
0 

f 

f., t ,()I.. then follows 
0 

• 

0 2;24 t 
0 

- P ,.. a .. ·"·' 1 I> • II tillll·• I llill: I r= 

2f 0 

This table may also be used to calculate t f,~,at.. From 

2;20 we see that t f 3 ~,C)( may be found if\ f,-,ex is 

known. In ta·ble IV A is given as a function of f,t and 
0 

ex; consequently an iteration method must be used in order 

to find t f, ....... ,cx o As a first approximation JOH::NSON and 
t,JELCH give 

+ 1 + 
1 2 2 

u c,I. -u 2f ex 
2;25 t f., J ()i. ~ 

1 
1 2 

..... 111,11. u 0( - 2f 

In the example mentioned above with f = 9,~ 
and a~o,10 this approximation gives t f~-,cx. 

exact value is cf. 2;18 -0,8490 

• 

...... -0,827j the 

If e • g • f .. -9 , .10 and cannot be 

p being equal to found 

0,300 

in the table of RESNIKOFF and LIEBERMAN, 

Also table V of JOHN"SON and v·JELCH cannot be 

equal to 0,10. Consequently in this case t f,-,a 

used, a being 

can only be found 



by iteration, using table I!v of JOHNSON and i~rELCH 0 

Finally we mention the table of 

III DoBo OWEN 1958 

This table contains 

2;26 t f.,...., 

f+1 

as a function of' n., y and P ivith 
• 

n f'+1 

2·27 ., . '1- Cj.. 

6 u1-P r1. 

- 8 -

The table is constructed for determining tolerance limits for 

a normal distributiono Let y_possess a N ~a -distribution 

and 0- unknown and let y and be defined by 2;11 . 

Let further cfo 2;26 and 2;27 

2;28 

-

k deft f 
v·r·+1 ... 

sis an upper tolerance limit with 

tolerance coefficient P and confidence coefficient , 1.e~ 

at least a proportion P of the normal distribution is less 

than y + k n,P,y s with confidence V. The quantity 
-
Y - k n.,P:1 y s is a lower tolera·nce limit v-1ith tolerance 

coefficient P and confidence coeff1 icient y ., i.e. at least a 

proportion P of the normal distribution is larger than 
-y -

The table consists of the following four parts: 
• 

a. A table of k nJP,y calculated by means of table V of 

JOHNSON and ~~ELCI-I for the same values of f and ex, 

consequently for 

n f+1 = 5 1 10,17,37,145,e>o 
1 rm C{ ~• 0., 95 6 
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For P the following values are chosen 

P = 0,70 0,05 o,85;0J875;0,90;0,935;0,95;0,96;0~975;0,99; 

03995;0,996;0,9975;0,999;0,9995 . 
• 

b. A table of k n,P,~ calculated by means of the above 

mentioned table of· RESNIKOFF and LIEBERMAN Ia ., The table 

contains, for f and p = 1···1::i, the same values as the table 

of RESNIKOFF and LIEBERMAN; consequently 

n = f+1 

p ~· 1-p 

- 3 1 25 5 50 

0,75;0J85;0,90;03935;0,96;0,975;0,99;0,996; 

0,9975;0,999° 

Further it contains n== oo. Fo1., o<. however the table only 

contains values 

··· 1- Ol · · 

< 1 • 
2 • 

0;75;0,90;0,95 for n 3 1 5 

o,75;0,90;0,95;0,99;0,995 ror 

n = 6 1 25 5 50., oo. 

c. A table 

. 2; 25 0 

2;29 

where 

2;30 

of the approximation to k n,P, . 

This approximation is mentioned. 

A 1 -

B 

-u + p 

2 

-

2 
UV 

n-1 

A 
' 

' 
' 

1 

• 

acco1,,ding to 

in the form 

This table contains the following values of n, P and 

n = 2 1 200 5 400 25 1000~ oo 

P = 0,70;0~80;0,90;0,95;0,99;0,999 

V ..... o., 70; o., 80; o, 90; o, 95; o, 99; o _, 999 . 

, 

... ._. I_ iA'... - - 11 • 

1 In C~ EISENHART, Movl. HASTA~:-- and \·I.A. it/ALLIS 
approximation is mentioned j_n the form 2; 29 
in the form· 2;25 on p. 75. 

1947 this 
on p.19-20 and 
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do A table of another approximation to k n,P,y . This 

approximation will be described in section 3Q5. The values 

of n, P and / used in this table are 

n :-= 2 1 102 2 180 5 300 10 400 25 750 50 1000,~ 

P --• 0,875;0,95;0,975;0,995;0,9995 

== 0,75;0,90;0,95;G,99. 

B f 0 1' TT'N f t y me ans o \11.:J>-<, s ables t f, _ ,u 

positive values of 

From the foregoing we see 

1 and for ct< ·-s ,;::. 

may thus be found for 

cfo 2;27 and 2;28 • 

1. that the exact percentage points may easier be found from 

table a of RESNIKOFF and LIEBJ:I:Rl\1AN and the tables a and b of 

O¼~N than from the table of JOHNSON and WELCH. Thus it is 

adviceable to use tl1e table of JOHNSON and t·jELCH only if 

t f,0,cx cannot be found in the other tables, 

2c that the table of RESNIKOFF and LIEBERMAN does not only 

contain percentage points, but also tailprobabilities, 

3. that an iteration method is necessary for the table of 

JOHi\J"SON and vJELCH if a o, 05 and o, 95. In this case an 
accurate approximation is very useful, 

4 o that for some cases e.g. for f=2 or f=3 and O < p < 0., 50 or 

O, 50 < p < O, 75 the exact percentage points are not avail able . 

Thus also in these cases an accurate approximation will be 

very usefulo 

3. The approximations tot f b a~o 

3 o 1. A p ,rox1.ma ions ase on a norma a . roxima ion 0 e 
.. 

b d 1 
.. t th 

distribution of.~. 

It follows from 2; 1 that the inequality t ~ t f j ,ct may 

be wri t·ten in the i"lorm 

3.1;1 · X - > --- • 

Now let 



3.1;2 

then we have 

3.1;3 

and 

3.1;4 

Further we have 

1 . 

3.1;5 2. 

def 

--· -·· 

2 \' ·, 

f 

f+1 
2 

f' 1 

see Appendix 

lim 
f !> 00 

lim f 
f .. - ➔ c:o 

2f · -1 ---< 

f 

1 

1., 

2 - f 

? < 2f 
f 2f+1 

• 

1 -·~-
2 ~ 

for f .... 1,2~ .•. 

Further the random variable 

- t X, 

X. 

asymptotically N 0 3 1 -distributed. 

- 11 -

is, for f ---'> C>CJ , 

Therefore the 

a N 'l X, a X 

distribution of Xis, for finite f, approximated by 
ft;; : .. 

-distribution. Thus the distribution of cf. 3.1;1 

X _ t f __ _ 

is approximated by a normal distribution with mean 

f~ 

and variance 

1 + · t f,2>,cx 

This gives the approximation 

-
3.1;6 P t > t f'., 2J .,ex 

+ t f ,i:J,CJ... 

1 + 

f 

2 1- 2 
f 

, 
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where u is N 
a u r • 

An approximation tot f,-,ry.,, 

thus follows from cf. 2;9 

- + t 
3.1;7 % UC( 

1 + 2 1- • 

and from 3.1;7 follows 

+ UO(., ·f · f· , j ' t .. f, ~, 0-, ~ ------2--~--~------
'1 

'f - UOL. -.f' 

Ia. 
~ 2 2 · . -u ....... 
• - \.,I\. • 

. . 

This approximation was derived by 1,·J .J. JENNET and B .,L. WELCH 

1939 0 

A table of 

and H.O. HARTLEY 
2 

f' table of 

f may 

1954, 

e.g. be found in the tables of E.S.PEARSON 

1 1 20 5 50 10 100. A p. 184 for f 
2 for f .... 
f 1 1 20 may be found at the end 

of this report table A . The paper of JENNET and WELCH 1939 
contains a table of f and f 2 1-f 

2-- ., 
V f O 

For STUDENTts distribution _ =0 Ia reduces to 

3 .1; 8 t 
Ucx 

----------· 
2 
f 

In an analogous way VJ~ "A. HENDRICKS derived an approximation 

to the percentage points of STUDENT's distribution. He approximates 

the distribution of x, by a N t, XJ 1 -distribution cf. 3 cr1;4 and 

3.1;5.2 . If this approximation is applied for the non-central 

t-distribution, we obtain 
. 

1 · 2 2, 
Ur. f + Uct . f 

~ -----~----=1---=-2----Ib. , 1 ' 

t . f , :... , ex, 

.f - 2f u ct 

For -=O Ib. reduces to cf. HENDRICKS' paper 1936 

the equalityslgn holds in 3.1;6. 
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t f., (). 3 ex ~ -
1
------

, 2 1 2 
::if - u 2f ~ 

If we put we obtain 

, + 
• 

Ic o 
. ' t f, . ,CL, aj ....... --·--·-- . 

-----------~. -----------------~---

This is the approximation mentioned by JOHNSON and vJELCH 1940 
cfo also 2;25 c In this case the distribution of Xis 

approximated by a N . f, ½ -distributiono 

For· STUDENT' s distribution Ic re due es to 

3.1;10· t f .j O ,(:Jiu ~ ------

1 -
1 2 

2f u or. 

The approximations Ia, band c can only be applied if 

respectively 

2 u :s 0. _,.,.,, 

1 -

2 o + 2f 

Now it follows from 3o1;5o3 that 

2 
f 

2 
f 

2 
f 

2 < 
f 

2 
f < 2f. 

1 -

Consequently, for fixed f and , the approximation Ic can be 
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applied for more values of ex_ than Ia and 

CL than Ib .. 

Ia for more values of 

If these approximations are applied 

section 2 we obtain cfa also 2;17 and 

to the examples of 
' 

2;18 

Table 3o1;1 

Comparison of the approximations Ia, band C with the -
and 10. ;_ _____ ., ::> 

.. , ~ - ~ • • 
• ' 

I • 
t(f,◊,ct) approximations to t \ f J; ,ex.. 

CL exact 
Ia Ib Ic 

' • • 

0.,05 -o,492 -0.,491 -0,490 o,478 
' ' 

• ' ' ' 

0.,10 -0_,849 -0,850 -0,849 -0,827 
• 

• • • 

From table 3o1;1 we see that the approximations Ia and bare 

in this case better than Ico 

3.20 
of AoM. PEISER · 1{_43 and 1949'. 

