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Preface. 

In differential geometry many mathema~ical 
tools are used that are made or should have been 
made in the workshop of the analyst. But from the 
point of view of the analyst these tools are so 
simple and uninteresting that he prefers not to 
spend much time on them and to spare his ti1n.e and 
energy :for n1ore difficult .:_)ro bler.a.s~ The result is 
that in textbooks of analysis e.g~ the theory of 
regular systems of equations is dealt with in a 
rather su:per:ficial vvay and that we look in vain 
for a general theory of supernumerary coordina
tes, so freq·uently used in all branc}1es of mathe
matics. So differential geometers had to do what 
properly was not their job, and this is exactly 
what they 11.ave done or at least have tried to do. 

These lectures given in 1947 at the Mathe-
1natical Centre of An1sterc1am fo1"1-:r1 an introduction 
to my courses on tensor calculus, theory of 
P:faff's problem and its generalizations and other 
objects of differential geometry given or to be 

• given. 
N.01iv r.a.any of the points consid.ered in this 

preliminary course are dealt with more elaborate
ly in 1:Pfaff 1 s problem. and its generalizations'' by 
}l.[r. ViT.v4d.Kulk and me, Clarendon Press, Oxford 
1949 (hereafter referred to as P.P.) and some 
also in ray ••Tensor calculus for :physicists 1' that 
will be published by the Clarendon Press in 1951. 
Nevertheless the Clarendon Press has kindly agreed 
with the appearance of these lectures in the 
scri:pta of the Jt1Iathe111atical Centre of Amsterdam, 
and I vvish to express here my rnost hearty t}1anlrs 
for this to the English editor. 

]/Iy personal view is that m9st students, after 
having studied this scriptum will be eager to 
study in the n1ore elaborate boolts the nuror➔rous 
applications of the theories developed in this 
short :publicati.on. Tu1any references will be found 
in the text and at the end there is a list of the 
literature referred to. 

Epe, October 1950 .. J.A.Schouten. . . 
• 
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§ 1. The aritbraetic -n. -dimensional manifold 

Every ordered set of.n,.. real or complex values 
K .. 

ofn. variables g; K ... 1> .•. , n is called an ~ar•ith-
• • • 

!D,~_i?_~-~ .. .P.9.?-_11t and the totality ·of all· tl1.ese points· an 
arithmetic lI§_!}_i_f_cz_;!-_4,_ oI._ Oln, • The g are 'called .,the 

:omponents of the point and the point is shortly 

:alle d ~~Q.i_~~ g 1:. ' 

A ]2_(?_lycyl_i_3:19-_~_:i::_ ,,.~P.: Cln, is the to·cali ty of all 

points satisfying inequalities·· of the farm 

1. 1 ) 
. . . 

K: 
where th0 ~ are arbitrarily given. real or complex 

K 
nm11bers and tl1.e 13 arbitrarily given positive num-

bers. . . ' . . . 

A set of ari thi.a.e•tic :poin·t;s of Oln., is aalle.d 

a _;t:',e_ff~_9_r:1-_. 0~ an if~. 

1 a the set is open i. Co every point o.f the 

set belongs to at least._one polycylind~r consis-

ting only .of :9oints of. the region; . . 

· 2. for every choice of tvvo pointS. of ·the 

region.there exists at least one finite chain of 

polycylinders, each consisting only of points of 
-------------

. .. 

1) For § 1 and § 2 cf. Veblen and '~'hi tehead 1932·.1; 
Behnke and Thullen 1934.2; Schouten and v.d. 
Kulk. 1949.1 (hereafter refer1 .... ed to as P.P.) 

• • 

Ch II§ 1,2. 
2) In th.is :publication t!1.e five indicesK,>-.,p,)), 

w alv11ays take the values 1~ • • • ., .-n., • 

. . 

-··· . - . 

. . 
• 

•• 
. 

. . . . . 
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tl1Q region, s1..1ch that the first point lies in tJ.?.e 

first and the second in the last polycylinder and 

consecutive polycylinders have at least one point .• 
• 1.n common .. 

Obviously every polycylinder is a region and 

the whole Oln is a region. :But not every region i~ 

a polycylinder. Every region is called a p~~g:q_~ 
bourhood of every one of its points. For 'ineigh-

K -· ~ 

bourhood 11 of ~ 11 vve write shortly ol('). 

