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Introduction

One of the order-disorder problems in quantum statistics
concerns the model of ferromagnetism originally proposed by
E. ISING (1925). For detailed discussions of this model and the
results obtained with it we refer tTo the paper of G.F. NEWELL and
E.W. MONT"OLL (1953) Only the relevant features will be reproduced
here .

Let be given & lattice with n lattice sites, each site being
occupied by a spin. The spins are agsumed to be numbered 1,.. ., n.
Each spin 1is capable of two orientations which characterize it as a
+spin or & -spin. Let there be r, +gpins end (n-r,) -spins and
assume they are distributed over the lattice in a given way.

In the absence of an outgide magnetic field the free energy
of the system is assumed fo be the sum of the interaction energiles
of each pair of spins. Let the interaction energy between spin i
and J be —my  (Lj= 105 uE]), and take my =0 (i=1,...,n).

PR

Define quantities w7, X5 Vi e Vi as follows. For is=i{,
o J J

J U

g5:1yn,ng

. 1 if spins L and j are both -spins.
O 1if not,

(1 if spins U and j are both -spins.

xg = i .
O if not.
Ye {1 if spins L ond | heve unequal signs,
N . .
1 O if not
for i=1,...,n X3 o= Xi=Yu=0,
for Lﬁ:1p_wh
\ju :X‘J&N’~X:)—\\/ju (1°’1)
Next put
A +
X*‘:ﬁ' mUXb,
X_ = 2_ MiXT,
i.,} J J
Y =% myy
Vo= 3 myvy,
L;,}' £\
thus
Vo= X K= (1.2)




From the assumptions 1t then follows that the free energy of the
system of spins is equal to — . The problem concerned with this
model centers around the calculation of the partitionfunction

Z =7 T gr,v) explom). (1.3)

where g(r.v) is the number of ways in which r +spins and n-r-spins
can be distributed over the lattice such that the free energy due
to spin interactions is equal to m—-§<1q BOLTZMANN's constant and
T the absolute temperature.

In papers on this problem usually the assumption is
introduced that the lattice-ends are joined in a cyclic way, or
that the lattice is wrapped around a torus. In our case a similar
assumption will be made, viz. that for t=1,..

LN
%Rnﬂzrn, independent of i . (1.4)
Let the +spins have fthe numbers wv,,....v. . Then in
%égqu

v

every contribution my between a pair of ++spins is included twice,

and the contribution between each pair of spins with unequal sign

is included once. Thus

r‘ !’\

-
2H1ﬁ_i”ﬂ Pl’J = )LmL}X“ - L\_)_m\_}/\)’
and by (1.4)
2 rm = zx_‘r+ V.
In the same way
2(n-r)m = aX_+ YV, .

and from (1.2) then follows that

Vo= LX_ 4 nmoegem, (/].,5)

We now rephrase the problem in statistical terminolozy. Given
the value of r, the guantity v cen take only a finite number of

values, say Vis oo, Vg Then

g ve) (1.6)
gy
can be interpreted as a probability. viz. the probability that in
distributing r+ and n-r-spins at random over the lattice sites, the
interaction takes the value -v, (h-=

»,@) . In distributing the spins
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at random the gquantities XUqAT,>53VJ,X?,X_,§/ and v become random
variables. In order to distinguish clearly between symbols of
‘random variables and values <Saken on by them, the symbols of the
random variables will be underlined. Thus

Plv=w|r]= 95V

=
LYV NV
b g( ° "J)

Next observe that Eﬁﬁrpﬁ) 1o the numoer or ys in which r +spins
9]

=
o

and n-r-spins can be distributed over n sites. which is (2) . Thus

Z =2 L7 Ply=wlr] oe{ ] SN

=0 k=1

Denoting the mathematical emxmzctaticn ol a Turchion Ry) of v ,
iven the value of r, by E._f(v) . “hen L7 cerinttion (1.7) is equal
s DY DRT(Y) s J \

to (writing @::-1? )

Z(?)E QXO((R\/,, (1.8)
or as (1.5) holds a.c. for the random veriables v and x,

Z =2 (py»p{pmin-ueyt Eexp(lox,). (1.9)

r=0 r

The properties of the ran’om varlebles x, x_ end y have been the

subject of a study which will be presented in a forthcoming thesis.