H. GOLDBERG and H. LEVINE 1946 derived the following 

approximation for the percentage points of STUDENT's distribution 

3 
UO{ + UOl. ~ ~ Jue£. 

3.2;1 t f., 0 !Ja... ~ ud,. + ,.,., 21:·r· ',., ... + . 

In order to computations they give a table of u~, 

+ uot 3uo. 
t I I I I 'J :q a 

' ·i 
and ' • A. " , .. ,. I • ' " ",-. d 9 b' "" ' " " "" . 00 .... I ' for Cl =0,25;0,10;0,05;0,025;0,01; 

o,005;0,0025;0,001. 

The approximation 3o2;1 

by E.A~ CORNISH and R.A. 

is derived by means of 

FISHER · 1937 c By means 

a method given 

of this method 

a random variableJ whose distribution depends on a parameter f 

and possesses., fo1,.. f·->oo, asymptotically a N 0.,1 -distribution., 

can be expressed as a function ot' a N 0,1 -variable in powers 
. 1 
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If this method is applied to the non-central t-distribution 

we obtain cf. Appendix A.2 

+ ' 

2 
_ 2uot-+1 uoc. c 

-
'' .-

CJ. Uo:. 
~u +,, .. , 

o. 11.f + 

4 2 
4uor.+12u°'+1 

+ +---

+ + 3 Uoc. 
.. 

+ 

Uc<. 3-
( 

----------------------------------

If t f,0 3 a.. is substituted for the first three terms of Ila 

cfo 3.2;1 we obtain 

-----------------..---------------------·-
IIb. 

, ~ 

-%t~f,O,cx, + 

2 
◄ +-... 

2 4 2 _ 2uCI. +1 u o«. ◄ 4u0(. +12u0( +1 
+ 

UC/. I 3-
( 

' ' 

In order to simplify the computations table Bat the end of this 

report contains the coefficients 

2 2 
2uei+1 Uoc u -1 Uo. ex 

:: a . l :r: • and ' ·15· :11:mr,1 • 
21+ 

II , , 32 , , 32 

for =0,50;0,30j0,25;0,10;0,05;0,025;0,01;0,005;0,0025;0,001. 

Omitting in the approximations the terms of degree greater 

than 
' 

' 

"J 2 
U~+Uc:x - 2u0'.+1 

:r ,c.\,O(: Ile t ~ UC(. + f • 2:i: f I 

+ , .. 1 + . J:~r·· + J f 0 • r• Al ' (11111! 

- . ~ 

' 

• 

and 
> 

' 

2 2u~+1 Ue.: -

: f, o ,ex. I O 1 ' ' IId t + ,~ 1 + + (' A::. t ~ f:) , tx, ; 

·21 r" i • .. f - - -
" ' 

' • ' 

For --~-o Ile reduces to 
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3o2;2 t f.,O,o.. ~ Uo. + 
> 'Jj:'r • I 

The approximation 3o2;2 was derived by A.M. PEISER 1943 and 
1949 0 

If these approximations are applied 

section 2 f~9, = 10 we obtain 
to the examples of 

cf. also table 3o1;1 

Table 3o2;1 

Comparison of the approximations IIa 3 b, c and d with 

10. 

t ( f,<)~a..) approximations to t:f,◊.,cx: 
a.. exact . ' ' 

IIa IIb IIc IId 
' ' ' 

0,05 -o.,492 -o.,491 -0.,490 -0_,491 -0,472 
. ' 

' . ' • 

0.,10 -0,849 -0,850 -0.,850 -0,849 -0,842 
' 

' • 

Thus in this case the approximations IIa, band care better 
than IId. 

• 

3 o 3. The a:_ roximat ion of Mi> MERRINGT01~ and E "S.. PEARSON 1 58 • 

M. MERRINGTON and R.S. PEARSON 1958 give an approximation 

to the percentage points of the non-central t-distribution based 

on an approximation of the distribution oft by a Pearson type rv 
distribution. 

This approximation is calculated as follows. The ~irst four 
moments oft are 
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3.3;1 

Now let 

3.3_;2 

and let 

3.3;3 p 

def 

~ def 
~ 

z - 'lz 

z 
I lillll 

t f, f -·-,......,. 

f-1 

f 
~~ .. ,, f -2 

t-

4 f, 

3 

defined by 

-­' .. ,. 

f' 

... ()(., 

where z possesses a Pearson-distribution 
_ _, I I II 

b 2 . Then we have 

' 

-

f --f-2 

.. 

◄ 1 • ' t f t' Ci. ~ ,._ III . ., ., ' 

. ' 

2 , 

., .. 
f-3 

-

A table of z 

E .S. PEARSON and H.O. HARTLEY 

e.g. be found in the tables 

1954 p.206 for 

,. - O, 00; 0., 01 ; O, 0 3 ; 0, 05 0, 05 O., 20 0, 1 O 1 , 00., 

1.,8 0,2 5.,0 

and ex··· 0,995;0.,99;0.,975;0,95;0,05;0.,025;0,01;0.,005. 

For STUDENT's distribution we obtain cf. 3.3;1 and 3.3;2 

and 



3.3;4 

Consequently 

3.3;5 

o, 

f 
f-2 

- 18 -

3 f-2 
f---+ 

The approximation III cannot be applied for all values of 

and cx.oecause 

1. the fourth moment of t does not exist for fs 4. Consequent .. ,r 

ly the approximation can only be applied for f > 5. 
does not contain 

e .. g • ...,,· ·O and f--6 then cf .. 3 .3;4 

3.3;6 o., b · ·· 6 2 :, 

but the table only contains values 

we have 

o., 

=0 

5 . 

Consequently for STUDENT's distribution the approximation can only 

be used for f > 7. 

For a more detailed description of the relation between f~ 

of J\IIERRINGTON and PEARSON. 

3. Finally the approximation can only be applied for the 

3.40 The approximation of B.I. HARLEY 

Let r denote the estimate of the correlation coefficient. of 
, "' ·-► 

a two-dimensional normal distribution, calculated £rom n 

independent pairs of observations. Then., if ~---0., the random 
variable 

3.4;1 

possesses 

Thus if r 

r 
, ' n •1ar 2 

1-r2 
'"' 

a STUDENT-distribution with :f=n-2 degrees of freedom. 

n., . ,OL is defined by 
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• 

we have 

t f,O.,cx 

-- a , 

r f +2 O o.. __ _,; :---

1- 2 
f. 

B. I. liAiR. . · Y. 19:5·7 · .shows that, for 
' ~~o, the random va~t.~ble 

' ", . ' ' ' 

. 3 .4;4 r 

2 
1-r 

.. A I • 

n-2 

is approximately distributed as t with 

3.4;5 

Consequently 

f n-2 J 
... .. 2n-3 

2 • 2 ,-. 

' ' 

• 

• 

~------------------------------------··· 

' 

IV f 2f+1 - with T d Jd 

• 

---------------------------. --.-------·-·' ,...,,,~----· -·· 

For -0 no tables of r n, Jex are available. The table of 

F .N. DAVID ✓1938 contains the exact distributio11. of r for 

n ..... ~3··1 25.,50.,100.,200J4oo and t>=0,0_0.,1 0,9. From this table the 

percentage points r nJ-,~ may be obtained by interpolation with 

respect to - and r, but this is not very accurate. Therefore the 

approximation can better be considered as an approximation to 

r n, ,~ on the basis of the exact tables oft f,-,~. We then 
; 

obtain 

' 

~--------2 
. t n-2, _., ex. 

' 

w,1 th 

2n-3 

A comparison of the approximation 3 .. 1+;6 with the exact percenta.ge 
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points r n, ,a is difficult, because of the lack of tables of 

r n.,'"""'•,a. • 
• 

B.I. HARLEY gives a comparison of approximation IV with the 

exact values oft f,~,o~ for f=7 and 16. He chooses_ in such a 

way that is a value occurring in the table of F.N. DAVID; then 

only an interpolation with respect tor is necessary to obtain 

r n~ ........ , a . 

3.5. The approximation in the table of D.B. O'WEN 1958 o 

-Apart from the one-sided tolerance limits y+k n,P, sand 
-
y-k n,P,~ s mentioned in section 2, also two-sided tolerance limits 

may be obtained. Then a quantity~ n, , is determined in such 

a way that the proportion of the normal distribution between 

with confidence 
' I 
' 

i 
' ' ' 

A. v.JALD and J. vJOLFOvvIT7i 1946 

at least 

derived the 

y . 
I 

following approximation 

,--·-·-------. 

3.5;1 

2 where X n-1 3 y is defined by 

3.5;2 

and r by 

3.5;3 

r - -= n- , y 

·2TI 1 ---r 
n 

1,---. -ti: 

n 

n-1 

n-1 

- 2 ..:.Lt --:::, 
,:._ 

e dt 

' 

• 

A table of J\ n.,.,..,., 

Co EISENHART, NQW. 

according to 3D5;1 may be found in 

HASTAY and W.A. WALLIS 1946, p.102-107 

n ..... 2 1 . 102 2 180 5 300 10 400 25 750 50 1000., m 

o,75;0,90;0,95;0,99;0.,999, 

0,75;0,90;0,95;0,99. 

According to McCLUNG 1955 v1e have 

for 
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3 .5_;4 
• 

and from 3o5;4 follows cf. 2;27 and 2;28 

. 
• 

V 
, , 

.f+1 A,f+1,2P-1,1-cx. with --->o ' ,.._...____, , 

f+1 
• 

table of D .B. Ot~EN 1958 contains th is approximation to The 

t f 

:r+1 

ex 
for the abovementioned values of n, J and , thus for 

f --· n-1 •"-"'"' 

p 0+1 
2 

1-

0,875;0,95;0,975;0,995;0;9995, 

-- o,25;0,10,0,05;0,010 

Now it may easily be seen that 

3.5_;5 

Consequently 

lim k n.,P,V 
n ➔ oo 

lim 

lirn 
n -).co 

l,c n P 'J - ---.i-:.--
~ n.,2P-1~\/ 

n.,2P-1,y 

and from 3.5;5 it follows that., although the ai:r1ra,.....mation may be 
• 

accurate for small values off, for large values off, the 

accuracy decreases if f increases. Therefore we do not here 

consider this approximation any further. 

3.6. An a- roximation based on a normal a-~roximation to the 

non-central t-distribution. 

The random variable 

t - tt 
0- t , 

... 



• 
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,._,,t - f 
f-1 

~--... ---
f 

f - 2 2 
f-1 

is, for f-- ➔ oo, asymptotically N 0,1 -distributed. Consequently 

. 

f • f 21 r 2, 2 t':f • 1+ VI + ,ex.~ f-1 t. r, f UC<. } 

, . 2 J f \ :; f-2, ' 

f-1 
~ 

•• . . 