-~ S· J~~- ge,q~-~-~ic -n. -dim0n~_i9E,~.3:-... 1n.~n_i_~_o_;tds 
En.. 

X anq_ n ~-----... 
. . 

consider a setM of elamcnts of some kind 

v'1hich are in one-to-one corres:i;ondence to the poin.

of a region ~ of an... 1i{i th res:9ect to tl'lG elejllE.:nt 

- ofM we only presume·· that they are no 1;oints of 

Ol-ri· They n1ay G. g. be homogeneous linear f or·.n1s 

in. n variables or polyno1nials ()f degree n,_ -r. in 

ohe variable or ·0oints of an al'i truuetic manifold 
..L . 

di£ferent from Ot.n• The one-to-one correspondence 
• 

betv1ee:ra M and q;<. is c~lled a .9.2o.r,.qi_:qa_~-~- .... l?Y.1§1.t_e!i;~ 
ove.r,: M • If the point ~ corr·es11onds to qJ1 eler11ent. 

. K C 
o:f /vJ we call the Ethe coordin0_~ .. e.~. _.9l_i_,_J}_is --~+-~m,_9_n_"\i_ 
.YY.?-..:~h. ... :P .. ~SJ?;~_c_:!i_:t_9. .... !::11~ _ co_9F,_d~_l?:,a_t_e __ sxs_tem (k)-- and vve · 

. K. 

write f IC instead of g if. thoy· arEJ considered as 

coordina·t;es of an element and not as. 9omponents 
. 

of an ari ·t;mn.etic point. 

Now v-,e r11alce use· of the following theorem, 
prove~ in every reliable textbook on analysis: 



... _. ' ,. .. 

~
1heorem I (Theorem of inversion) ---~---- -------~-~-·-.. --~--·-· -

]_f ___ i_n .. !i.h~. -~ys_t_§D. ___ o_f __ e<1u..a.1i.~_on~, 

2 .. 1) I ' I ; K:::"1,···,n 

.IC' 

th f t . ./ 1). ; c· . . .. e unc 10~..§_ V are analytic in_~ hence in an 
K . · 0 · 

'Jt (.[) / ) _a_n_d_.1_· f __ t_h_e_f_tp..c~j_oE,al :·clE:_terminant 

of these functions -- ----- -----
• 

. I I . F . 

K:1>···,n 

is Io --- . 
K 

1-...1! [ .. ( hence 
X 

7C({) ·' 
. 0 . . . 

IO in an ----·~ . ' . 
) t the··· · 

! t Qan 
0 

be solved from and in this solutiom (2.1) 
• . .. ,., ,,., 1 .... , • ., 

--· •,.' - . 

' . . . . -- ' 

2.3) 
K K- ~, 

E = f(f) • 
J 

.. 
K 

_'!i_~].-~- functions J ?.,2,~e 

being _q_e_~~i_n,_e_q ... l?Y: 

/( I K, 

n(f.), g 

2.4) 
. ' .. 

·' . 
. . - . .. 

' . 
k.' K.' K 

··g=f([) 
0 . CJ 

. 

a}'l a.+..Y.t. i-~- -~P-__ a_1! 
. 0 Q 

·, 
. . 

..J<:. k_ I 

. 
. . 