Some results have beon given in A.7. BLOENENA (15500
& L) :

2.

In dealing with the moweiits of the random variables like x,
one can profiteble uvz some conecdts from “he theory of graphs. For

our purpose a (k,l )-pravh corzists of & oriented joins, labelled

.

,k, between L polints, guch that no noints zr2 igolated and no
loops occur. Twvo (k,t)mgraphs are equivalent if they can be mapped
on one encther withouv chansing “he 1ohclling of the joins. This
gives a classification of graphs in cgquivalence classes. For our
purpose a class of equiv-lent 2vanns will L2 considered as one
(k,L)-graphs have the

graph. Two distinct (that is:
same (k,l)-configuration 37 th~y can Le 113G~ equivalent by
permuting the join-lsvels and (or) charging the orientation of some

joins of one of the graphs. Thic gives a classification of disutinct

on of a graph' is

m
o
A
=
©
.
o]
>
iy
r_]
*o
QJ
o
_l

graphs in configuration clas

meant the configuraticn clogs To which 13 %eloﬁgsc

.




graph i1s connected if from every point every other one can

be reached by travelling slong the joins, neglecting their
orientations. Each graph consigts of one or more connected
components. Permutation of tThe components dcoes not affect either
the graph or the configurat.ion of the graph. The components may
of course be labelled, but such a labelling is not to be considered
as part of the labelling of the graph.

For 2 connected (k,l )-graph we have 2<| <kss, and there are a
finite number, say 9y, , of different connected (k,l)-configurations.
Let Cy be the ot-th one (ot=1,....,q, ).

The configuration of a greph with h connected components can

be indicsted symbolically by E:CQGO , if C§%) is the configuration
of the i-th component. Two alternative ways of indicating a
configuretion are also used, viz. z gk ““) . 1 g; components have

the same configuration (:étf: ano sometimes the configuration is

indicated by & graph having this configuration, ecgﬂ[~“}
Let #(C) be the number of distinct graphs having the
configuration C . A combinatorial argument leads in a2 simple way

to the relation

while for HYCLY’)a recurrence relation can be found. We have e.g.

ﬁﬁg—_q):
=)= 1

S==) = &

N(=) = 2.

For 3, 4 5, 6 joins there are 8., 23 06, 212 distinct configurations
(cf. R.J. RIDELL and G.E. UHLENBLCK (1953)).

In the following we shall be interested especially in
configurations which in every point an even number of joins meet.
These configurations will be called even joined.

Let be given numbers wy (L,j=1,...,n) satisfying wy =0 and
Wi = wy; ., Consider from (4,%_) one term
J J gy
U =Wy, e Wy e, (Tajo1 + T}J,kj=1,_,..,]<).




Amongst the subscripts T,,...T,c , say | unequal numbers from1,...,n
occur. Let these numbers be \,,..,A, with A,;<...<X_. Each of the T's
is equal to one of the A's. Let

T.. = A T =A_.
1.\)—1 f).u. ° A‘} \IJ
then

A o Wi (Py#V5s J=1s -5 k).

