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1. Introduction and Summary.

This paper considers the rank score tests for testing
hypotheses in certain regression models. Hdjek (1962)

studied a class of rank score tests for the following model,

1.1 Y, =0 +8X +0Z , v="71,...,n3

where Yv.are observable random variables, x, are given
constants which may depend on n, Zv are independent identic-
ally distributed random variables with mean zero and variance
unity and o, 81 0 are parameters. The hypothesis to be tested
is g = 0.

The following extensions are of interest in the present

study.

1.2 Y, = o4 B X, + e. +B X+ Z s v=1,...,n;

/]
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.where the notation is similar to that in (1.1) and the
hypothesis to be tested is 6, =8, = ... = O. (The depend-

ence of the constants X, onn is not indicated to avoid
too many subscripts.) Model (1.2) has many applications.

In particular, the present study covers the class of rank
score tests for the analysis of variance model discussed by
Puri (1964).

Another extension of (1.1) studied here is

1.3 Yv==u +8Xv+o_4 R v =1,...,n;

v

where X and Z are independent random variables and the
hypothesis to be tested is B = O which is equivalent to the
hypothesis of independence of X and Y.

A further extension of (1.3) is also considered,

1.4 Y, = o+ 81X1v +uoot BkaV +0Z,, V= 1,00, ,0;

where (Y ,X ;X ), v=1,...,n are random vectors with Z

1V kv
independent of X componecnts and the hypothesis to be tested is
B/] =82= e o @ =Bk=o°
The regression models given by equations (1.2), (1.3)

and (1.4) will be denoted as Model I, II and III respectively.
Some authors have studied rank score tests for ~*her models.
of linear dependence. Bhuchongkul {1964) studied the problem
of testing independence in a bivariate population against

the alternative

1,5 X = (1-6) Z, + 0 2 ,
= (1-0 + 6 Zn s
Y = | )23
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where Zq, 22, Z3 are independent identically distributed
»randpmmygyigb;es,'ln (1.5), & = 0 implies that X and Y are
iAd?Pegdé5§;e¥q ,

KifKonijﬁ“(1956> studied still another alternative which

can be written as

il

(16) S X
Y

P2y + PpZyp

4424 * 9%

where Z,1 and 22 are independent random variables and

p1 = q2 = O implies the independence of X and Y. Model

(1.6) is more general than (1.4), however, the class of rank
score tests étudied by Konijn (1956) is more restrictive
than the one considered presently.

The material of this paper can de divided into two
parts. The first part (section 2) deals with the asymptotic
normality of the various test statistics and the second part
(section 3) is devoted to the study of the asymptotic
efficiency. For proving the asymptotic normality two tech-

niques are used. The first is due to Hdjek (1961, 1962)

which is based on the concept of contiguity developed by

Le Cam (1960) and Hédjek (1962). The second technique is the
bivariate extension of the Chernoff-Savage (1958) method
studied by Bhuchongkul (1964). For Models I and II some
analogues of the familiar rank scofe tests are compared with

the parametric tests. A new class denoted by mixed rank score

tests is also studied for Model II problems. These statistics
are based on the rank scores of the Y observations and the

X observations themselves. It is‘pointed out that in general
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mixed rank score tests have better asyﬁptotic efficiency than
rank score tests. This shows that one should refréin from
taking a view completely opposite to the orthodox view and
start ranking observations in all situations.

The results for Model III follow easily from those of

Models I and II and hence are omitted.

2. Asymptotic Nor ~1lity.
MJVWVW\I\NVWVW\/‘- L AAMAANAN

The asymptotic normality for various statistics will be
shown in the separate subsections. The fur 'amental technique

used here is that of contiguity and in order to have a rather

complete picture a theorem of Le Cam (1950) and Hdjek (1962)

will be briefly stated in the following subsection.