The functional determ~_§-_n_~_o __ f_t_}_ie_·/ ·.~D: f 1.~ 
equal to .A - 1

• 
••:nrn ,I ,. h-•• . 

~~~------------- . K 

1) :A' funct:lon, definedkin an n(t) is said/~ 
.. t_o be analytic in f :i.¼., there 0exists an 7t(f) 

·vvhe~e j t can be expandecfl i.nto a po\;1er skeries 
in l- g , convergent in -this latter n(g) . 

0 0 

: . ' 
' .. 

'· .. 

.. 
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exists in 
K' 

ll. ({) a 
0 

vVhich the 

As a consequence of this tlieorer,1 there 
~ K 

o(. (l) · a neighbourhood a::z of g and in· 
. Q , J;;.' 0 

neighbourhood ?JZ of f f 01" tl1.e points of. 
. . 0 . 

equations (2.1) and also (2.3) establish 

a one-to~one correspondence. 
4• *, 

Novv let us presurn.e that o?, is contained 
. 

in J?, .. Tl1.en there exists in fv! a subset R of ari th-
o 

metic points whose elements are in one-to-one cor-

res1)ond0nce to the points of [R, and there:fore also 

in one-to-one coi~res:r:,ondence to the points of ;R. 1
• 

This latter corres1)ondence is, according to our 

definition, another coordinate system over R . 

• 

This coordinate sy~-;tem v'/e denote by (K.') an·d vve .. 

write g IC. I for the f if they are considered.as .coor

dinates of the elements of M . (fig. 1.) 

. .. 
M 

~ R Q 

K 

Tig.1 " E • g'<:, g k:' 0 

.f' 0 0 

0 

The eq_v.ations (2.1,_3) represe~t-a E.~_i.P.;;. 
.:t£,aJ?.sfor·,oation in Oln. and its inverse. I:f the f, { 

IC ..t ,. 
are replaced by f ~ € we get the eq_uations 

. 

• 
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• 

' 

. . 

representing a coordinctj;e transfor1,1ation · in R in 
• ., .. , •• ,_-,a __ •- C--•--------a., ....... , N 11< ----

• 

M. A transfo1~n1atio11 of elen1ents in1v/11.as the -
form 

. . • 

2.6) • 

. . . or, 
v·vi th. respect to anotl1.e1 .... coorc1inate syBte111 · (x:. 1

-) 

7.K 1

::: 71e'<e") ';\.,/ , -✓ 
· - - 1 • • • n ) r,_, - •' -' • 

Collecting results we have: 
•• 

A c oord~na te -~s_t_e.i,.1 over 2. se_-t __ 9f el~ri1~_n_ts 
R is a one-to-one corresnondence. between the 

.,,,_?.. - --- .. -- _ .... __ ..... -- ---- -· ·- -------

~e1neI?:_ts .of 'R a11.d tl1.~ _ _ES>ints . of a regi_o_n __ 9_:f. OZ-n, ~ 

o.:nd a transformation of coordinates in R mer.1.ns ·- ·-·- - - ___ .,.,,,. ___ ..__.,....._ ...... ti-·· -----·-
£?::.~~i:r1-,g to a.nothe_:i;. o~-to-::--01J_e e:orres_:)OpJ;;__eE_ce _p-2_
tween these elements and the ~oints of another 

~ A • ___ ._,_ • ,.... -- - ,_, ,., =;)· . ......-....-.---- ...;,-_________________ __... _______ ·-
. e gi on of Oln • 
-----... ----------. . . 
I) Cf. Veblen and ~:fhi-'cel1.ead 1932.1, p.32. V!e 

consider here only ordinary coordina·tes. 

For a-...J_per111,lrn.'erary coordinates see § 9. 

. . 

,, . . . . 

. 
• 
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At the beginning we have to agree upon 

the coordinate transformations to be allowed. Often 

it is req_uired that this set of transformations 

forms a group, i.e. • ,, 

• 

1 .. the result of two transformations of the 

set, ar,plied after each other, is in the 

' ' 

set; 

2 .. if a transformation is in the set its 

inverse 

3. the set 

mation. 

exists and is in the set; 

contains the identical transfer-