t- W, vy P Vi
To each set of numbers [i,.. M, V...,V - and therefore to t - there
corresponds a graph in the following way. Take ! points numbered
1,...,L . The J—th join connects the points numbered My and vy , and
is directed from fj tovy . Omit the labels of the points. As the
numbering of the points does not enter in the classifications of

the graphs, it follows that the two terms

Mo Ay Mo Moy

where 0,,..,0 is a permutation of A\.,..,A_ , have equivalent graphs.
Further considerations show that all |! terms of (%ZWU)k , having

the same (k,l) graph corresponding to the numbers O TN

W
and 0}*1’0"11“' WQ}‘LK‘Q"ka

can be written as

s n

l_ ..l W . Wp

041 Q=1 Ow’eg»g Opka Gvk K (2., 2)
(61’1"'3®L\)=]&

while all L ! terms corresponding to a distinct (k,l )-graph having
the same configuration have the same value as (2.2). As there are
JV? Ydistinct graphs with the same configuration, the value of the
terms in (Zﬁw ) corresponding to graphs having a given configuration

Z:C)U“’ is

i

V& E‘Cﬁ))@g'" G; Wou 00 Wop 00 ° (2.3)
(94,....,0) #
where to the numbers Pras o i Vas oo Vg a graph corresponds with
configuration é;CQ?Q . (2.3) will be denoted symbolically by

H( Z ClE YT {w w2 ZC ()

i LS.

Let Z:th L) nmean 2 summation over all configurations with h

connected compcnent ,with in all k joins and | points, then

r
[

(%W;)k = i [;_ Z%Lk\’tsh__,l -/W(L, C(e(c) ‘)Z*{WQT\)

=2 h= Kial

Kis l; }'

oy

(2.




While iif_fjw% Wi Wi W is indicated symbolically by

L=t =t kel L=t
Z*{m‘.‘.’”m‘“‘l‘[j}‘}"‘% we also need symbols for the same type of sums

but without the inequality restriction on the sum, thus for e.g.
gé;ém\;wﬁwuw“_ For this sum we use the notation

T Awd . o w®| [JV , though not to all terms of the sum there
corresponds a graph with configuration[] . In general

Z{W(f‘.,.wd‘j ;CK("‘Q} indicates the same sum as Z*{w(‘).,.w(blf/_;ck‘.“‘t?,}, s

but without the inequality restrictions imposed on the latter sum.

The sums 2 *{....} can be expressed in terms of Z-{....} , thus e.g.

T W W I I = S w2 T {w® w oo} + (2.5)
+Z{w@ . wet,
and in general

WA WO T =2 T SO oS
A E{Wq)”_w(k)’éclﬁi‘ﬁ}. (26)
Of course (2.4) does not change if instead of numbers w; are random
variables satisfying w,=0 a.c., and Wij = Wi -

The random variable w; has the following property. The
mathematical expectation of a product of v 's , e.g.

(2.7)

Yoo Yoako s Ta
does not depend on the actual values of ¥,,.., Ty , but only on the
configuration of the graph corresponding to the product. If this
configuration is thk@" , we indicate the expec’catibn'of (2.7) by

h
Ee®. v 9| Ze&).

From this property it follows that if in (2.4) wy; is replaced by
g Vi s and expectations are taken, that

k s * < o 1 k b oty
E‘_‘ - f; prpe ZLk,L,h_[ JV“‘(ZECK%,Q) E(YQ“'Y( )l Z:,thlp )
.Z%{mgﬂ”m(kltgckgi? 1$ ) (208)

From the properties of the distribution of x,,x_éndy,
(cf. A.R. BLOEMENA (1960)) one can derive theat

b h
J O if either Ll.>n or 2Cl%

i(ﬁ)E(v@?...V(k’liCk@"‘?} _ is not even joined, or both,
r=0 - - is1 (SRR -

° (2.9)
h
2" if LCST) is even joined and
Zli=n.