2.1 Contiguity

Let {Pn} and {Qn} be two sequences of probability measures
on a sequence cf probability spaces {}fq,QLn}. The probability

measure Qn is said to be contiguous to Pr1 if for any sequence

th e un},

2.1.1 Pn(An) —_— 0 = Qn(An) —> 0.

In applications{Pn} anc {Qn} correspond to the measures
induced by the hypcthesis and a seque~ne of alternatives
ap™ ~2ching v~ hypothesis. With contiguity the problem of
studying asymototic distributions can be restrict-1 to the

hypothesis which in many cases is easier. For example, in



. - n
the model given by equation (1.1), denoting X = Zv=4 xv/n,
{P_}and {Q_} refer to H_: a =o0a_+ Boi, B =0, c =0 _ and
n n o} o}

H 6= a 5 B = BO, 0 = oO; in both cases the underlying

9 ° o

distribution of the random variable Z is assumed to be G.

The class of rank score statistics considered by Hdjek (1962)
is constructed in the following manner. It is assumed that G

is absolutely continuous and possesses the first two derivitives

g and g' respectively which satisfy the condition

o | )
2.1.2 im [2 XX] g(X)dX = K < o
Let
’ n o 2
2 2 g'(x ]
2.1.3 = L - % J_m [§T§Tl g(x)ax ,
and assume that
2.1.4 lim d° = 4d°
n——
Define
-1 .
2.1.5 o (w) = - [e"(67 ()& @N], Oo<u<,
i i-1 i
2.1.6 ¢n(u) = ¢ (H:g) for =— <uc<= .

The rank score statistic obtained from (2.1 6) has the form

R
2.1.7 T’ = o - X) 6 (=)

\Y

(x

(0]
o3
BN

where Ry, is the rank of Y, in (Yﬂs--stn). In practice,

however, the underlying distribution is unknown and a rank



score statistic can be constructed from any distribution
function H satisfying the same conditions imposed on G.
Following (2.1.5) and (2.1.6) let y denote the function

obtained from H and

2.1.8 Tq—ril(x -:’c)w(ﬁﬂ)
T nooo,o, VY n ‘n+l

In the following we summarize the contiguity theorem and the

results regarding limiting behaviour of Tg and Tl .

Let Pn and Qn be the product measures such that

n n
2.1.9 P = I P , Q=1 @

and define

deu
2.1.10 Loy = ar__ onB -
0 elsewhere,

where on the set an fthe measure Qvn is absolutely continuous
with respect to P and B has P measure unity.
vn vn vn

Let

n
2.1.11 Wwo=2 ) (z -1).
n \):1

a) lim max P (|t
n—-—~ 7 <  <n

b) L 1 B) —N (/4,0



then

1) Qn~1s contiguous to Pn

1 , 2
2) If a random variable z  1is such that J:(Zj|Pn)v———>){(a1,b1)

and (wn,Zg) has a limiting bivariate normal distribution with

correlation coefficient oqs then
1 2
b .

Further in the model given by (1.1)

3) 1) X (12 [P ) JN(0,d%)
11) I(T D —> N (o, o®
>Nk-d %)

iv) Ji(T:l Q) — j/’(;;g ped, )
@)

i11) L(T) la,)

/] -

2 2 2 2
where ¢ = lim ci = lim ) (x. - X) J v (u)du,
n—>e n—>% v=1

and

1
j y(u) ¢ (u)du
0

{Oq ‘ (u)du]q/g nglbg(u)du]q/z

4) If a random variable ZO is such that ji | P )——9)Ykao, O)

and <Tn’zn> has a limiting bivariate normal distribution with

correlation coefficient pO then

B
2.1.:13 (20| ") — N (=2 db ,b2).

n
O



This theorem will be used in the following subsections.

2.2 Model T

With the same notation as in section 1, let

2.2.1 Yv = a + Bﬂxﬂv + °°° 4+ kakv +"'sz\’=1:"'sn§
and let
2.2.2 P[Yvisﬂcx,84,°°38k,o]

k
S0y -« -} 8%, )/0),
1=1

where the distribution fu :tion G <~ _2s th=2 conditicns
mentioned in the subszsction 2.1. The hypothesis to be tested

o- O e o o — — —
4Xﬁ 4+ eec - kak’ 81 = = Bk =0, 0 =0

against the alternative H,I :oa = ao, 4 = 61,°°‘,Bk = BE # 0,

- n
0= o . Here X, =:Zv:1 Xiv/n°

is H : o= 0o + B
o} o} o)