- ' 

1 .. tl1.e group of all pGrmutations · of coordi

nates; · · · 

2. tl1e affine group <i,a. of all invertible 

linear transformations; 

3. thG special affine group 9- to of all inver

tible linear homogeneous transformations; 

4. the orth,~gonal group s; oc: of all ortho.go

nal transformations (One ·of the properties 

of this group is~~ = + 1 but this· is not:.:··. -
a suff'icient con di ti6n for orthogo:nali ty). 

5. the group $-zo o:f all rotatior1s ( ¥o1:- with 
D.=+1). . ' 

' .. 
But the group property is not always required. E.g~ 
the set J of ·all invertible transformations ana

lytic in i:;i,01ne region is not a group.. If a transf or-

.. mation T., transfo1"m.S a region ~.,...into 32' and son1e 

other transformation 7:z a region !Ru into?€ , the 
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' 

transfoi~n1ati·on ½ r1 ·· c2.n be forraed if and only 

'a?.' ahd iR. ,; have a poin·t; ( 1-ience a region) in 
. . ' .• 
'• 

comri1on. Such a set is called a .P.1?.~1:?7.~o-~~OJ,1:,'P•_ 

• 

Tl1.e result of ·t;vvo tr2.nsforn1ations of a -osoudo

group, if' existing, belongs to tl1e · :_::J.seu~o-group 1 ) .. 
. , 

The set 7< equi__;_;,:;Jed v'1i·tr1 2~n. original coordi-
. 

nate systera and \'.Ji tl1. all allovvable coora.inate -------•---·-•p- .. - ·-· ·-· _..._. 
~st eras i_. e. all coorclina·te systeras ths. t can be ... 

' . 

dor i ve d :fro1;1 the original 011e by 111ea.ns of al-

1 ovva blo coordinate transfor:i,lations is called an 
' 

?!: .. : di1r1ens ~9..11_?,_l_ -~e_911J.etri_g___1i1anif_q_l~9:_,!... The elc;::,_1011 ts 

are called ;:;~om.et1"?.:._(?_ }JOB};.t.~ 01" shortly J?..Oin-'cs._ 
- . \ . -· 

Th~ choice of'R ane of the allov?able caordic ' ., -

nate systerns is ontirely free. These choices fix 

the geor11etric :properties cf the~ georr18tl"iC jilar1i-

fold. 

If vve choose ~ arbi ti"e.rily, and/! , 1.1e get 

tl1.e Xn :: tl1.e space of ord.inary generalized dif

ferential geometry. 
' 

,?c= Ol, 
o n a11d ~ct vve get the Cn, 

' ' 

If vve choose 
' 

the space oi' ordinar;;,r n -dii11ensional affine geo-

metry~ 
. 

• • J 

If we choose ~ = O[_~ and r;.~
0 

vve get the cen-

tred£ the snace of ordinar~t tt -dimensional af-n' . .t' ,J 

fine geometry· •iJi th fixed origin. 

----------------
1) Cf. Veblen and •,~.ihite1'1ead 1932.1, :p.38. 

. ' 
' 
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If we choose ~ = ot--n. and ~ot:- we get tl'le ~n , 

- ~ s:i:ace of ordinary -n -dililensional metric geo1netry ~-

R3 = ordinary space .. .. 

In an Xn the notion of polycylinder can not 

~e used because there is not a preferred coordina-
• 

te system. Instead of polycylinders we use cells, 
. 

a cell being defined as a set of points satisfying 

the inequalities 

2,. 7) 

in some allowable coordinate system. A point set· 

R in Xn is call~d a _r_eJl~.o~ if there exists an . 
allowable coordinate system (K) determining a one-

. 

to-one correspondence between the points oIR. and 
. -

the ari tbmetic points of a region 3?., of ot n. 82, • 
lS 

called ·tl'le fu11.ci8.lt1e11.t~l :r:_i?,.,'5~_ol}. of)? vvi tl'l respGC:t to 

(~) 1 ). EvidGntly every cell is a region. But not 
. 

every region needs to be a cell .. Also the Xn itself 