3. The expansion of Z for high temperatures

Assume that there exists a positive constant @ , such that for
os9<:@,,EZexp(@y)converges. Small values of ¢ correspond to high
values of the tempersture. From (1.8)

Z = n(ME A B -2 LE L (MEY -
o, Ak 5] h
-l 2 2 T B

MmO om0 | Lo 1T (M) (v v T ey

L&;, L’L

Let Z:ML_k L | mean a summation over all even joined configurations
with b connected components, | points and k joins, then by (2.9)

1
vl

min (n, k) h
_ P k LAl (=] +# (-1)
Zow 2807 L TN, I e

where in the upper summation limit for ! 2k has been changed into k,

as even Jjoined configurations have at lesst as many Jjoins as they
have points, and as for k=1 nc even joined configuration exists the
lower summation limit of k becomes 2,

(3.1) is usually called the high temperature expansion of Z.
Assuming n to be large we shall write down in a more explicit way

the terms with @2r-n@6- In order to simplify the notation we write

e.g.

Yo o) instead of  Zm®. m®| oo}
and
L {oo) instead of 2:{n0U7‘_nﬂﬁ)l<><>§,

Of course

S (o) = (L))

Tables 3.1, 3.2, 3.3 list the configurations involved for k=
=4, 5 and 6, together with the quantity J9 ), and the coefficients
HAC.5 . (ef. (2.6)).
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i

b h . k
Tables 3.1 - 3.3 (2l ,Z1Ck(°'°ej and J(ZC V) for even Jjoined
i=1 [ i= (AW L=1 LI

configurations with 2k, =2k}=k, k=4, 5 and 6.

Table 3.1; k=4 Table 3.2; k=5
= NoReKC
h \\\—\> 8 ] 8 0 PEC ) h \*b” AO N &> A SECED)
P oS
< o |+ b2l 12 A = ] -6 1+6 || 160
1 +11-2 111 48 & +11-5|+5 || 384
o> +1 =1 48 JAVES, +1 -2 960
= +1 3 A +1 1] 320
Table 3.3; k=6
e [ 01 A O 0 0
> - > ¢ e
5 C, o0 O A O O K % O § \@ & };’ <8> @ © e
R 0 0
o< |+ -12 +6 | +24 +16 ~481-81+16 120
VANRVAN +] -9 +18 -6 640
] = +1 -2 8|+ +8 | +H | 8 +8|-24 | -4 | 48] 1440
(> +1 -3 -6 130 49| a6 -12|-4 0 +3 () 3840
oo <o +1 -1 =4 -2 =10 +2 | -4 1440
> +1 -4 +2 5760
L1 +1 -1 =] =1i-2] 5 1+1) =2 || 11520
S +1 -4 +2 2ko
O - +1 -2 =11 +1 2880
<> +1 - 960
D ] -3 w2 || 38L0
[ | 1] -2 +1 5760
= 1 -1 960
A +1 960
= +1 32

e




For k=2 there is one even joined configuration, viz. < , while
M <=)y=2, and Z¥(o)=2(<) . For k=3 there is also one even joined
configuration, viz. &, with SAN)=8, and Z(A) =2(L).

Using (2.6) we obtain for (3.1)

Z = 2 [+p? L(=) + £ Z(A)+ el E(Z(a+2Z( O+

L (o) + LT(&)} + LT T ()10 L(An) + BT (D)«
+1O%Z(é)}+@6{—f—(f_(o))3+ i(Z(A))"—}.;Z(ooj,Z(<>)+

+ 2T (M) ()+ HI(8) T()+ R (O) 16T (>=1) +

— 32T (M) + 32T (<) + zwsgzt(QOo) FAET(E )+

3T (E=)- 102 T (@) + 6 E (). - T

which suggests for the "partition function per spin', which is the
n-th root of the psrtition function

[Z'”]% = z[w@l% (o) + %@3’%‘2(1&)4- G”{—;—(—L—Z(o))z—%—;:—% —(d)+
— E T (oo)+ T (E)}+ 0 L (ET(AN(EE(eN - B r (A )+
+%%Z(Q)+10—§=-—:;Z(é)}ﬂ-@b{%(%Z(o))s-k —S—(—:—;Z(A));‘—k