For STUDENT's distribution this approximation reduces to 

3.6;2 t .f .,0 ,ex !?:!., Uc,_ 
f 

f-2 for f >- 2 o 

iii. -· 

• 

for f>2 

The normal approximation to the distribution of a t n1ay only 

be used for very small values oft and large values off. There­

fore we only applied approximation VI for STUDENT 1 s distribution. 

with the exact percentag~ 
I I\ J $ t lllill z1 OJ ld ■~•1 I .JI t : I rt Iii It tie t II ¾$ IJ I J R&i 1 t tr id •· 4 1 

pointso 

The approximations are compared with the exact percentage 

points for 

• 

CXw- 0 3 99;0,975;0,95;0~90;0~70;0~50;0,30;0,10;0,05;0,025;0,01, 

p = o,50;0,45;0,40;0,35;0,30;0,25;0,15;0,125 

and for all values of f < 9_, where exact percentage points are 

available. For p--0,50 we moreover used f = 30, 40 and 60. 
' 

The results are given in the tables C-l\10 In all tables the most 

accurate approximation 1s indicated as followso Approximation III 

being applicable only in a few cases, we first indicated the most 

accurate approximation of all except III by underlining. If III 

is as accurate as the most accurate of all other approximations, 

it is underlined too; if III is the most accurate of all 

approximations it is underlined by --- o The most accurate 

approximation is defined as the one with the smallest difference 

with the exact value according to JOHNSON and 11ELCH; if this 

exact value is not available we compare the approximations with 



the exact value according to RESNIKOFF and LI~~ERMAN. 

We first consider the approximations to STUDENT 1 s 

distribution p = 0,50; tables C and D. In this case the 

approximations 

I a, b, cJ II a, c, III and IV 

may be applied., 

23 -

The approximations II band d reduce to the 

t f,03a and approximation IV gives, for p 

percentage points on the basis of tables 

3;4 0 

equality 

50, the 

t f.,0.,cx 

exact 

of r n.,O,o.. cf .. section 

STUDENT 1 s distribution being symmetric we only applied the 
~ 

approximations for values of a< 2 • 

From table C we see that, for small values off, IIa is the most 

accurate approximation of all except III. In some cases, 

especially for small~, approximation III is better. However 

an approximation tot f,O,cx for small values off will only 

be necessary for values of ex not occurring with existing tables. 

Then however III cannot be applied, the tables for this 

approximation only containing the values a.=0.,05;0.,025;0,01 and 

0,005. 

For large values off table D IIa is the most accurate 

approximation; it 

the exact value. 

0 

lS:, in three decimal places, indentical with 

We now consider the non-central t-distribution. The exact 

values were calculated as follows: 

For all values of a and p meritioned in the beginning of this 

section the exact percentage points were calculated from the 

tables of JOHNSON and WELCH for f .,_ 4 1 9. A table of these 

exact values is given at the end o:f this report table N.,p.55.,56 " 

For p , .. · 0, 25 and O, 15 they were also calculated from the table 

of RESN,IKOFF and LIEBERMAN · c:f. section 2, table Ia and Ib • For 

Ct.. '". 

0,99;0,95;0,90;0,50;0,10;0,05 

O 01 ,. 
and f 

and f 

we used table Iaf.l For the other values of ex, thus for 



• 

0,975;0,70;0,30;0,025 

0..,01 

and f 

and f 
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the percentage points were found by linear interpolation in the 

table of the distribution ft1nction ot' t cfo section 2, table lb o 

The following approximations were applied 

I a, band c in all cases were cfo section 3.1 

2 
~ -

2 
t -

1 -

1- 2 
f' 

2 2 
-u C( 

0 .c-. 
c...L 

2 2 
-u C)'. 

21· 

2 2 
ll o: 

?.: 0 

>Q 

II a, b~ c and din all cases 

2::0 for Ia 

for lb 

for Ic. 

III in all cases ,..,;11ere it can be applied cf. section 3.3, 

i'°e o for 

p .. ,. 0~45 and f 8.,9 ~-

p o,4o and f ... , .,. 8,9 
p -·--- 0,35 and f 9 -· 

and ex = o ac),. , ..... 1 c,,-,··- • o c:r. • o 05 · o 025 ° o o~ J _,/ _""), • _ V :: ~ 1 • ) . ". ,"' _, .,..) ~ ~ j , j , :J I I O 

Approximetion Dl is not applied. As mentioned in section 3o4 
it requires an interpolation in the tables of the distribution of 

r with respect tor and?; this will not give a very accurate 

resulto Therefore this approximation is only compared with the 

exact values and with the other approximations for the same values 

off, and ex. as used by HARLEY cf. table Mo 

Approximation VI is not applied for the non-central 

t-distributionG 

. The tables E-L arc summarized in figQ 1 P~ 57, In this 

figure we indicated, for all val~es of p and~ used in the tables, 

the approximations which may be considered as good approximations 

to t f, ~,ex for all values of f < 9o However this figure may also 

be used for larger values off; the only difference for larger 

values off will be that more approximations can be used than 

indicated in fig. 1o 
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• 

From fig. 1 we see that, among the approximations I, II and III, 

I and II are the most important ones and that Ia, band IIa3 b 

are the best oneso 

Finally we consider approximation IV. From table M we see 

that this is a very good approximationo However, as mentioned 

earlier, it is difficult to apply it for those values of 0 t'or 

which·~ does not occur in the tables of FoN. DAVIDo ButJ of course, 
' 

it may be used as an approximation tor 

value t f,~,~. 

,n,~ from the exact 
\ 
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We first prove 3o1;5o3, thus 

• 

A.1;1 2f-1 
• 

The inequality A.1;1 is identical with cf. 3.1;2 

2f-1 < - 1f" ,.,, < 
2f+1 for f 1J2., ..•. 

2 

The second inequality in Ae1;2 has been proved by J. GURLAND 

1956a, p. 645 . The first inequality may be proved as follows. 

From the second inequality in A.132 it follows that 

. A.,1;3 

2 n 
r 2 
2 n+'1 

r 2 

> 2n+1 
2 n 

for n 1.,2.,oeo o 

Substituting f n-1 in A.1;3 we obtain 

.A.1;4 

Further we 

A.1;5 

:f+1 
2 > 

2 

f have r -· • l 1 
2 

> 

Remarks 

2f+3 for f 

for f > O; consequently 

2f+3 

1. From A.1;5 it follows that even the inequality 

.A.1;6. 2f-1 1 
2f + ----~ 

2f 
< 2 < 2f 

f 2f+1 for f 1..,2., ••• 

holds. In section 3.1 we only need A.1;1 . 
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2. The second inequality in AQ1;2 is a special case of 

the GURLAND 

A .. 1; 7 for a. +A> O and A> 0. 

The equality sign in Ao1;'( 

CX=1. Substituting ex 1 and 

second inequality in Ao1;2 

A.1;6 hold for each f >Oc 

holds 
f 

if and only if ex ==O and 

Ao1;7 reduces to the 

and 0 Consequently 

In section 3o'1 we only need 

A.1;1 for f == 1,2,. o o o 

From Ao1;1 it follows that 

A.1;8 1 -
1 

2f+1 

which proves 3o1;5c2 o 

< f 1- 2 
f 

1 < 2:, 

Finally 3.1;5.1 follows from Ao1;1 ~ 

A.20 Proof of the results of section 3o2. 

let 

for 

r 

l def 
1 

def 

V 

1 r 
def Kr 

C I i LU 

v2r 
for r > 2 , 

distribution 

the leading 

then, according to E .Ao CORl\JISH and R .Ao FISlIBR 1937 . 

t of ---· ; 
f term 



- 28 -

A.2;2 t f,6,cx 2 u -1 <:I-. 

. -! 2 3 
I····, 1 1 10u -25u + 72 2 3 ° e1. 

1 2 2 3 1 5 3 
-~3 ~i 

2 

where the terms with coefficients containing 1 for r > 7 are 
r 

omitted. 

+ 

The cumulants of the distribution oft may be computed from 

the moments oft, where cf 2;1 

..... 
s 4..P -s 

c., x., ., 

with 

for f> s. 

From Ao2;3 follows cf. also 3o3;1 

k ··-
2 f 

where 

A.2;6 1 -

Consequently 

'1 1 
•• as•• + -~ 
2f + 0 

-

1 

2 f-1 

3 • 
:f 

2 
f 

+ 



1 
f 

1 
f 1 +--2f + 

and from Ao2;7 follows 

A.2;8 V 

Thus 

A.2;9 

Further 

A.2;10 

where 

A.2;11 

Consequently 

·A.2;12 ~ 111n1 :.: u 

thus 

A.2;13 

and 

1 
f . 

1 + 

K -m 1 

V 

4+ 2 
+ 2f 

1 f 
r- f-1 ·f 

1 -

1 + 1 
f 

m 

Further we have cf. 3.3;1 

-

+ 0 
1 
3 • 

f 

1 -
1 
4f + 

- 29 -

1 1 1 1 -• a u : I a Ii: •• •! 0 

• 

.. 

+ 0 



A.2,;15 

.... 

3 
f 

In the same way we find 

A .. 2;16 

A.2;17 

A.2;18 

and 

1 -·· 
5 

Further we have 
f 

240 + 0 

3 f 

tt 

for r ::> 7. 

X 

-

f + 
9 

30 

2 -1 - 2f + 



• 

f\. 2; 20 
• 

f 

in A.2;2 we obtain 

2 u -1 0(,. 

t f ,t:J,o. --· Uet + ~ + '" " 6 

Ucx 4+◊2 
+ 2 2f + 

3 2u0(.-5uct 9 - - .. j 5 . .,, ,,, .,, ,,, "' ,,, ~ 2 
I 

2 
2 u -1 . « 

- ' , ... , 5 ' , ,. . --: 

3 
f 

4+ 2 

2f2 

- 31 -

+ 

+ 



+ 12() 

- ... 16•'•··" 

- .... ,., '"',,' .,.,,,,, I "3 B'Ii"· ., '"""'"'"" " 'HMM""' .. 