is a region and every region i11. X-n is itself an Xn .. 
• 

Every X n that is a region of anqther Xn is. said to 
- . 

be imbedded in the latter. Evory region of an Xn is 
' . ~ . . 

called a E_,eighbol!E.b-.Pod of every one of its po.ints .. 

For •1neighbourhood of !K 11 v-1e vv_r_i te shortl;sr at(f~). 
. p is said to 'be analyt_~c 1.n eK.if for any 

.. . Q 

choice of tl'le coordinc:1.te system (1e) in "R , p is a 
--------....---------- .. . . •·• - . 

1) A region in an. X n can also be defined in the 

same way a·s a r"egion in· Ot.n by using cells· instea 

of polycylinders. 
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function of the f 1e 

2.8) 

and if/ is analytic in [". If -t11.is condition is 
0 

satisfied an.a. if (K') is another allovvs..ble coor-
.. -.. . . 

dinato system and 
, 

I I ,-
• K.::-1.••·,?2. 
~ ., . 

, 

. . 
it is vvell-lrnown fro1:o. the theory of f1,,1r1ctions of 

. 

several variables that 
• 

2. 10) 

k' 
is analytic in E. Hence analyticity:is invariant 

0 
for all allovvs.ble coordinat2 -t;ransfo1"!,1ations. If 

p is analytic in 

p is analytic in 

~K.·1 .: t ~ -c; 'lcr·e G:}ClS. s 
• . 1) 
every :point ... 

an tit(€ ;where 
(). 

. 

i ...... 3_·. __ T_hx. ~ n~}_;L ~OTii"l: of_ tho ~uat10E._?_.,_C?.f .§-A xm.=1-P. 
n . 

. ---------.--· .... ...;....,;,......., ___ __ 
• 

1) 'I/Ve alvvays consider analytic functions. But many 
of tl1.e tb,.eorer,1s dealt vvi th hore ca11. also be 
for1nulatod and ·oroved if only the existence 

~ ... 

and the continuity of the derivatives up to a 
certa~n order is ~resupposed& 

2) Cf. K~hlGr 1934.1; P.P. Ch~ II§ 3. 
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':Ve consider N functions 'i;,-°'(f) ; Ol::::,.,,. ,· • •, ~ ~ 

analytic in Ek • The n1atrix of the n.N derivatives 
~« ~ -~---

of tl10 if with respect to the [ · · 

i 
3. 1) 

n 
! 

•(.•N· ► 

<:;--'oz. o.,.,;;. 

. 
• 

; Ot,,::='\,····,~ 

is called :the !._un_cti_~n.?:_~--..:inatrix ~£.f ___ t_l!.~ _sy:,s_~_~m gz--at. 
and its ranlt- -~ ., 1 in r,c the }',a_l?,k_ _o_f ... :th:e ___ sys_t_~!-1! in 

that point .. Evidently "t.fn and "r,~N .. Hence ~ 

is the maximum nllitlber of linearly inde:;_Jcndent 
differe11tials among the d~-oi in EK .. · .· 

0 
If vve form the rnatrix of the n'N derivativos 

of tho ~oz: with respect to n..'<n of the variables 

~ k the ranlc "'C_' of this ril.a trix in -g K is called the 
. - .,,_ 0 . 

. ,-- . .. .. 

rank of . ..!0_~~s_~s-~.E:,r.11 ef vvi tl1. respect "l:i_o these _Y,c.:,_-_ 
. .. . 

.;:t~ b:J:.e.~_ ~i-~- that _point'.. Evi dent~:5r "t- ';£ n,. 
. . ., . •. , . . . 

t 5 "l:-- .. - . 
• • • 

. .. ~ '< N • 'c.,._ ' -

Tl1.e :functions ffe"'Ol. arc said to be (%EP~.t_i_o~_3:.l_lJl) 

1_~q_eps:_~d,9,.~~t. in (!'(.(f J i:f in fl't.('!; none of ~hem can 
be cxpres·sed as a function of the others and '(fu.nct-. ,. . . -=- - ... ·- ·-. . 

-~_o_r:t_~l.ly-:l, ~~J!E:Ilt.!:_?_~~- in the other case .. 
. . ,. . . . .. . . 

. The, proof of the :follovving tl'lGoreru v·1ill . be .found 
. 

in every reliable textbook. on ane.l;y .. sis .. 

----- ---------
1) A matrix has rank ""l. if it contain~ at least one 

non-vanishing subdetermJ.nant 