—L(FI(coN(F <)+ 2(F R EN(F2 (=) + F(HF (@) X))+

+%%Z<O)~%?Z(!><)+.m..+6£-—3,-'z‘:(@)}+__._] —
riq

. oo (Bk e LEd % o h — xn

= 2[1—&&——,—?;}"2 2 PR JV“’( Cc u) Z;{t, T -

b I . . .on '
(o) . (=) -h N G)) ky CHEN
ACLCEL 5 Oy 2{m@ . m e ]

and for the logarithm of the partition function per spin

T Z = n 2+ 0* L (o) + P T A +p{ £ 2(0) +

L E (o) g T pT{- ¥ (A )+ 27(O) -

F10L E LA} B E(O)» B+ 0E TS
L [
. . S—*%n < S
+____~Ln,¢+;Zi—i,L:»~ !k,L!;_lg;jg[*' Lk{’r\[

n . . . "
M ey A gckﬁﬁ;cﬁ*{)% Z{m@ . mO | CcEpt.
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No proof which is formally correct in all respects has been

Mt

found to show that Z'=Z" but if Z'=Z", then Z'-Z"-Z" , where
Z' is given by

Z':z“[r+fl{%—il
k=2 :

L=2 h=

[+
T Lt | FCE SN o m®)

L;’

which differs from Z only with respect to the upper-summation 1limilt
of L. The term with the lowest power of ¢ included in Z'but not in
Z, is the one with ¢"*' . With the very large values of n which are
relevant and small (s the difference between Z and Z'is negligable.
It is felt that approximating Z by Z' corresponds to the usual
procedure in the matrix methods for solving Z to neglect all but
the largest characteristic value of the matrix.

In order to evaluate the termswith @i.UA,@b an easier form of
the coefficients may be obtained. The results of tables 3.1, 3.2, 3.3
can be used to give e.g. for the logarithm of the partition function
per spin
ln 2 + pXE 2N+ @A)+ {(F 2 (- FHZ (e} +
HHE THO) - BT (e Z Oy - L TR +
—10L £ - HI(O)+ F (@t + (3.2)
(3.2) is now one of the results valid for any lattice (subject to
restriction (1.4)) with arbitrary interactions. e have evaluated
(3.2) for the case of a cubic lattice. Let the shortest distance
between spins be +1, then we suppose the interactionenergy between

two spins at distance +1 to be 71, at distance V2 to be j
distances > VY2 to be zero. Then

V() = o] +1a]k,

LBy = 72 T+ m8T)

%Z*‘(D) = 24T+ 0696 JE T 260",
Z(@ = 6J ——1-'12\7

Putting z2p7 =k, and 2Cj..k the terms up to the one with G” of (3 2)

are.
tl’\ 2 +%k1l+ 3k12+ 12kxik2+ Bkg + %k;‘ + 8? kfk?‘l M %k;'

In taking ngo one obtains the first few terms of the expansion for

The simple cubic lattice with only nearest neighbour interactions,

taking j}:o one obtains the same for the face-centered cubic lattice
(cf. e.g. E. TREFFTZ (1950), C. DOMB and M.F., SYKES (1957)}
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In order to write down further termg of (3.2), the calculation of
Z?(()),Zf(?)'will be carried out by the Computation Department of
the Mathematical Centre on their X-1 computor.

4, The expansion of Z for low temperatures

From (1.9)
Z = ePm™ Zno(?,)z;P[5+ = alr]eueE-rm,

Now Plx,=o|r = o]=1,
Plx,=0o|r = 1]=1,

while for the lattices usually considered in order-disorder problems
Plx,>rm|r]=0o forr>o

Thus
—~ mn —upm S — A Ba-rm
Z=efm™[1+ne ol L (MZP[xe=2alrJe iE (4.1)

=2

An elementary reasoning using indicator quantities enables to
calculate the probability distribution of x,. In detail this hes
been worked out for r=3 and an arbitrary lattice, while my can take
only three unequal values. Again we apply these results to the case
of the cubic lattice with interactionj{L between nearest neighbours
and tJ; between next neasrest neighbours. The probability distribution
of x,1s given in table 4.1,