U ex + . , . ·4 f ,,,, , ....... , 4-

+ 

• 

+ 

16 
4: I a;f 

t:: ,, 

0 "' -~ .. ,.. ~ 

0 + 

720 

1 
•*.St fJ_. i I 

+ 

+ ----')~. -- -r $ IOOl!A a a .. • O : 11 :?) " 

32ft: 16f.c 

2 u ~ 
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Table A 

2 2 
1 20. 

f ,2 

i -, 
• 

1 0,797885 0.,636620 0.,363380 
2 0,886227 0,785398 0 2114-602 • 

J 

3 0.,921318 O !J 81+8827 Oj15'1173 
4 0,939986 0.,883571.~ 0,116426 
5 0,951533 0:,905415 0;094585 
6 0,959369 0.9920389 0,079611 
7 0,965030 0J931283 0.,068717 
8 0,969311 0,939564 0.,060436 
9 0,972659 o, 946066 0.,053934 

10 0.,975350 0.,951308 0:,048692 
11 03977559 o_,955622 0.,044378 
12 0.9979406 0,959236 4 ,.. } 0,0 0764 
13 0.,980971 0, 962301~ o, ()3 7696 
14 0.,982316 0.,964945 0,035055 
15 0.,983484 0.,967241 0,032759 
16 0,984506 0,969252 O, 0307)+8 
17 0,985410 0,971033 o, 028967 
18 0,986214 o, 972618 0,027382 
19 0,986934 0.,974039 0,025961 
20 0,987583 0.9975320 0,024680 

Table B 

Ucx 
3 u -1-4u 
D,l o<. 

2 u -1 
~ 

I 1~ > -, J .w.. , 32 J 16' . J ,,. '24 and 
_ ___, ____________________ _ 

a=0,001; 0~0025; 0,005; 0,01; 0,025; 0,05; 0,10; 0,25; 0,30; 0,50. 

Ol 
" • ' ' '1 i-' ' ', ' 

0.,001 5.90248 
0;0025 4.,1897 
0,005 ·3_,5674 
0.,01 2.,9559 
0.,025 2.,1707 

· 0.,05 · 1J6028 
0~10 1.,0712 
0.,25 o,4775 
0,30 0.,3875 
0,50 0~25 

0,7726 
0,7018 
o,6440 
0,5816 
o,4900 
0,4112 
0,3204 
0.,1686 
0,1311 
0 

3 2 . . '" 16 . "' . 

15~0115 
10.97467 

8_s0221 
5,7218 
3.,3164 
1,9608 
0,9843 
0~2277 
0.,1438 
030313 

. . ' •· . . . 

2~ 6170 
2,0841 
1,7121 
1,3685 

. o, 9606 
0,6894 
0.94519 
0,1878 
0,1401 
0 

. ' 

2 u -1 ex 
d 2 ,,_,, . 

0.,3562 
0$2866 
0,2348 
0.,1838 
0,1184 
0,0711 
0,0268 

. -0,0227 
-0,0302 
-0,0417 

32 
. . 

. o, 0966 

. 0,0877 
0.,0805 
0,0727 
o, 0612 
0,0514 
0,0400 
0,0211 
0~0164 

·o 
p tFtJPi• . . \'. 
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Table C 
' 