with 't + 1 rows. 

v-1i•th "'t:. rows but none 
• 
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Theoren1 I!, ( Theoi em_o£_1:,_n_Cf_(?J2_e_:e-d~1!9 .. Y.),,~. • . 

tic 
• ◄' -

N functions ~or:({; ; O'l = '\ :- ... , ~ ) -~n_a_l;x:

in ?Z(f ') are inde_E,CD:~e:rat ,_ill; n([J -~-f _ a~ct _o_p;x: 
the rank "'t. _£f tho ,_s_ystem gt:ut is_ ,_,eg_u_'.';1:.1 __ :_t_o_ N 

• 

i:f 

in at least one noint o:f __ :.....;;......;;;;..::...:;;.;;;.,..:,._~:...:;.._ . ...,.;.~---- ?t([J. 
0 

• 
• -. 
\ . 

,, 

According to this thoore1n the func·tions :?!--,oz. 
are always de::_Jondent if N> -n ~ If -tl"le .ffe:'ozare · .. 

indeyendent and if 7.-=N thG following theorem 
holds: 

• . 
• 
' 

Theorem III ( Theoreru. of/ adaption),. 
- ·--------. .... .. = ,_,,_ 

I:f N :s: 72. -

3.2) 
- . 

• 

Proof,. 
II tff - ◄ 

functions 

• ., 

• 

• 

· such that ., 

• V{G talce n,_ N functions 

3.3) 
• 

analytic_ in 7t..({J , s1...1ch ·l:;l1at the ranlc of t1'1e 

t ffe.. ,1, 1 0 - . h . t f sys em _; na=-·\~··. ,I'('., is-n. in eac poin o · 

?t([K) . Then the transform~tion 
C 
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3.,4) 
• 

. . . 
1, a.n allovvable ·e:oordinate transformation and· c-crns 
q'\Cntly the i< form an allowable coordinate system 
iA na ) . . . . . 

.3.5) 

.N'ow we cons-id~r a syste111 o:f N .equations 

. _at=",··.,~ 
' 

• 

with functions &i:··~ analytic in ?'C.('$ J . 
0 

Ev~ry point of' n((1satisfyi11.g (3.,5) is calle 
. .. . 0 

§,,,, 7:!:~lJ.,;eo_t.1?:.~-.. -of ( 3,, 5 ~ and the set M of all null point 
.. the. null ?1a.n;i_f_9~d of ( 3 .. 5) ... 

· ·· .. The system (3. 5) is called the null form ·o:f M .. 
:_The ~ank of the ·syster~1 ffe....,ot in a nuli _point of (3.5 

•·, - . . - . . . . . . 

is da.lled·the rank ~f (3;5) in that point; the 
u-oz . I f -pK ranl-c of the system~ . with respe·ct _ to n o the e 

in a null point of (.3~5)· is oalled the rank of (3_.5} 

vvi th respect to these variabloo in that point. ---·-. --------
Two systems of equations, having the ·same null 

J~ints in nf{) are said to be _e9.1.:1;_i valont in tl1.a'b 

,1_p;i_o11;,._ It has to be .J'.'.e.marlted Ji.h;,~"!i., .• t~.o __ e,9.11-i_V:8:,l,e_i:i.t_ 

.f?l~t~.r~E! _l}.e;ed not have ..• '!'.J:1.e .~azur~--r-~.n.k .. ~A--?-.~_l ___ !),_½fl:, 
~-~tt~s,._ (E .. g .. X.::O, ';f=O and x~o, y=o in the point 

~-o, s-,-~o) • 
• 
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f K a null :point of ( J. 5). If' -z is the rank 

') and if 'l: ~ N in {k ( and consequently also 

r;LEJ ) ··, · (3. 5) is said to be 1ninimal re---
1/ o k . 
::,1' g . The nui11ber ?Z--N is called ·t;he di-

of 'the null manifold in -g1c: . Evide1:1tly 
/ t= t1C 1 >= I J 1 ·•• I .~ •• • , . ~ - • .,,,... 0 • • _, _ .. 

; N !'E n. ;. If a syste111 is minir£1al regular - ~ . . . 

-1 1 point . et<:, there exists an 11t.({) where 
/ 0 0 • 
--i:;om is minimal regular in all points. From 

. . ' . . . . 

yni tion it follo.'!c irtw1cdiat2ly !_hat if a 

~!£1.i_I?-_i~?,~- regular in r1,: every . ~e .. ?:f--~~:{?-~ . 

e_IllE,l.,. ·f_s ·~1_sci _ _!i1:,?-_1!;,;tfD:.8:.~-- re_gµ_:;t.ar in '"{". Tl-1e 
_,./ '' ' . '", ' 0 .· . 

. · trm·inirnal regu.lar ,: ·and 1' dimension .... are in-