The constants X., are assumed to satisfy the following

conditions:

& - \2

2.2, < - 3 =1 ®

3 éfp vgq(YiV xi) <>,

. -\ 2 )
2.2.4 lim max (X'v - X)) =0 ; i=1,° k.
n—o® 1< v <n 1 1

Further, for every set of real co-efficients (21,-=~3£k),

not all zero. %there exists a positive number c@fq,---,ik)

such tha®
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n .
=42

2.2.5 Eq[ —Xi)] >c(/e,],=..’/€k)>o,

for all n. The condition (2.2.5) is the condition of linear

independence. The conditions (2.2.3) and (2.2.4) indicate

that the constants (xiv - ii) tend to zero as n increases.

This is equivalent to keeping the sum of squares

)2 at 0(n), max (x; - Xi)g at o(n) and letting

n —
z\)='] (Xi\) - X
-1/2

the parameters Bi tend to zero at the rate of n

i
which

®

is relevent for st ilying the Pitman efficiency. Let

. n _
2.2.6 - a'_ L. = Eq (x. - Xi)(xjv - Xj),

and assume that

2.2.7 lim a' .. =dal.
n —y o n,1J 1J
Further, writing X, = (Xﬂv’.ﬁo’xkv) and B = (qu'°°,8 ) in

equation (2.2.1), the expression 81x1v+=-~+8 could be

K kv
replaced by‘Qﬁgv, It can be seen that under any orthogonal
linear transformavion of x = the problem of testing g= O

remains invariant. This allows us to assume without loss of

generality

a ! _ . .
2.2.8 diy = O for i #£ j.

On the other hand condition (2.2.5) implies that

2.2.9 aj, » O.

Henceforth



1 1 T g'(x) 2
2.2.10 d;; =K aj, =aj;, J_ml.éfé7~} g(x)dx.

Recalling the definitica of ¢ in (2.1.6) define

"'}_Ei)‘f) (_'\')'?')s i=1:"'3k§

n
2.2.11 T .= ) (x N

where R is the rank of Y in Y ,c+,Y .
Yn v 1 n

The following thecrem gives the joint normality of the

statisties T ..
n.i

Theorem 2.2

With_the above notation and conditions (2.1.2), (2.2.3),

(2.2.4), 2.2.5), (2.2,7) =" (2.2.8) the statistics Tn ; are

° o |
3

s\ = A Y ! % \ e ‘\"‘/ O .
2.2.15 RIS >o(eg/s5) dyy s d4y)

Pronf: Thz2 main idee of fthe troof is to reduce the
pro>2lem tco She ariagin~l nodel wish I'=1, Consider the set of

constarts

2.,2.14 ) e, (- X, )
whaie TooAwmn oninlltre. o 2al mambers.,
FProm (2.7.7, (2.2.4%, 224 (2.2.2) it Tollows that there

2mist fwe ~ocd i n“ﬂ'bﬂ;’ﬂfl:} and I%; such

A L

2.2.75 e (x0T e] Tor all n,
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and

2.2.16 lim max  (x - x)" = 0.

With (2.2.15), (2.2.16) and the conditions on the func-
tion ¢ mentioned, theorem 2.1 applies directly. It follows
that the statistic
2.2.17 L (xy - %) e (/)

T ver v n n+1
is asymptotically normally distributed. However, the express-
ion in (2.2.17) is an arbitrary linear combination of the
statistics Tn 5 and hence tr joint asymbtotic normality of

k]

T, i follows. Further it follows from (2.2.7), (2.2.8) and

3

(2.2.9) that

2.2.18 jL(Tn,il Ho) ————9CNRO,dii) as n —y o,

and that Tn i are asymptotically independent.

k]

When H, is true, write

1
O -0

(2.2.19) Py = yluogmﬁ--,ek,o]
= Gl{y-o -8> l% .BO/BO) x, }/o ]
= HLEYTE TRy i:ﬂ('i 'k iv o)

[¢)