• 

ComEarison of the approximations with the exact 
~~~ ~~~~~~~~-~~~~-~~~~~-~-~~~-~-~~-~~~-~~-~~~~~ 

E~££~~~~g~-E~~~!~-f~E-~~~~~~~~~-2~~~~1~~~!9~- £:g ~-~-

' . • . . 

approximations to I • 

t,f,0,()(., 
', ·"'" . . '~ . . " . 

OL I II 
, ___ .,...._ ---· -...........-.-. --:..a--.-·---- ----i III VI 

a b C a C 
• 

. 
r------....---------~-----.1,,,,,,.,, ___ ............_ __ --,...:,, .~.~--.-.t...---... -~ .:.----"""""·· ~---

0,30 2 
3 
4 
5 
6 
7 
8 
9 

o., 617 
0.,584 
0.,569 
0,559 
0,553 
0.,549 
0.,546 
0,543 

o_.619 0,608 
0J5~5 0.9580 
09569 0.,566 
0,560 0,558 
O 553 0.,552 

o 5 j. O, 5 5 
O 5"-1-+ O 543 , .2 ,..,. pp; •• • I J 

-
-
-
-
-
-
-
-

-
0,908 
0.,742 
Q, 677 I 

o,642 
0,620 
0,606 
0,595 

I _.....,_____,__;,,,. -·· ----.J...I · -.--,· -··":""-I . -· -----. ~-., ~-~-~--....-,,. ,,.._,_,..,, ."-:,_-.__,,..,~. -~--~---

1, 886 1,948 2,093 1,669 1,848 1,705 
1,638 1,654 1,690 1,504 1,627 1,564 
1,533 1,540 1,556 1,438 1,529 13493 

0.,10 2 
3 
4 
5 
6 
7 
8 
9 

1 , 4 7 6 1 ., 4 8 o 1 , 4 8 9 1 , 4 o 2 '1 ·;··11. 71 i: 1 , 4 5 1 
1 , 4 4 o 1 , 4 4 2 1 , 4 4 8 · 1 , 3 7 9 1 ., 11:·3·;··-- 1 , 4 2 3 
1.,415 
1,397 1 398 1,401 1,353 1 39;:.~ 1j387 
1,383 1,3~~ 1,386 1,344 1i3~l 1,376 

{ 
:---~-1----__.:.~,"""""'"'1-.,__,;I~------!--'·-.--~-----

0.,05 2 
3 
4 
5 
6 
7 
8 
9 

0,025 2 
3 
4 
5 
6 
7 
8 
9 

0.,01 2 
3 
4 
5 
6 

·7 
8 
9 

2,920 
2,353 
2,132 
2.,015 
1,943 
1,895 
1.,860 
1,833 

4,303 
3,182 
2,776 
2.,571 
2.,447 
2,365 
2,306 
2,262 

• 
• 

6,965 
4,541 
3,747 
3,365 
3,143 
2,998 
2,896 · 
2,821 

' 

3_,635 4,983 2,,852_2, 2,762 2,407 
2,480 2,608 2,220 2,311 2,153 
2,181 2,227 2,022 2,115 2,026 
2,041 2,064 1,926 2~•-bb6- 1,950 
1J959 1,973 1;869 1 93 ► 1,899 
1,905 1.,915 1,831 19 ;92 1,863 
1.,867 1,874 1,805, 1,• 15K 1.,835 
1,839 1,844 1,784 ·1,832" 1,814 

t 

- - 9,849 3,852 3,146 
3,785 4., 293 3,268 3, O~-. 2,751 
2,967 3,086 2,719 2,729 2,553 
2,662 2,715 23498 2 547 2,434 
2,500 2,530 2,377 21~3 2.,355 
2 ., 3 9 9 2 , 4 18 2 , 3 o 1 2· ,9 "'3· so 2 ., 2 9 9 
2,330 2,343 2,248 2 301 2.,256 
2,280 2,290 2,210 2,25~1 2,224 

• . . • • 

- - - 5J621 4.9191 
13,278 - 7., 432 Ii.-~·205 3,569 
4.,620 5., 112 4,090 •' ·3~'6'1'"6' 3.,259 
3,708 3,855 3,435 3,301 3,072. 
3,325 3,395 3 140 · 3,107 2,948 
3J110 3,152 
2,973 3,000 2,860 • 2 882 2,792 
2., 876 2; 896 2., 782, 2, >-,11 2,741 

. p . 

-
-
-
-
-
-
-
-

-
-
-
-
-

. 

-
-
-
-
-

' 

-
' . . 

-
2.,220 
1,812 

·1,654 
1,570 
1.,516 
1.,480 
1.,453 

-
2,849 
2.,326 
2,123 
2,015 
1,946 
1,899 
1,865 

-

-
- 4.,029 
- 3,290 
- , 3., 003 
- 2.,849 

gl.92J 2,753 
2,893 2,686 

. 2;825 . 2,638 --------~ 
. . ' . . ., . . 

,: . . •,. . - - • < • 
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Table D 
• 

Comparison of the approximatio~s with the exact ~~-~-~---------~- --~~~ - ------------------------
percentage points for STUDENTts distribution f=J0,40,60 
-------------···--------------------------------- ---------

' 
' 

approximations to ' 0 ' t .. f, .,ex., 
~ . 

a, f t .. f,O.,cx.. I II exact 
III VI ~ ,I[ 

a b C a C 
I, .. ' 

' 

0,30 . 30 0,530 0.,530 0,530 0,526 C?..-1. SJ o .9,,.530 - 0,543 
40 

... .,...._.-

0,538 0.,529 0,529 0.,529 0,525 0.,529 0!]529 -
60 ~- ...... - _,_,_ .. ..,.. . •..-;a 

0.,527 0, 52'( 0,527,0,525 0,527 0 .9 527 - 0,533 
I 
• 

• 

0,10 30 1,310 1331"1 1,311 1,300 1.,310 1,310 .. , 1,327 
40 -1..,303 1 30~· 1.,303 1,295 1, 3 0~3 "I , 3 0 3 • 1,315 -., _) 

. . 

60 1,296 
,_ - . .----, ""~- ... .,_._ 

1,304 1,29b 1., 29r1 1,290 /' r··o· 'l, 2So I , r.::.:, 0 
,_, - . 

• • al "' • 
' 

0,05 30 1.,697 1,698 1,698 1,683 1.1697 1,696 1,698 1.,703 
40 1,684 1 ~684 1 '681~ 1,673 -;l~-0 8-L~ 1,683 1.,683 1,688 
60 1,671 1_,571 

,, 

1, 664~ 
.,_._, .... ~-· ,.,, " ~ -~~- . ..,.,_ 

1 J6'j'O ·1.,668 1,673 1, I 71 ✓1 , b 71 - --~....,_ . 

. 

0,025 30 2,042 2,043 2,044 2,026 ,2 ~ 0~2 .. 2.,039 2~041 2,029 
40 2,021 2.,022 2,022 2,009 2,021 2_,019 2,019 2,011 
60 

.. , --- .-~, 1 'l«W ... 

·. 1,994 2.,000 2.,001 2.,001 1 912 ' 0 ·- 0 1,999 ? a,9QO t::_9 L,' 
:, ✓ ---- '·" • 

I • 

' ' 

0,01 30 2.,457 2,460 2, ~-61 2' 1!-39 2 ~ 11-57 2, 1~51 2,458 2,048 
• 

40 
' 

2.,423 2~425 
• 

,, ' ' .,-..._, --. -- ~-· ·--- 2,420 ·2.,425 2,387 (' \ . I'"' r- , n LI r-i j • • s • " • . , . \ C 9 I~ 1:::. ~ ' . 
•""' •i••JI 

,, . - • • • - - "'" . ' --..1 .... -- .... . 

2,366 60 2.,390 2., 39 ✓1 2.,391 2,331 2,390 2.,388 · 2., 392 --. . •. 
• I . . ' 



' ' 

exact 

4 -3,13 
5 -2,. 80 
6 -2,59 
7 -2.,46 
8 -2,35 
9.-2,27 

• 
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Table E 

• 

approximations tot f,6,~ 
j 

I II 
i----~----...,,.-----+J-------~------·••.· III 

I 
a 

-3.,66 
-3.,01 
... 2, 70 
'"" 2., 5 2 
-2,40 
-2.,30 

b C 

-3,96 -3,28 
-3,10 
-2,75 
-2,55 
-2,41 

-2,80 
-2·_, 5n 
-2.,41 
-2,31 

-2.,32 -2,23 

a b 
I 

I - 3 .f 05 
-2, 76 
-2 . 7 
-2,'-'- ...... 
-2 3.;,_ 
-2 27 

It ,,, , l 1 ii 7: ,_ I 

C 

-2,78 
-2,59 
-2,46 

.-2.,36 
-2.,29 
-2.,22 

d 

-3,27 
-2.,89 
-2.,66 

.-2,50 
-2.,39 -2 

-
-
-
-

-2.,30 -2, ..... · 
--~ 
0.,975 

0.,95 

• 

5 ... 2,092.-2,144·-2,177 
6 1,969 -1,999 -2,017 
7 -1,882 -1,901 -1,912 
8 .,,1,815 -1,828 -1.,836 
9 1,760 -1,770 -1,776 

-2., 204 -2., 252 -2, 29. · -2, 129 -2, 352 -
-2,017 -2,078 -2 10 ·-2,002·-2,139 -
-1.,904 -1 ....,63 -1,97 •-1,911 _·-2,003 -
-1,825 -1,-7~ -1,887 -1,842 -1,908 - . 
-1.,765, -1 1 -1,818 1 -1,785 -1.,835 -1 816 
-1,717 -1 ~ -1,763 -1,739 -1,777 

I 

4 -1,707 -1,734 
5 -1,589 -1,604 
6-1,510 -1,519 
7 -1,451 -1,456 
8 -1.,403 -1,407 
9 . ,,. 1 , 3 6 3 - 1 ., 36 6 

• 

I 

-1,763 -1,612 -1,698 
-1,618 -1,516 -1 586 
-1,527 -1.,451-1 o -1.,513 -1,485 ;-1,529 
-1,462 -1,401 -1,~ o -1,453 -1,434 -1,466 
-1,410 -1,360 -1 ~03 -1,405 -1,390 -1,415 
-1,368 -1,326 -1 -3 -1,364 -1,353 -1,372 -1 

-
-
-
-

i----- ,,, " 

,90 

0,10 

...., ., 50 

t . ·. 
• 4 .... 1., 166 -1, 169 -1, 178 -1,0:_.,.3 •-1 164 -1168 -1., 143 -1, 183 
.·5·· -1,096 -1,098 -1.,103 -1,0· 1-1 09 -1.,0 -1,083 •·-1,108 
6 ~1,045 -1,046 -1,049 -1,002 -1o5-1,06 -1,037 -1,054 
7 .. 1,004 -1,005 -1.,007 -0.,968 -1 00 -1,005 -0,998 -1.,011 
8 -0.,970 .... o 970 -0,972 -0.,939:-0.,9 9 -0 .. O -0,965 -0,975 
9 . .,_, 0 J 94 0 'JEI. ,9 ;t,,,9.,. I

O 
O . -0., 941 . .. . 

4 ,· 0., 299 
5 . o., 323 . 
6 o, 347 
7 t o, 368 .· 
8 o 389.: , . . . 

9. o,409 

. - ' -

-
-
-
-
-
-

-

-

. 

' 
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' 

' 

_, 10 

' 

exact 

. I • 

4 0,883 
5 o, 896 . 
6 0,912 
7 0,928 
8 0,945 
9 0,961 

4 1,918 
5 1,872 
6 1,850 
7 1,839 
8 1,838 
9 1,840 

' 

I 

. 

Table E continued) 

' 

approximations to t:r,b,«: 

I 

a b C 
' 

! 

0,882 I o,884 0,827 
OJ895 Os896 0,851 
0,911 0,91_2 0,873 · 
oj928 0,92g 0,895 
0 ;· '91i 2:i· ·o ~-·•g'.lj 5 · 0., 915 
0 2 9.6 1 .. 9 ,. -9~-' .. !. 0 ~ 9 3 4 ' 

1,932 
1.,87q 
1, 85 ! 
1,843 
1,840 
1,842 

' 

1,957 
1,893 
1,864 
1;850 
1,845 
1,846 

1,800 
1,778 
1,772 
1,774 
1,780 
1,788 

I 

' ' 

a 

0,883 
0' 897' 
0,911 
0,928 "" ' " ··4" -0,9 5 

•• ":I I tt,lf\,* "" -

0,9b2 

- ' 

• 

b 

• 