f or all allo,-vabl0 coordinate transforma-

:_1st0m (3,,'5)'v~ith the null point g" being 
.,.__ . . . ' 0 

J'lere are four :possible cases~· 
' . 

-there do es no·t; exist 2.n equi valGnt system 
·- - . . .. 

j.Il an n(r, ' minimal regulai~ in gk . 
. 0 · . 0 

:n the system is called j._F,_re@:1_18::,:i;: in Ek • 
l manifold has no dimension in [k; 

0 

0 

there exists an o~uivalent system, mini-

;ular of dim0nsi 011. m in ~ 1< but a1i1ong the N 

ntials d. &t. ·ain g K ther~ exist no n- ni.. 
0 • 

·a linearly indupGndent. Then·the·system 

. cd semi-regular· of dimension in.- in§ K; 
. 0 

. as under 2 but' among the N differentials 

there exist n--n1.. < N linearly inde:r;iendcnt 
1hen_· tho system is called ( ~:Y;_Pe,E.!\_U!40.r~1::;x'.~ 

• 



• 

• 
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F,egu.J.a~ of • dimension m. 

4. as under 3 but 

in {K 1); 
0 

n_-rn.::: N. Then according 

to our definition the system is minimal Fegul~~ in 
gK • . . •. 
0 

The notions irregular, semiregular, regular . 

·and minimal regular. are invariant f'or all aliovvable 
. 

coordinate trans:forma tions. · 

3.6) 

Here :f ollovv s01no examples in R3 i 
1. X'J:: C, : .irregular in x;o, ~=O • . 

2. x 2 :::: o : semiregular in X:;O, 1/=o;m:-1. 

3. x 2 = a ; x::: o ; Y= o. : 
4 .. X:::.0 i·.$1=0 : 

regular 

minim.al 

in .x ~ o, f:I= o ; 7n .::,: -t . 

regular in X= o , !:f== O; 
m='f· 

A subsystem o:f a system regular of dimension 

m in EK need not be regular in eK• If a system. is 
o K o /i K) .. 

regular in '§,. there exists alvvays an 3"t.<f J where 
. O · ~ .. 0 

the systen1 is rogular of dimension -m.... in every point,.. 

If a system. has in 'fl't(f "J an equivalent sub
system, minirn.al regula:i."' in eK, it is evident that 

it is regular in '{! K. Conve;selyt gi, __ sys:t.e.n::. _regu.la;i;:_ 
• 0 . . 

in ~ K ?!:,lvv_ay:'.?, _vqn1J_ains an ~9,1?,-,;i-y:~~e_D;t_ .~,½_q_~_y:s'!i_eip. 2 m_in,_~-

ma+ _}'~_@J.?-! i~ f k. The proof V'lill be postponed till 
0 

we can m.ako use of the first basistheorem (theorem 

IV). . -------------------
l) Vle adopt here the d0f.ini tion of Kahler ( 1934. 1 1 

·P• 12). Other authors, e.g. v.Weber 1900.1t S 48 
call regular what we call minimal regula~. Our 
exposition dif:fers from. that given by Kahler py 
the introduction of th0 notions ''sem.i;regu.lar'' 
a:nd ''minimal regular·• and by its f ormt which is· 
a li"'ttle more adapted to geometrical. applications, 
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Accordingly a supernumErary regular system di~-

fers from a minimal syster.a only by containing some 

superfluous equations. But it is net always conve
nient to drop these equations 1 bec:?..use it :n1ay hap-
pen that tho remaining system hns not an invariant 

form. . 

A null form of a m?-nifold, minimal regular 
• . 

of dir.acnsion m. in the null point {J-K being given,. 
. ' . . 0 

according to the theore111 of ada11tion II it is 

alvvays 

suc1'1 a 

3. 7.) 
. . . 

possible to choose the coordinates Ek 
~ ~ ' () 

way that tJ~1e syster:1 talte,s the forn1 

; '-f= m+-,, 

• in 

The E °' _; ex==-,,••·; 7n.. cen l)c 1.,1sod as coordinates 
in th0 null m2.nifold. Iifow th0 ~Js0udo-group fi con-