= G[(y—uo—Bk av)/oo],

where
K (e} O

2.2.,20 a, = zﬁ (Bi/Bk) x5

Let
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n

2.2,21 vo= 1 (a - a) ¢ (

n n+1

v =1 v
Applying theorem 2.1 once more it is seen that

k
2.2.,22 L | ——a——ajﬂo (sio/sl‘z)2 a; )

K
2.2.23 L 1H) SN—=E § (s;’/el‘z)2 d,, )

o i="1

Observing that ('I‘n i,Vn) is an asymptotically bivariate

3

normal random variable under HO with covariance <B§/B§) dii s

(4) of theorem 2.1 can be applied and

0, d. .
1
2.2,24 L(T, ;| 5 it i g ).

This completes the proof.

Remark I Let H be a distribution function satisfying the
same regularity conditions as G defined above. Recalling

the definition wn given in the subsection 2.1, consider

! — —
2.2.25 Tp,i = vzq (Xiv ) v <n+4

Theorem (2.1) applies again and it is seen that

t
2.2.26 O HO)-——~—>)W(o,cii>,
where
o2
2.2.27 ciy = dii JO v (u)du ,

and



g.u, 4!
2 . -
2o ' Y 2 A %
2.2.28 LG | B,) SOV o , cii)
where
. ¢
2.2.29 ¢ g, = J ¢ (u)v(u) du .
G

2.% Model II: Mixed rank score test statistics

Keep the same notation for the functions ¢ and ¢>n
and the same reg:' arity conditions on the distribution

function G. In Model IT

2.3.1 Yv = a + BXv +0Z,, v=1,°""",n;3

with

2.3.2 PLY <ylX, =x] =0 ((y-a-8x)/0).

The random variables ng v=1,°°°+,n,are assumed to be ir c-

pendent identically distributed with expected value 2zero and
common distribution function F possessing finite second

moment and Xv and Zv are assumed to be independent. Thus

2,%.3 J xdf(x) = 0, | X 4af(x) = n >0.

- . For testing =0 in (2.3.1) we consider the mixed rank-

score statistic

2.%.4 S =
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n
where X = ) X /n.
\Y
\)=/]

Note the similarity between S and Tg given.by (2.1.7).
Before studying the asymptotic behaviour of Sn it will be
shown that, in fact, the random variables (Xv—i)//ﬁ satisfy
the conditions imposed on the constants X, of subsection 2.1
with probability one as n —— « ., That is,

2.3.5 lim P[O<k, < (X, - )<k, <] =1,

n > v

Si=
o3
BN

and with probability one

max (X, - 2)2-—___90 as n—— >,
172vin

2.3.6

S

Condition (2.3.5) follows immediately from the fact that

SR

n —
2.3.7 21 (x, - %)? —2:540% | as n—3w .
V=

For showing (2.3.6) observe that

~ mav 2 -
=.2 T K\) 2X2

/‘
2.3. 1 i, o 2X°
3.8 = max (X, - X)” < " =

The second term on the right side of (2.3.8) vanishes with
probability -~ in view of Kolmogorov's strong law of large
numbers. Convergence of the first term follows f{rom (2.3-5)
and a result of Dharmadhikari and the author (1964) which

states that with a sequence {Yn} of independent identically

distributed random variables max (Y °°°,Yn)/l converges to

,13
zero if and only if E|Y| < «.
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In order to apply theorem 2.1 to the Model II problem

note that with HO s .0 o= ao, B =0, 0 = Oo and an o = o s

B = B8//nand 0 =0 ,
o o

© Y -a -xB /Vn
[ s o) ar(o)
oo o
2.3.9 fon = Y, - % '
g(—~—2)
o
Hence ?vn for v=1,°°° ., n are independent identically distri-

buted random variables. The condition (a) of the theorem

2.1 will be satisfied if we show that under Ho

2.2.10 e, =11 —— o.