Table 4.1 (n-1(n-2) FIx,=alr =37 for a cubic lattice, with two types

of interactions.

a &
o n=s7n + 9osé sz 252

~ . 5
27, 18(n - 28) “J1*ij£ 72
Llj& 36(N - 30) 2]1 4 LJZ o
271+232 288 6]; o
at 18 T, 58

Also has been calculated (assumingkj1>>;h)o

P[Z+= 8\71 + hjg‘r = L\] = (n—ﬂ(n—'i)(h%) >
Pl x, = Qﬁ+—&]JW

I

L] =0 fora=+uy,

I

P[5+> §j1+1iﬂwr = Q] O,

>>>>>>>>>>>>> s

G
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For the sake of definiteness we take :ﬂ x>tzj say';ﬂamsozf Then
AN ’ d

7 = NPT IR [1 + e~ "R v 122 L 3 - HRUOJi Y

+ 6Nne UL+ 227 + é—n(nqg)@‘”(&(uj‘*lujﬂ + 12ne - BPURTir 3T +

+ 3ne- ,‘)‘(5(“_.\71 + 5(;‘727 4 14873@‘“(5(16‘71_% 31{]1) + 3n (1’\, _28 ) @—H@(1631 + 36j13 i

+ ane - 4PUCTiruaTn) | g muRUETi T ) o ne e (8T 320y

+6n(n-30)e CITIRD L dnnioszn - gosye MR, T

The first term after the one with e-4e(0Ji+307:) is
Px4 =67 + L] | r=u]e ueCjurtns,

The expansion for the partitionfunction per spin suggested by

(%.2) is:

6(5(6\71 + 12]’1) E1 + Q-H("‘(b;} 127, + 3¢ L0 Ty 4 2k 71) +
4 6 UG+ 220y 9@-11{5(*23’1 FARTY | qge-tfUNT 3Ty
+ 3¢ ~ 5B Ty +36J2) + Loe~ LB (167, + 3L 7)Y 81@~L¥(5(”671 + 563;) -
4 3e = HPUOT sy | 8o - HB(I8T, 300 oe - 4BC8Ti+ 32Ty
— 171, HOORJ T g0 g - nBUBTOTY -
‘ (%.3)
The form insides the square brackets converges repidly for large

values of‘gﬁ thus for low values of the temperature. Taking ,=0 in
(%.3) gives

66\]?@ [1%6*%{3\7? -+ ﬁe*”o(sji —_ 5(2*[1'8(;\]{ 4 15@*56@]1 - \502~-6ij1 - :[

which is the well-known result for the simple cubic lattice with
only nearest neighbour interaction (cf. e.g. A.J. WAKEFIELD (1950)).
Taking ] =0 gives

el [1 =P, 6P _ 6o -9CT: | §e-00T | 0080k

-_ﬂqe*”é&ﬂ-+ S j 4 which is the result for the face centered
cubic lattice with only nearest neighbour interactions (cf. e.g.
G.F. NEWELL and E.W. MONTROLL (1953)).

5. The approximation method of J.G. KIRKWOOD

An approximacion method often used in quantum-statistics is to

replace a sum over a number of terms by the largest of the terms.
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Thus 1if
Z(ry % (n)ebminourd £ ounn (5.1)

then an approximation to Z is obtained by taking

" = Z(r‘)y
in which r is the value of r maximizing (5.1)., or what amounts to
the same maximizing

b Zr) =ln(R) + pm(n-ar) «+ nLetbxr (5.2)

Assuming all cumulents of x, , defined by

h E eutxs = >ooa

=0 [

to exist, (5.2) can be written
lnZ(r) =) + pm(n-4r) =+ iili%ﬁi. (5.3)

Ir @ is sufficiently small o one may expect that from the equations
obtained from (5.3) by neglectlng all but the first few terms of the
infinite series p can be approximated with a reasonable degree of
accuracy.