II 

• 

C 

1,856 
1,831 
1,821 

. 1, 818 
1,820 
1,826 

• 

d 

0,880 
0,893 
0,910 
0,927 
0,944 
0,960 
' 

1, 896· 
1,856. 
1,838 
1,831 
1,830 
1,833 

0,05 4 2,579 2,664 2,732 2J462 2,555 2 572 2,428 2,534 
5 2,461 2,506 2,542 2,361. 2,447 · 21+5_1 2,364 2,A29 

III 

-
-
-
-
-
-

-
-
-
-
-
-

-
-
-
-

,· 6 . 2,396 2,424 2,445 . 2,310 2,387 2,392 2,328 2,372, 
. 7 2,356 2,377 2,391 2,282 2,352 ~R355 2,307 2,339 

8 2_,333 2.,348 2,359 · 2_,268 2 331 2 333 . 2,295 2,320 2,332 
9 2.,320 2,332 2,340 1 2,262 2J290 2_,309 2.,31'-

--.J.-- -----""-"-· _ __,,,... __ --..-I ---:,..a-----·-·· ~_._,., ... _"•m"•_..,_ __ ~. -· --:-....__. _ _::-11 
' ' ' ' i \ 

3,779 
. 5 3,077 3,225 3,302 3 6~1 3 042 3J066. 2,885 

3,037 3.,081 
7 2., 870 - 2,929 2,957 2,805 ·. 2,857 2., 865 2, 774 
8 2,819 2,861 2,881 2,758 2,811 2,~1, 2,744 
9 23783 2,816 2,831 2,728 2,778. 2,782 2,726 

• 

I 

O., 01 4 4., 41 . 
5 3,96 
6 3,73 
7 3,57 
8 3,46 
9 3,39 

' 

' ' 

_,, 

' ' 

5,75 
4.,50 

·4 01 
' . 3, 75 

3,59 
3,49 

6,51 
4.,71 
4 11 , 
3.,81 
3_,63 
3.,51 

5.,02 
. 4., 11.t-
'3, 77 

3 .. 57 .. 
3.,~5 
3.,37 

. 

' ' 

. 4, 22 
3,88 

· .-, 67 :J, 
3.,54 
3,45 
3,38 

3, 76 
3,57 
3, 46 
3,38 
3,32 
3,28 

3,219 -
3,02 -

.2.,909 -
·2,840 -

' 

· 2, 794· 2J 817 
2, 764 2;77§ -

,· 4, 25 
3,87 
3,65 
3 51 ' J 

-
-
-
-

3, 42 3 46 
3, 36 . : ·---
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rr , .1 , 7 f'•. ···; 1 
I ,. i ,_1 11 

-l... ✓ ..... ..J - ''""' ,. -.... ,._,.. ... .,._ -.. .,,.,, 

C O mp a r l
0 

"'""' 0 1 ·1 C· l... t- i- "":) 8·· D p -v · -) ..... 1" ,- · ,...a- 1·· _;L• o .,. · 1 ' r •J l0 4 • h t "n e e X a C t u , u L ~ '-' c., .ia' • • I. I.. • ),. • I. .. , V - L . 1,.) " lJ 
...... - --- ............ -- ~ - - - -- ....... -s;J - ..... "• -- - a,lff -· lhol ,.._,~,. - i,i~ -- - - ... - .......... ilU,M .......... - - - -- Wllfllf ... ........... -- -- .... --

' . Pe ,,,CC'\Y, .. ,· 
..- .. \,~ . ..-, ..•• ·r . . 

- .,, J •• - _..,. ...,, ·•· ~ < ·,Ii , • •"'•.., .. 'o;t ....... s• • 

•• 
• 

• I ; ' 

• 
. . 

• • 
' . _ ... ' 

" .. , -~ (\ 11.0 , o,c- \J . . . . ., ' 
', ' ~ .... _,.,,~ ~ ii' ~ ..... ~ ~ - • -

··--------------,,----i----;-----7, : ------------- - --·--·----------------------. 
• I • 

;0, p. ,-~ :· o :~: i. r·i 1---·- c i o r:., _; 
• ...1... 

----------------·~---___ , ...... _,., ... '"'4111 ,-------------......-----· _. 

exact 
~------------ • 

j 

I 
1 .. .., ' ~ ;J ....., 

------ ---.r"""· --- ..J-------+--------i•·-------

0,99 
' 

4 -2,56 
5 -2,26 
6 -2,08 
7 -1, 91~-
8 -1,83 
9 -1,75 

2 n r-- c·, ·--i J - _, 
........ ,- r\ .... _ _, ,... 

L .? • ..I .__J 

_s- 0·1 
.I "' - . I 

- ;) / J,. r: ... : 
~- ;,, . J -__ 0 1 ~ '-, .. ) 

• 

-- 2 " -"'. /~) -

•• ... ~•-..--,··, ,, -
r ) r· ·--; 

"''&* r _,, 
..... f:'i .... ; .• , 

r1 r·, '') . ·c .. ., ,J.;.:... 
• ,,. c· . , . r· ,- ., ,,1 ('\ .. ' 

. - I : , ....... • ---1 --- • 1· •*· • ' ,_, .,_' •J··.·. 
• 

- 1 q f ~) . ) .. · 1 <a Lo · ·• ,: I) r:· "~:, 
.,,, ~ , .J • l .,,.,,.. 

•- ... ~itwr•• ,..,_,1,1 • .. ,,_ wll .. 

• 
i .. 

' ' 
' • 

• 

' ~·1~-
, . 

() ~~· ... 
, - 'I _,,I ! .. 1·, ) 1 . . ""' 

ti• 1• • • L~- .. I " ' ' • ,. __ """' . ~ •({;' - -,. • , 
I : 

, 
t l -) •·,. I-~ , 

' <) ..... ~' 

l -. ,.,, --• ,;~ ' .. 
-~ .,. I 

a• • ,-•·) 
. 1 

' ,. . -
. ' • ' 
' • ~ • ' 

I . ·1 >·:~ • - ') ' 
p 

,d 

• ., _,.. . .• 
l ' 

, • - ( • • 
' 

, 
' , . . 

II 
------=-----..,.._...__ -----" ~ 

j I III 
1,.. 
iJ C d 

. 
·:--• • -· ,.. £ <!lo-

' 

I 
..... ~~:) 

,- \ t -2, 32 -2., 81 l t,. ; -
-2 13 -2 42 1·-~ ,B,.., /) 

' 
··* . j 1,_. --- q J J , 

__ 0 • ... 

1 99 -2 19 I ,... i u ' -· ' 'l l J J . -
' • 

_, ,. ' '""' ·~ a, .... -,, ... ...,, ... 

t18 ' 
,,.. t.) j '1 -2 02 I • -· --· I ·• J .1 ., 

I 
_,_. 

. ·• . ' ,,,. .... 
.,,,. , . ! -1 79 1 90 l Clhll!I l u 1 r -:; J ., , 

I -~ 1 r-;,, r- -1 r72 -1 80 • . ''\ ,, i . , J . ., •• -· " • , . .,., ... 

-
-
-

-1, 8-, 
-1,7"-+ 

_;IIHIP-,1\•------------,;•"'1 i-1,-- --~ -- - ----••- _.,._ __ ,,,.1.,..."',.jOll..,._><~-.-------I--~. ------4------
1 
I 

t ., 9 7 5 4 -1 , 812 - 1 .9 e. rr • 2 --- ,~ ., ~3 1 G -· ,,~ : r·; · 7 2 l 
5 -1 , 6 3 5 ... '1 .9 6 6 ,,I ·- ✓: J 6 iJ '1 ·- "i , 5 l1 r,, 
6 -1 , 512 -1 j 5 ;~G - ~ i -~ ~ 3 S -~ 'l -~ l!-j GI 
7 - /1 J 4 /1 '(,,. ' ,,, \. ,-··1 ~ I /j .., ~ . • ,--, •j' ,,., I 

I I j - ) '-1 : -. ., - . J · 1 ...... •--::: - l J -~! I I 

8 - 1 o 3 4 '1 - '1 " _':": ,1 i (: - --1 -:-; ; .. J~ 0 - 1 ·· < r- .<"'. ,., ✓ .,_.. .,,,_.,·. ,1 

9 -1 , 2 7 5 - '1 s ~!. ,~, 9 - '1 .Y 2 1 

•• • -': -~ :·: ':. -: 

,,• p.'JlJ 
~- I I } ( ) Lt. 

' I) '-' ·-

A •' f; ,- • I'""'\ -·· .,. I .. ) . ,,J , ~- ..... ~ ·-
-1.,942 -
-1,719 -
-1,571 -
-1.,462 
-1J375 
-1,303 

-
-1,345 
-1 274 

---~. -+-------+------1,---. , 
------------------i---------------.-----➔------i 

P,95 4 -1,303 
5 -1,~82 
6 -1,092 
7 -1.,020 
8 -0,·953 
9 -0,903 

- "I., 316 
-1., "190 

-1 266 J 

-1,162 
,'1 on..., 

- I :J ,.) I 

-1.,013 
-0,953 
-0,900 

-1.,372 -
-1.,227 -
-1,125 
-1.,045 

-
-

-0.,978 
-0.,919 

-0,958 
-0;910 

' ,_ .. __ ......... _....._ ____ --1-...-: ----· -~--. -··--,----.-. 1-----+-. ------------------+------... 
4 
5 -0,727 
6 -0,66() 
7·-0.9601 
8 -0,550 
9 -0,503 

..... . ." I..) i . ,' .,,, u ·, 1 0 ,,. 1 · l · ( 1 () ( 
-""•~• I r· r· . r,, ( \ 

- :..j ,.·. ( :) ., • _, :; C ~) , I ; j .. ,. u , ,, ,. _'. l ) 

• r -..-' , ·•• • ' •' • • •• .,, . ' 
~- . -,.., -'.~, .,.,,,,, - -·- . --

- O, o _ u2 
0 h ' . ,! l "'\ . - 'i 3 l O r.. -:- •.. ·~-

- :; _) :) I ·- CJ ; :_,i _) l I - 9 _:: '') i..J 
' f\ I llf'-" - -l-l><t c :..~ ' • C. 

- o -~ r) o 3 - o J 4 0 :j I •so c.; .9 ~; o ,.) 
... , -- ·. "' ,--~- --- • - - i.• ~- ....... ,._ -----

-··•--~-~'......-----r~-----+-----4-
' ;···_ 70 
. J ·. . 

' . 

; 

0 -- 0....., 
~· 9 ~") .J -£- fl"' ··w. '' .,,. ---

-0 J 8o ✓l -0.,841 -
-0,722 -0,747 -
-0,657 
-03599 

-0,674 
-0,612 

-
-

-o, 511-s -0.,558 -
-·O 50: !) -~ -0,510 ---- ,. -- ..... 

-
-
-
-
-
-

-
-
-
-
- • • 

-
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Table F continued ---s-

approximations to t:r,b,~· 

I II 
', i 

-' " ,. 

' 
' 

ot - - PX8Ct ~--------~-----t-· ----i----,----.----~- III 
a b C a b 

'--_ ' , 3 0 

' ; 

' 

' 

' -4 ' _·. '. 

5 
6 

-- 7 
-- 8: 
9 

1 20-J , 7 

1, 24 ! _-
1, 282 _· 
1.,319 
1,355 
1,391 

1,206 
1.,242 
1,280 
1,317 
1,354 
1,390 

,_ 1 _ 209 
llllU I l J_I ) • . 

__ 1 - 24 I. 
F 

1- · "'";1 , 
::-::::-..::-

.. 1 l 3 5 , __ 
1 3'- 1 , ;;_.._ 

1 20\..-1 
1 2 4 

I < lJ I ;.:n ... -~ 

1 281 .1-t ..... -·--
1, 31._ 
1_.9 355 
1 ,~• F•3-9 ,,-

C d 

-
-
-
-
-

-

-':-}, 10 4 . 2,328 
5 2.,290 
6 2.,281 
7 -. 2,285. 
8 -- 2,298 

2,350 
2,302 
2,289 
2,292 
2 ~01 

I-----+----+!!"'--------J.----r-----4-----
1 

2 320 2~237 2,277: 2,386 
2,323 
2,303 

2.,1·86 . 2.,316 
2,176 . - 2, ?83 

1,198 
1,237 
1,, 275 
1,314 
1,351 
1,388 

1,201 
1,238 
1,276 
1., 315 
1,352 
1.,388 1 -

' ' 

i 

, _.; _,,, 

2,320 9 .· 2 316 
' , ' 

' - ' 

- · , 05 . 4 3, 062 -_-- 3., 188 
5 2,936 -. 3,006 