However, due to regular:. =y conditions satisfied by the

function g

‘ Y=o -X8 /[~ v-o :
2.3.11 B[~ _-1]|= h L g( O°o S—B)_g( OOO) | dF(x) dy — 0,

as N —— w,

The main idea of the proof of the cor .:ion(b) is to use
the fact that the summands in Wn (see (2.1.11)) are independ-
ent identically distribut -1 ancd then apply the standard tech-
nigques of the central 1limit theorem. However to *zter~ine the
asymptotic mean and the variance one could follow exactly
the same steps as in the proof of the main theorem of Hdjek

yoee,X

(1962, section 5), the only differsnce being that Xq n

are random variables for the present situation. The equations
derived by Hdjek could be viewed as obtained with X4’°°°:Xn
|

fixed and by taking expected values it can easily be seen that
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B2 T2 B2 2
“p T
2.3."2 ;@ (Wn IHO) *-———)d\i(" 2 > 3 02 ) 3
4o o
e} o)
AN
and under HO
o P :
2.%3.13 Wn - B Wn ~n —> 0,
where
e 1 1
2
2.3.14 T2 =l-[ ngFﬁx} [J ¢2(u) du} =n J ¢2(u) du
) 0 0
and
2.3.1 st L 5y (333)
27 R

distribution functions F and G the mixed rank-score statistic

S, (see 2.3.4) is asymptotically normally distributed: .

2.3.16 L(s_| H) ——Mo0,7%)
B T2
" 2
2.3.17 s, | By ) —— M2— <)
(0]

Proof: First observe that Sn and SA are equivalent in the

sense that

n
v _ = v P
2.3.18 s! -5, =/h % v& b (n+1)/n P o,
since
( n y A
2.3.19 L o, (B)/n——  s(wau = o.
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From (2.%.11) and (2.3.12) it is seen that the probability
measures under an are contiguous and it follows from theorem
2.1 that Sn has asymptotic normal distribution under HO and

H with the specified means and variances.

1n

Remark IT

Using the same notation as in Remark I and defining

n
* 2] . T —vn,y
2.%.20 S, = 7= Z (X D, (50,

o]
<

it follows that

2.3.21 L0 ST ) —— Mo,e%),
2
2,322 i(sslﬂqn)__}e)\{.\' fﬂ%i_’gg)’
where
2.3.23 | 52 = n2 Joq wz(u)du Wag = Joq¢(u)¢(u)du.

2.1 Model TII: Renk-score test_statistics.

The method uvsec in this subsection is completel different

from tﬁe foregoing one and hence a considerable change in the
notation is needed.

Consider a sample of N observations from a bivariate
population denoted by (Xﬁ’Y1>’°"°’(XN’YN)°
;G _, be the marginal and empirical marginal

N° N

distribution functions of X and Y and H and HN those of the

pair (X,Y) respect: >ly. Let Ri and Si be the ranks of Xi and Yi

Let F,CG,T
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o o o 3 ’
among qu ’XN and qu YQ’ ’YN respectively, EN,i and EN,i

be given numbers. Consider the statistics

/I

2.4.1 T.=% ) E E, P

N N 12 N,Ri N’Si
which can be written‘as

= F L G dH_(x
2.4.2 o= | om0 oy [, ey
where JN and LN are defined by
E =3 (), E =L (F

Ny s NNY 7 TN,i NN

Under thn asgi * ’ .ot o rtaly continuous and a number

ol regularity conditions on J_ and LN the asymptotic normal-

N
ity was proved by Bhuchonskul (1964, theorem 1).
The asymntotic me : and rariance of the statistic are expressed

in terms of

3

2.4.4 lim Jq(u) = J(u), lim LN(u) = L(1),
Ne——s : N——
O<u <1,
Ir ~ »plicetions Jn(l/N) is uvsuvally of the following form:
; £(V,)
o - - B L
2,4:.5 dN\ /\T) I f/‘(77 B

where V, < ... <VN is th= order~c sample from a population

/I
with the distiittion fimiction Fq, f1 and f% being the first
two derivatives. Denoting w, = Fq(Vi),

” i
2.L.6 JN( /N) = R ¢ﬂ(mi),

where



f," F,]-/](u]

2.4.7 ¢ 100 = - = s 0O<u <1
£, F1 (uﬂ

It is seen that

2.4.8 lim JN(u) = J(u) =¢,‘(u).,

N—=

This equation above establishes the relationship between the J
function and ¢ function discussed in sections 2.1 and 2.2.
There is also another form of JN function which can be

written in terms of the above notations as
2.4.9 g /)y == v
o | o N N

It can be seen that

-1

4 (u), O<u<1,

2.4.10 JN(u)-————% J(u) = F

and the relation between J and ¢1 can be given implicitly

as

d

-1
2,411 0, (J (%)) = - 35 Llog ~- 57N (x), =< x<o,

provided there are enough regularity conditions to allow all
the operations in (2.4.11).