The first four cumulants for a general lattice and with
arbitrary, but given, interactions can be calculated from the first
four moments of x, cf. A.R. BLOEMENA (1960). Asymptotic expressions

(for v and w large) for x,, . x, are

Xy o= m—

X, = 2 L”.(_:‘_)}J: my

X, = 4 rz(n_r)r;(h_zr)i%—_ m?g L8 fi(:b_'r)j% m,j) m;, m\;k R

X, = r t}hq r) {? r(n ) Z”L“T:T‘J" 5rl§ %“_ m; + (514)
+ L8 ri(n-n)" 2 m.m My, my, +

T Rb (kD= gk

5 T (n‘ri1(n—zr) _ Zirr MM+

ri(n-ry (n-arm?* 2 .
+ o e % My My Mk

For special cases these cumulants have been given by J.G. KIRKWOOD
(1938), H.A. BETHE and J.G. KIRKWOOD (1939) and T.C. CHANG (1941).

We shall now maximize

s ————




I VTR

InZJ(r) = In(%) + pmn-ur) + 1 + 4Xp + 83, p° + égxs(si‘ +%‘KL\G”5 (5.5)
using (5.4) and the approximation
(M +1aenlnn—n-r)inin-r)-rinr.

As for t=1,2,

2 i n-r)r =tr¥i(n-r) T (n-2r)

the equation obtained by differentiation of (5.5) has a root at

r=". If

[d nZ, (rﬂ < o,

dr‘z 'F:—%
U}Z4Uﬂ has & maximum at r=+5; if it is »>o , i1t has a minimum. Thus
the equation in ¢

[q-,.y_zz_w' j = 0 (5.6)

=0

»!

marks a transition. If (5.6) has a positive and real solution p =@,
then the temperature T; corresponding to p. 1s the KIRKWOOD
approximation'to the CURIE-temperature. Equation (5.6) is

, s 1.4 b
CORES JZ* My M My 5 G Ty MG M =gy & M g
(40 {7 % %m-i—%-;‘ My M my, —(gp)i-%%m,3+
+ (A@)%U 'xj“L*}:O' (57)

FOI” Y’:—‘;—g

Ll Zyr)y=ln2 + pLXmi+ $p

J

o

+o2pt L S mymymymy — é(s“iZ_m%‘-1

"Gy # gk
which checks exactly with the first terms of (3.2).

As an example we consider the casgse of the cubic lattice with
nearest neighbour interaction.i;ﬂ) and next nearest neighbour
1ntera0uwon \7 sections 3 and 4). Here

XmJ 6]14—122,

=

%%mb = 677+ 127,

%S;mi = 6]f+ 1277

%Jimj = 6T+ 12,

5 mymumy = 72, e8]

S TNy oy Rty by ety
—"ﬁ(ﬂkw»'rn,m”(m,d my = 2n]{+ 696 J7 J) + 2647,
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Then for this case the solution of (5.7) is

a) for J,-o (which is the solution for the simple cubic lattice
with only nearest neighbour interactions)
121—1—62 %v
which compares very well with the value 4.58 as given by
M.E. FISHER and M.F. SYKES (1959),

b) for j1zsoj;
-

czl*'9o%°

c) for‘]1=o (which is the solution for the face centered cubic
lattice with only nearest neighbour interactions)
T, =1018 L,

which compares rather well with the value 9.316 given by
M.E. FISCHER and M.F. SYKES (1959).

In neglecting the terms with @ﬂ@ﬂ p“ in (5.7) one obtains a first
approximation~for’T;) being the well known BRAGG and WILLIAMS-
approximation. Neglecting terms with (939” or with fﬁ gives a second
and third approximation. In caseQa) these three approximations to

T. are 6.0, 4.76 and 4.95 %1 respectively, in case c¢) 12.0, 10.9,
10.4
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