. 6 - 2,874 .-. 2,920 
·7 2.,844 ... 2,877 

' 

. 8 2,833 .· 2,858 
9 2,832 2,852 

-----H,,__ __ -. 

-_ --1, 2.,30 .• 
2.,3~1 

· 2., 326 

•3,284 
3,056 
2.,951 
2., 899 
2,873 

' 2, 861~ 

2,185 2,276 
. 2., 201-1- 2,282 
2,227 -•- 2., 296 

• 2, 25 2 . ..~ ., 315.. 

-,~ 2.,229 2,254, 
----_ :----,:0 2., 237 
.?.!_,2,,.: ]_ 2 , 2 5 2 2 , 26 5 
~~.297 2,272 2.,282, 
r, ') 1 ·- 2 295 
.':-. J ,,; ? '", ,;> , - - 2 , 3 0 2 

--- t----+-----.. r--------
· 2;938 
2,827 
2,779 
2 J r76 ') 
2,758 

.. 2,764 

3.,023 
2,915 . 

, 2,862 
2.,838 
2,829 
2,829 

2; 958 
2., 866' 
2_.,823. 
2.,806 
2.,802 
2.,806 

3,777 . 3.,824 
3.,570 3 .,689 

7 3,406. 3,493 3,537 3,3 6 3,38 3,273 

3,499 -_-
3, 396 
3,339 
3,307 
3,291 · 3,278 3,32 3,3j6 

~---· --------------·--++--~---·-----

' "'~ J !· 9 -, I j 5 
4, 27 4-J ·s· ;j 

_ 4, 13 1+·•-;,;~ 
• · 1} 01~ A co 

' , .. 

-

-

-
-
-

-

-

3, 98 '3•;99 
------s-.--i-· ..._ ___ _,;;• ________ __,... ______ ....,_......, ____ .;_ __ --L ___ J-=='=" =··:_· ' 
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Comparison of the approximations with the exact 
-~-~~~~--~~~~~-~--~-~~~~~~-~~-~--~~~~~~~~~~~~~-

percentage points fo1'") p -- 0,35 
~-~~~~--~~~~~-~-~~-~-~-~~--~~~ 

\ 

. ' approximations to t. f., 63 ot, 

I II 
III 

d 
exact 

b C a b C 
ri-----+-+---~-i,-,--------4-------+'',----i-----~---· -----i 

0.,99 4 -2.,02 
-1.,76 
-1,57 

7 -1., ~-4 
8 -1.,32 
9 -1-923 

-2 16 ., 
-1,80 
-1 60 , 
-1-945 
-1_,J3 
-1 24 J 

-2,24 
-1,83 
-1 61 , 
-1,46 
-1,34 
-'1,24 

-1~98 
.-1.,70 
-1.,52 
-1,39 
-1,29 
-1,20 

-2,12 
-1,80 

·-1,60 
·-1 46 , 
-1,34 
-1 24 , 

-1.,87 
-1.,67 

·•-1.,53 
-1 41 , 
-1,31 
-1 22 , 

-2.,36 -
-1,97 -
-1,72 -
-1,55 
-1 41 , 

-
-

-1.,30 -1 23 , l 

-
-
-
-
-

P.,975 4 -1.,366 -1,392 -·1.,415 -1,.294 -.~.,,35_9_ -1,406 -1,315 -1,538 
5 -1 _, '19 5 - '1 ..9 2 O 5 -1 , 215 -1 ., 14 O -j ,,, .--1_9 2 -1 J 2 '16 -1 J 16 8 -1 , 3 O 5 
6 -1.,067 -'1_,072 -1,077 -1,025 -'joQ'"';6 -1.,079 -1,052 -1,144 
7 -0.,963 -0,966 -0,969 -0.,~-1:: .. :'1 -C_,S~2 -0,971 -0.,954 -1.,020 
s -0,874 -0,876 -0,878 -o,848 -6:Bo/~ -o,sso -o,868 -0,918 
9 -0-9795 -0~797 -0,798 -0.,774 -0,-795 -0,799 0,793 -0,831 -0,801 

. - . --1o------- ----·---=-l,,, ___ .....,..__ __ --i,..__,,.._,-. ·---
' 

~,95 4 -0,913 -0,917 -0.,924 -0;857 -09912 -0,929 -0,895 -1,001 
5 -0,785 -0,787 -0,790 -0,746 -0;1.-- -0 793 -0,777 -0,842 

7 -o, 59 5 -o ~ 596 -o., 59 7 .. "o -9 5'<· 14- --o~•~ .. -:396 -o, 599 -o J 593 -o, 625 
-0,502 -5,~19 -0,521 -0,516 -0,541 

9 -o., 44 7 -o, 2i-~1I -.9 ! ~~-s __ -o., 4 3 s 

-
-
-
-
-

-0,451 
------- ---~---------.J---.. ~----;---------'----•+--.. --•--i • 

r,., ., 9 0 

L, 70 

• 

4 -0, 46 3 -0 _9 461~ ---0., LJ~65 -0., 4 35 . ·-0., 464 -0, l!-68 -0, 460 ·• -0., 500 
5 -0.,364 -o 3b3 -0,364 -o 345 -o~-.-~364 -o 366 -0,362 -0.,387 · 
6 -0,277 -0~277 -0,294 -7 1-0.,200 -0.,201 -0.9201 -0,193 ·-0,200 --0,201 -<? . .t.?o,,q. -0.,213. 
8 -0., 13 '1 -0, 130 -0, -'a~() , -0., ,✓;~~:~ -o;•''.:f":•··c)'" -0 131 -0, 130 -0., 140 
9 i....Q., 065 -Q.;!9_~-~ -9_, 065_ -0., 063 -0 !, .. 9_65 -9,,.9., ... 5 .. -~-2-,9~5-- -0 J 072 

4. 0~355 
5 o.,436 
6 0,510 
7 0.,580 
8 o, 645 . 
9 0,706 

7 

0, 351~ 
09436 

...... ¾ . 

0510· 
,w,i1u• l a· •w,--..... .,.. 

0 ~ j. ,·{_ 
0 6 1•. I 

j • I 

O 706 
111 , z, fi\ I R 7 I t I- DP 

0.? 3 311# 
o.,415 
o,490 
0.,560. 
0 60t; 

. !J '·_../ 

o 68'7 , . 

0,355 
0,1+-3·1· 
0.,511 
o_sso 
__, .-~*'' 

o, ,·-ro7 

-
-
-
-
-
-

-
-
-
-
-
-

. 

-•----4----1 .... . -------.1-----1--------·-· ~------- --·--·-
0,9'17 0,917 0?919 -

-
6 1 ., 064 1 ., 06 3 1, 06 3 1 J O 19 j,.~. Qtj~~,,. ,} .. , .Q-13" ~ 1 , 0 2 1 ., 0 2 
·7 1.,131. 1.,129. 1.,129 1,090 j 1 .. 1 '1, 1o1i_1 1,129 1,129 
8 · 1 ., '19 4 · 1 ., 4 9 2 1 ., 19 2 1 _, 15 6 1 9 ✓ I g 1 . 1 •-).t+ 1 , 19 2 1 , 19 2 

1, 25 3 , 1 ., 25 3 ►1._,,,g·~!l:~ :j,,,..,,,~5 ... ~ 1 , 25 2 . ' 

-
-
-
-

··-· ----...,._; '-·------- ____ _;.,._ ___ :...... .. .,.....,. -···--·_,.!.:.,_" ___ ...:._ __ ,..-1-___ .J..--__ _i.,. ____ . - . .,,.,..;, ' 

' 
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Table G continued 
' 

' 

I 

o( I II 
• III 

a b C a b C d 
----:-1----- _______ .,._ __ ---------.1------~+---,- ·-

IO., 30 4. 1.,554 
5 1,611 
6 1., 6 70 
7 1,728 · 
8 1,786 
9 1,841 

tO., 10 4 
5 
6 

2,771 
2,737 
2,741 
2,761 · 
2,789 · 
2,822 

0,05 

7 
8 
9 

4 3.,586 
5 3,450 
6 3,390 
7 3.,368 
8 3~368 
9 3.,379 

1,547 
1.,607 
1J667 
1,726 
1,783 
1,839 

2,803 
2,758 
2,755 
2.,771 
2,797 
2.,829 

3,766 · 
3,552 
3,458. 
3,418 
3,405 
3,410 

----1-.++-----dt;~---: 

o, 025 4 · 
5 
6 
7 
8 
9 

4.,494 
4,208 
4,062 
3J985 
3,944 
3,928 

5,104 
4.,519 
4,254 
4,118 

. 4,043 · 
4,004· 

1553 
1,\..../10 
1_,669 
1 728 
1.,7:5 
1·, 811-·o 

2,853 
2,787 
2.,774 
2,785 
2,808 
2.,838 

3,894 
3,6-19 
3J500 
3,447 
3;427 
3,426 

5,430 
4.9661 
4,335 
4,171 
4,081 
43033 

1,451 · 
1,526 
1,597 
1,664 
1.,727 
1,788 

2,603 · 
2,604 
2,628 
2,663 
2,703 
2.,745 

3, 1!•61 
3,334 
3; 287 . 
3; 276 
3,284 
3,303 

1,538 
1,599 
1J661 
1.,721 
1,780 
1,836 

-

-
-
-
-

-------1~--------""---1 

2,752 
2:1728 
2,735 
2;756 
2,786 
2 821 Zn; • Tl!1WI 1 

.?-) I??. 
2 730 
■ l!!P 1;,1 fl 

2 757 
2,7-7 
2·~ 82'1' 

. 

2,645 
2,654-
2,680 
2,713 
2_,751 
2,792 

2,685 
2,679 
2,697 
2,726 
2,761 
2,799 

3.,531 39548 '3!,309 3,415 
3,420 '3~4~§ 3,270 3,335 
3,373 3,37~ 3,262 33306 
3.,358 3"'361" · 3,272 3,304. 

3 , 3 7 4 . 3 ., 1 '..l 5. . 3 , 3 17 · 3 ., 3 3 6 

-
-
-
-
-
-

-
-
-
-
-

3,376 -----------· --...-f------ll-----.... ---i 

4,609 
4 205 

, 023 
3,934 
3,890 
3,872 

4, 366 , 4 2 ~ .. ~ 3 .. 3., 973 4,196 
4,141 4.,165 3,875 4,012 
4,023 4,036 3,828. 3,920 
3., 959 3, j- -- ?: . 3, 8 4 o 3,876 
3,928 3 '~33. 3,807 3,857 
3,914 3,91~ 3,817 • 3,855 

-
-
-
-
-

3_,925 ............... 
J--,-.........,, --++--------+. --------------· - -----'1----.. ------,W....----

4 5,89 
5 5,31 
6 5,01 
7 4,84 

. 8 4, 73 
9 . 4 _, 66 

t 

8,54 
6,37 
5,59 

. 5-921 
.. 4, 99 

4.,86 

.10.,06 
6,77 
5.,78 
5,32 
5,06 
4,91 

I 

5,58 
5,16 

.4_,92 
4,78 
4.,69 

.. 4 .,63 

4,87 
. 4.,68 

4.?57 
4,51 
4,47 
4.,46 

., . 

-
-
-

. -
-

4,66 ............. 
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Table H 

Comparison of the approximations with the exact 
---~-~-~~--~~-~~~~~~~--~~~~~~~~~~~--~~-~~~~~~~~ 

percentage points for p = 0,30 ..... -- --~ ............ -- - ............. - ,.._ ............ -- .................................. - .... ..... 

' 

I approximations to t:r,b,~: 

I II 
o( f 1----.,.-------~------r------------

a b C a b C a 
__ ___,,,__ ----++----~---,----++------4-----· -----+-------t 

0,99 

-·--
o, 975 

4 
5 
6 
7 
8 
9 

4 
5 

,6 
7 
8 
9 

-1,50 
-1,25 
-1,09 
-0,95 
-0,83 
-0.,72 

-0:,935 
-0., 76 3 
-o,62r7 
-0,512 
-0.,409 
-0.9315 

2 

-1,55 
-1,28 
-1!)09 __ ,_ 
-0 g5 
-0 .....,.3 _9 

-1;44 
-'1 21 J 

-1 011-, 
-0,91 
-0,80 

-1 4g 9 . -
-1925 
- ·1 ~" o 8 .. 
-0,94 
-0,82 

-1.,62 
-1 12 , ... 
-1 12 :, 

-0,97 
-0,84 

-1,42 
-1 22 ., 
-1 06 ., 
-0,93 
-0 82 , 

-1,91 
-1.,51 