To apply the theorem of Bhuchongkul (1964) for Model II
we make the following assumptions. Let f and g be the density
functions of F and G respectively and g' be the derivative

of g. Without loss of generality assume that

1 1
2.4.12 J J(u)du = J L(v)dv = O,
n 0
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and
2 .4.1% J x d F(x) = 0, J X 4 F(x) = 1.

Then from theorem 1 of Bhuchongkul (1964) it follows

that with o = ao, and o = Oo in Model II

2.4, 14 (T) s lu,e%)

where

o.4,15 d | v = - g-; :J—:x J[F(x)] dF(x):]
:J_:L[G(y)]g'(y)dy}

2.4.16 Ngg—————9 [JJg(u)du} ULz(u)du} as B — 0.

The expressions (2.4.15) and (2.4.16) are relevant for study-

ing the Pitman efficiency.

3. Asymptotic Efficiency.

3.1 Parametric Tec.s.

Neyman (-1958) developed the theory of "locally asymptotic-
ally most powerful" tests when nuisance parameters are present.
The test is obtained by substituting estima* -~ having certain
proper’* ~ Tor the nuiconcs ~ormaters, In the situation
where the form of the density function is known this test has

maxi~ m efficiency. In the following, Neyman's tests are
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giveh‘for\Model»I and Model II problems.
For Model I, if G is the underlying distribution then
with the same notation as in section 2.1, a best parametric

test is a quadratic form in

'[(g)—g)/ gl
i )

P gy £l 9
Ik TR g, w7

where U and & ~ve the estimates of a and o satisfying certain
gonsistency properties. By the same method used in section
2.1 1t can be shown thdt the components of the vector (3.1.1)

- are asvmo*c*,o“llw egrivalent to the rank score test

statlstlcs T ”i given by (2 2. 11) | |

ﬁ .

For Model IT Neyman s test is based on the statistic

. Y.~ Q
» i
‘s , g ')
5.1 /a i§4 i v.- e
- g( = )

Agaln thls test can be shown to be equlvalent to the
mlxed rank score test based on S glven by (2,5,4), In fact
the locally asymptotically most powerful test serves as a

guide for constructing rank score tests.

3.2 Model I: The Likelihood Ratio versus Rank-Score Tests.

Suppose in Model I the random varlable Z has a normal

dlstrlbutlon Adopting a notatlon 51m11ar to that of Cramer
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(1951) chapter 37 and the notation of the subsection 2.1,

let
o 4R - -
= - - _X
3.2.1 dij n vzq(xlv Xi)(xgv J)’
! 4 th : >V
3.,2.2 di5 = & qu(xw = ??j)(Yv - Y),
| Kk
{ ! * T _ ! ! t
3.2.3 D' =| 1J|’ o =Y, B jiqdojl lJ]/lDl»
and .
e gt ) - n e
_332»4:.‘> 9= H-v21[Y —o =B (x,, -X,) ak(xkv—xki} .
For testing HO :a é.?o’ 81 = ~-T = = O,‘oﬂz oo,‘the

classical test is to rejeét Ho whén the statistic _

5;2,5 F = 3D

is too large.

It is wellknown that Fn has an F distribution with
n-k-1 and k degrees of freedom. Assuming withoﬁtkloss of
generality that dij = 0 for i#j,the statistic Fn in (502,5),

for large n is equivalent to

v n '
3,2.6 P, = 5 L d'y, By

However, Fé has approximately a central'X,2 distribution

with k degrees of freedom under Ho,and for the altefnative
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_ O Ry | BT
Sk = Bk: the statistic Fn has

approximately a noncentral 7C distribution with k degrees

° — - o
H,l Pa= oyl 81 = 81

of freedom and

n
g 2
¢

0,2

3.2.7

=N

i

as the nonCentrality paraméter. For a sequence of alter-

A _ . — F ;____' 4
an a a > By B . // Oo approachlng the

hypothesis, the power of the test approaches a constant which

natives H

depends only upon the noncentrality‘parameter
k. o
2 o 2 2
3.2.8 2 //

The rank score tests for testing H_ against Hy are
based on the results of subsection 2.2. By using (?,2.18)
andr(2,2,24) it is seen that if the underlying distribution
is nprmal?_G is teken as a standard normal dlstrlbutlon and
¢ 1s defined accordingly, the distribution of
%.2.9 T, = quTn 1

is }ég with k degrees of freedom if HO is true and-
noncentral ?(2 with k degrees of freedom and with Ag (see
(3.2.8)) as the noncentrality parameter in case Hypis
true. ' ... .- S o

When the underlying~diStfibutibn'is'nntfnbrmal the
llmltlng dlstrlbutlons of the statistic F under H ~and H

/1
take the same forms as given above. (Thls follows easily from
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the centfalvlimit‘theorem and Cramér (1951), chapter 20).
By using (2.2.28) it is immediately seen that if .G is the

underlying distribition and if the test is based on

. n
3.2.10 T, = Z (T

then under H,_ , the statistic Té has approximately a

1n
noncentral )CQVdistribution with k degrees of freedom and.
2z .
p A2 as the noncentrality parameter where
. ; - _.2'
o et
3,2.14 [0] =

7 1
¢2(u)dﬁ L wg(u)du

JO

ﬁoweVer, this is thé'séme expréssion‘One gets when
studying the rank scc -3 tests in the case of the two sample
problem. If G is not normal then it is seen (see section 6,

Héjék (1967)) that under an the noncentrality parameters

of Fn and Tn are p*zA2 and 02A2, Chernoff and Savage (1958)
proved that p*_§;>and the strict equality holds if and only
if G is normal. The values of 02 in other situations aré

rather wellknown and are not given. (See for example Hodges-

Lehmann (4956,1351));

3.3, Model II: The Likelihood Ratio Test, Rankscore tests ,

“and mixed rankscore tests.

In Model IT if the underlying distributions are normal

then the likelihood ratio test for testing the hypothesis =0 is
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pbased on the statistic
ey e, 3 e
3.3.1 ty = by (N-2) [Eﬂ(xi X) /izﬂ(Yi ) ,

where bN isxthe estimate of the regression coefficient given

by the normal equations. The statistic tN has Student's -

distribution with N-2 degrees of freedom. The distribution

N . :
1ying -d¢istributions are not normal. The test based on t, can

be seen to be asymptotically equivaleht to that based on the

of t is apperimately:n6rmé1-for’large N even if the under-

covariance
(Xi-X)(Yi—Y)

5.3.2 TR S A
= TS

and using the same notation as in section 2.3 it is seen that
3.3.3 I(WNlHqN)-_—amusq)s

with w= 8 /o  and

2
: du ] 1
3,304 f""? = 3
Qbol 8 1 02
0 o]
Now we are ready to”méke comparisons between various
tests. Throughout HO will stand for o=a_, B =Q, =0, H4 for

a=0a , B=B8 >0 and o=0 ., and H for a=a , B;B-//ﬁ>zoiand(msé
o o o) T o 7o o

1n
All the tests considered are one sided with the critical
region chosen with the help of normal tables. Hence while
discpssing asymptotic efficiencies of the tests we will talk

about<the‘testvstatistics rather thaﬁ tests themséiveé. The
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symbol & will stand for the Pitman efficiency of TN‘
relative to. SN (For the deflnltlon and the meaning of the

Pitman efficieney see Noether (1954))

a) Rankscore Versus the l¢kc11hood Path test.