-1,26 
-1.,07 
-0.,92 

-0 72 _, -0,70 -0972 -0,73 -0272 
4 I b 

-0,80 
' 

-0,943 -0,953 -0,880 
-0~766 -0,770 -0,727 
-0,629 -0,631 -0,602 
-0~512 -OJ513 -o,494 
-0 4og -OJ410 -0,396 

-0~933 -0,980 -0.,912 -17135 
-o,"r{63- -0.9 787 -0, 754 -0,891 
-_o,~gs -o.,641 -0,623, -o., 715 
-OJ511 -0,520 -0,510 -0,576 
-09409 -0,414 -0,408 -0,458 
-0,315 -0,319 -0 315 -0 353 

a1rrt11PJ HP , 

~----+---------+i-------4------·---..,,__--___, 
O., 95 , 4 

5 
6 

-0.9529 
-0!}390 
-0,272 

-0,531 -OJ533 -0~498 -0,531 -0,548 -0.,525 -0.,631 
-OJ392 -0339? -0,372 
-0, 27·3 -0, 2'( l~ -0 ~ 262 

-9,,39~ -0,400 
-0,273 -0.,278 

-0 ., 389 -0 J 454 
-0,273 -0,317 

.. 

0.,90 

7 
8 

-0~168 
-0.,074 

-0,169" -0,,-169 -0.9163 
-0 07~ -5:bo/~ -OJ072 

-0,170 -0,173 -0 1? ,- ,· -0, 201 
-O.J075 -0.,077 

9 0.,014 0 ;, 0 ✓, ~ 0 , 0 1-rr , 0 ., 0 13 0'!014 0,013 0,01 -0,005 
I 

' 

4 -0, 117 -.Q., 1!7 -9., 1'17 -OJ 110 -0 2 -1.17 -0, 121 -0, 116 
5 0., 003 . 0 ·' 003 0 .9 003 0 ~ 003 0, 003 0' 001 0 ,9 003 
6 o, 11 o ---o".;_, ✓-=--11~q. o 9 1 ~;:·cJ- -o:--:-1·oj.. o·:•'"• ✓10~9 o, 1 os o, 109 
1 o, 201 o, 201 ·0 .. :--2 .. o··r o j 200 o, 201 o, 206 o, 20 --·---- -8 0,297 0,297 0,297 0,288 0,29w 0,297 o,29~ -------· 9_,_3ts2 0,372 

-0,156 
-0.,022 
0,092 
0,194 
0,288 
o, 375 

,-----4---f,.-----++-------i-----+------tt,----t---------· 
0,70 

0.,50 

4 0,676 0,675 OJ674 0,635 0,676 0,676 0,675 
5 o , 78 4 O 4' 7 8 3 o , 78 2 ' o, 7 l,~ 6 o , r( ;_ 3 ·o· ~ ·7·51:i:· OJ 7 8 3 

0,882 
0,,975 

1.,064 1,063 
9 1 , 14 8 1 3 1 ~ 't 1 3 '1 l~ 6 1 , 116 1 ., "1 14- 7· 1 ~ ··1 ·1 f:-S- 1 , 14 7 

4 
5 
6 
7 
8 
9 

1.,252 
1,354 
1,450 
1,540 
1,626 
1,707 

I 

1,247 
1.,350 
1., 1~46 

+ 

1,537 
1.,623, 
1,705 

i 

' 

1,246 
1,349 
1.,445 
1,536 
1,622 
1,704 

0,672 
0,782 
0.,882 
0,975 
1,063 
1,147 



Table H continued 
"" ,;;, II I 

____ l_lT_, ___ 7T __________________ _:_,~._ 'ht-;ii+ ....,,.z:: 1:rw•r -rlt;1:,,um~,--.. -'¼'•~ M - -

--- \ij) ~~ • ·' • ·W"c'i1Eii&11!1\½ 

approximations to 

0.,30 

0 10 
' 

. 

0,025 

0,01 

f exact 
I 

a b C • 
,-l c~ 

II 

-----1r-----1r-----+!,L_ _______ , --,._, ... ..,1-• ··-+' --··-· -·· - -~~.,,~~-¥,"'.¾/iq.;,.,,½,,_,-,,,,w,, . ; 

1,794 
1J896 

, 1,992 
2 3 0 8 3 .. ,r •" .,~. -- ~- ,.. 

2.,170 
• :r-•··- .. ,,,,.,.., --:~,,......,_, ·' b •1Mf..li,w,slil:S- ,.,,,,..,,--~ ,,_ 

2;; 25 2 .,_, j t: . 
.. 1')/d,~~ .~ ,;::;~,,-

1,897 I 
1,985 
2,071 . 
2,155 , 
2. 2Jh ·., -·,,,;' 

2.,.313 

"; . 
-~ 

• 
• 

. 

~---~-----:-----...,__,_ ___ ~ow. ,_,o, ·:n 1111.-,IW'~--------
--~- - . o\'.1'tffe1Wlf.'1'11¼~ -

4 3,255 3,301 3,367 3,061 
5 3,228 3,256 3;295 3,071 
6 3,240 3,262 3,288 3i110 
7 3 J 2 75 3 ., 29 '1 3 , 3 '1 O 3 , ;'~ ~·; ·; 
8 3.9320 3.,332 3,34'( 3J218 
9 3,369 3,380 3J392 3,278 

3,090 
3,116 

✓- ' 3., 1t)1 
') "-..1 "'" 1 c 1 •-" , ,, 

3,270 
3 3. 29 -- ' . ' ·: 
*" , ' . ~--

..........,.., --------~----- ·------'1------ '--••·------ __ .. ___ , or-- :--- - - . - '.ll!!'<il\J,'j,11:it;IJH&a';Wl'lli,;".%.t.ti, 

4 4,163 4,408 4,575 ~-J041 
5 4.,012 4,155 4.,21.t.3 3.,894 
6 3 ., 9 5 ~- 4- , 0 1~ 9 t\., 102t 3 , 81} 5 
7 3,940 4,010 4,o1t8 3,840 
8 3,950 4,004 4,032 3,859 
9 33973 4,018 4,040 3,890 

4 C09 J I \._. J " .. 
") L\ r-r ·"1 
),..,7() 

3,930 
3,925 
3,939 
3 a66 , ./ 

l+ .106 

-a---------~•--.--~~----+----~------~~-~..t;-~~-•u~•-, 

4 5.,'181 5,995 6, 1~18 5,392 
5, 2r-(6 
4,960 

7 4-,618 J+,802 L1.;87'1 ,_,5?3~ 
8 4.,581 4,72 ✓1 1~,·770 11·,53'~t· 
9 4,573 4.,68'1 4.9719 1},523 

----·~.----~----,.~·-------
~ 

4 6,74 10,25 ~12,24 8,69 b,37 
6.,09 7,49 8.,oo 6.,80 5;90 
5 , 76 6 , 5 3 · 6 ., 7 ,,. 6 , -: () 
5,56 6,06 6,2'1 5,75 

8 5 J 46 5, 81 5 _9 90 5) 55 I 5, 39 
5_,65 I 5.,72 

• • l 1 

5,50 
5,31 
fl'.: t;') 1· ~1 ill< '-.,,,, ., 

5,15 
5 1 ~3 , .. 

. 5, 12 

5,99 
5,60 
5,4() 
i:; 29"' 
,,,,I' :, .. 

.. 5 f'). '=t 
•.• , c;. ,'' 

·. 5, 2() 
' 

. 

' 

. 

' 
' 



f 

: ,99 2 
3 
4 
5 
6 
7 
8 
9 

' 

,975 2 
3 
4 
5 
6 
7 
8 
9 

I 
' 
' 

1· I , 

-2., 085 
-1~341 
-1., 000 
-o_,774 
-0 .,600 

0 .5 450 
0., 320 
0,204 

· .. 1 , 146 
0,747 
0,512 
0,333 
o, 191 
0,058 
0,060 
o., 174 

Table J 

- -------------- rOXlm8~10nS Wit.~ ·t~nP ~vq~~ .... .... ... .. ... ... _ ~ ... ..._ ~ __ • - I -" -- " {% i ~ t# -"'~ 'tt\ ~i* lz! 

• 

-
-

-0.,99 
-oj77 
-0 60 , 
-0,45 
-0$32 
-0.,20 

-
-

-0,511 
-0.9334 
-0,186 
-0,054 
0,065 
0,176 

a 

-
-1,420 
-1.,014 
-OJ777 
-0, 5( 9 
-0 L.J-50 c! l I 71 

-9 12 _3,,2,9. 
-q 2 202 

. l 11 

-1,224 
-0,752 
-(),512 
-0,3 4 
-0, 1.-- _ 
- () .IA I 6 5•4· 

0 0'---/5 
0, 17t 

I 

b 

--

-1,350 
-0,764-
-0,515 
-0,335 
-0 186 

,a I :st J L q;zj,ltllit 1 11111 

-0,053 
0 06,-1 
0 ti 1 i=;'J: I 

----· -· . --~~~~~--~ 

------- ·Y ,,,,yr ... ------ ..._,.._ 

.... 

i • ------i-.--.....J.. ----------....{,,,--------- ------______ ,_.; ------· --
' ... 
"' , 95 2 

3 
4 
5 
6 
7 
8 
9 

-0,605 
-0, 336 
-0., 148 

0.,007 
0.,145 
0,267 
0.,382 
o,492 

-
-

-0, 147 
0,008 
0;145 
0,268 
0,383 
o,491 

-0,626 -(),534 ,. . ·") ,r r, .· . . 

-0,338 -0,309 
-0,148 -0,139 j 

0 008 0,007 I 

~,,,,,}-·.· 
1~,8 

0 1 
0 2b·~ o, 259 

. ~ ' 

0 j -:, I 3 0 J 3 71 ' 
(") },a 7Q , , v _,1'ii,..J · 

t---------4---;_, 11~-------,...------- --------------·-"""':------- . , .. 

2 
3 
4 
5 ' 

6 
' 7 ' 

8 
9 ' 

' 

_,, _____ -.. __ .... -
1 .Exact 

Exact 

o, 130 - -0.,131 -0,131 -0,115 
0,073 0 z,073 O 073 0 '."'6 7 - . , U) 1 J ' 

0,236 
I If I ·o·~ 2·3e; (' 2()1 0.,237 I Ji ~ (_""' 

03380 0,380 0,,3_0 0 -: 80 (), 362 
0,490 0~509 0,510 0 510 0,510 

o: 5·30, 0,609 0,630 0.,631 
o, 74 3 I 0,744 ' 0,744 O 7 3 O 72~1 , 

J ' 
o, 849 t O ~' 827 o,849 OJ850 

' 0,850 

0 
o . . t:;., , ," 

t • ' 
"") ·: Q ') 

,. J J ' 
1_111~:~,11 J._,_; ,J, ~q =•;r· ·: 
O o3 i · 
O."\ t1•1r:rt, I , 

' •.. ·. ·•.r ' I _..... 
_ ; f-1 .1111,!1~~~;,1~1_.V'JS/~ 

I l 
' -------L------..!..2------...J.-------"------·- ..., ____ ., ,,._,,, __ m...,••-· """""'--·""'··-·#!!'l· ,p· -

percentage 

percentage 

points 

points 

according 
·according 

to 

to 

RESl,fil{OFF ,!nd 'L I""'""'J-:)l t'~R, " 'l '"· "!1,' .,. 
< - • '·'f ,''1 ' "',]' . ,, . "" . 

' .. ' -·• •• .- -·- ,'$; '""? 

: • ·. . ~·~. , • . , •"'' wt '"" {~ I <i .-- '". - ""- . '"£.~~--A~!#!!:" .i, :/lb , _;j°~"-~ .. '!P ~ 
' . ' --- __ ,,., .. ~fji)'' . ,. ,. . . ' 

JOl-O~SON an·d ' .· 
. . I - ' , 

. - . ~ . 
l . . . . . . ' 

' rn
. '!ii LC. "'I .. 

/\''·''·~·· 
·", ... Ji,,,. 

¾ . \1" q,, o✓-.. 
' ' 

' ' 

',.,, '"" -··, . . "'l(. ·--"~ ·'""Ir''"• ' ;; .X;t'*"·>· ' - ,, ,~, ' _, -~R, ! ,,-- - ' . ,. , . 
iii" _.,,,,,,, _, 

t .,),. ·a··· · · 1:·""· "".,,,,, , l!i1·· .:/iif'fgl·-.· ' . . ·, -~ ?I-""'" ' 'l_ ·, 
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column p :,:-;;; 0.,50. 
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This figure may also be used for values of Q and p, not used in 

the tables.., with 0,01< a<o,99 and 0,125< p <0.,50., El)g .. for 

CX= 0,95 and any p with 0,35 < p < 0,30. IIa may be used as an 

approximation to 
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