_ Fromwthe,expr6551onsA(2°4.15) (2 4 16), (3.3.3) and
(3.3.4) it follows that

[f'mer(x)]dF(x)}g [me[G(y)]g'<y)dy}

- 00

2

535 @ e
3.3.5 "'“TN’WN Uo'l ; (u)duJ' . U | Lg(v)_dV]

where TN and WN are defined in (2.4.2) and (3.3.2) respect-

ively.
The second factor on the rigﬂanppears in studying the
‘rankScore tests for ‘the two sample problem.

Let L = ®_1, where Q'iSqthe dis@ributibn function of a
standard normal random variable. Then Chérnoff and Savage
(1958) have proved that this factor is alWéys larger théh
or equal to unity, the quality holding if and only if G is

normal.

b) Mixed Rankscore versus the likelihood ratio test.

First consider the mixed normal score test. In this case
the corresponding ¢ function ;s the inverse.function of the

normal, disgribution function. and .
A Lo

3.%.6 J ¢ (u)du = 1.

- , _ Q e

Assﬁﬁings(2-3§3)lif'is seeh.frém:(E}B,%7).and (3;jfﬁ)..
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that the statistics W and SN given by (3.3.2) and (2.3.4)

respectively have the same asymptotig pormal»distribupion

under H, and hence the mixed rank‘éééfé teét iébéfficient,
If the underIYing distributiénbis not normal and, is G

say, then from the equations (2.3%.22) and assuming that n2=4

N o)
3'3"7? £<SN I an) ——'}Mg; U/lz"g )‘v
where
(1 DU © 4 '
538 wgp= [T wa = [ T RGD e (oar,
g.f G-q u e

3.3.9 p(u) = - - , O<u <1

glg (u)!
and

| 2 Troa, e

3.3.10 £ =[ [@ (u)] du = 1.

o]

Hence from Chernoff-Savage (1958) it follows that,

-
s

3.%.11 - W =l] (;~1[G(X)] g'(x)d%]g > 1.

In general the asymptotic efficiency of a mixed rankscore

test based on S

N relative to the likelihood ratio test can be

written as

) )
U wlay)] e'(y)a ]

a _ 4
5502 By e o s
J ¢ (u)du

where G is the underlying distribution and ¢ based on the
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distribution function F is used.

c) Mixed rankscore versus rankscore.

Rewrite the exbféésion (5°3.5) ih>terms,of ) and»wg

functions; o
™ 2 o 2
U xw@bﬂ]dﬂxﬂ_‘u ¢BKyHgWym4
3:2:13 Bp y = w1 — T ~
NN f ¢ (u)du J ¢ (v)dv
0 0

Comparing this with (3.3.12) it follows that

- 2
“ sy [F ()] dF(;cﬂ
3.3.74% € 5 = R —
N f 4% (u)au
0

It will now be shown that
3.3.15 Sr,s <
w2 Ty By

Note that when

: N o
5.2.16 ¢ (u) = E—LQ:WLE%% ;
’ ELG (u)

it is seen that SN is equivalent to a locally asymptotic-
ally &dst powerful test and hence
M e |2

xy[F(x)] dF(x).
.3.1 — = T ez <1
3.2.17 g;TN’SN (I : - < 1,
J v (u)du
0
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However, eT 3

being independent of ¢ and G, (3.3.16) holds

in general.

3.4 Table showing the asymptotic efficiencies of the analogues

of some wellknown tests for Model IT.

F : the distribution function of X.
G : the distribution function of Y.
R the rank of X among X, s°c°°,X .
v v 1 n
S the rank of Y among Y,,°°*,Y .
v v 1 n
Lo} : the standard normal distribution function.
E ¢ the normal score for the rank i.

N,1i
(The efficiencies should be read as column-relative-to-

TOW) .
Test Statistic (1) (2) ‘ (3) (L)
1)1 (X, -X) (Y -¥)
2) YR S 12 i P-G=o
V V. 9
iT' = 9
3) ZX\)S\) 3 if G =9 é
Y E 1 if F=G=0¢ | I— if F=G=0| = if F=G=0¢
) 2 N,R\)EN,S\) 1 I 9 1
5) ZXVEN s < <1 if G=9% | same as Wilcoxon |<1
2y vs. Normal score
in the two sample
problem.
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