' sist~ of :~.11. invertible analytic transformations 

of tl1.e ~ K and this pseudc,-group contains the 

sub-pseudo-group fi' of all analytic transforma

tions (if tho g0t. ; ex.:!: -, , • • • , ?11. leaving. the '§ "51 -; · 

~;;;m-,.1,·•·,ninvaria1-it--r Consequently -;ft induces into: 

the null manifold the psuodo-groupfi/ and this 

mea11s that this manifold is an X77i. .. The Xm is 
• 

said to be imbedded_in the Xn. Hence p._~yst~m 

:,r.:,cgu~~,;r:, or_ r9-J.p.i~1?:_~~-r-~@]-_a_r_ .. i~ '€~ )}'.'_ep_r_~~_e_n:ts an 
X '1??.. in11:~ d_~ G_d, in X n i:.1'1: qn n(f 1 1 ~ .· . . . 

1j-AccoraI.iig~to our definition 2.n Xm. in X -n is al
ways ~roe of singularities~ Hence an x~ in or-
fl~atlifi~ic§r0~Ilrv~Xerb-Rt tt 8iiia~~ wiiHrfiB~-
su.ch·a surface free from singularities. 



.. 

- .• 
. ' 

' 

If a11 Xm 1~1 1' -~ 

. the n _ ni equa ti one 
. 

. ' 
' 

. . . ' ' . 

througi:i f < · is ropres0nteci 
·o 

• 

.. 3. 8) C :x 0E ><:J · ···· -, ... · : . - . . -.. -· ~o . . - ' 
~ . . . . . 

the q1...1anti ty 

J.·9) 

' 

V 

has· the rank -n...,.m iil an l't.(fJ . If another ·co-
. . . 0 

ordinate systcr.a. (J<: ') is intro d1.,lced, ( 3. 8) passes into 

. . 

3. 10) 1 ) 

., 
• 

If then 

3. 11) • /0_ :, Q[e/ . ":\~, r-> X./'~ k) : , , , ..,,. 1:... ,,,_ ".,, l- ( c ., K ::: 1 , · · · , n ; . ..... = "('{\, _,,. '\ , · · · , "'-

we have 
u .•. 

• ---------------. 

•• 

• .. 
1) · '7Te ren1arlc that t:.Je dcfini tion ( 3. 10) is not ac

cordi11.0 to tl10 clis·toiil in tho tl1cc)ry of functions 
because tl1.8 (;.x .in (3.8) and tl1.c c:ic ir1 (3·.10) · 
stand for differGr1t functions. This. d.iscre1)ancy 
<2an be avoided by not using the (! :x; as functior1 
s;yn1bols and intrcd1...lcing extra· func·tion sy-inbols, 

• 

e.g. ex"" lf:x:(ll<:). = 'P.x.(~1<:) • _In fact ·tl1is :111ust 
alvvays be a.one in 111ore cor11:f)lic&tod cas.e..s ... wl'..l.er.e- . 

. a.J.nbigui ty could arise. Bu:t iI1 :-011.0 sirapl_e·_case · 

. here -v;e :prefer the. s11.orter not·s.-tion (3.10) • 
' . ' 

' . . 



- .:, 7 

,12) 1) 

?i.'- 1' • • • n' · .,,._ ......... ~" · · · ""' i\ - ) ) , ..,.__ ''"'--.-·'~ ,·,v . 

1.e_ n1atrix of RA' 11.aving the ranlr n , it follov1s 

1.nt C':{, has tl1.e rank n_,in., and the.t conseq_uor1:~~. 

{ · ( 3. 10) is a null forn1 of the X-rn, _miniraal ro-
K' . 

.:i.l2.r in E . Once 1nore·· vve SGe thc:.t thG notiori 
0 

iimcnsiont• is really invarie.nt for all allo'lt\T-

ble coordinatG trs.11.sfor11:.2,ti.ons. 

· ThG functions C::x:(E j in (·3.8) are s2.id 

J for1."1 a _R,?,-_s~-~ of tl10 X 1nin '{"' 2 ). Hence to 
very null f orr.1J., minim.al r<::g.J.l2.r in §1< there 

. . 0 

~ists a definite b~sis. The relation between 

iffercnt bases are dealt with in the follow-

1.g tvvo vvell-lcnov:.,n tl1.eo1"en1s: 

-----------------
) i!'fe shall use the surrur1ation convention: if' in 

. - ----. . 
one term the same index anpears tiiice, once 

as an ~p~~~ index and once as a low0r index, 

sunm1ation over it has to be effected. (3~12) 

stanasfor eA: = L fl;.._~ c)..,x • 
. A 

) \'le define a basis in anotl'lGr vvay Eis KS:11.-ler, 

who allov-vs also systen1s of more than -n, _ 171... 

fun ct ions .. ( 1 9 3 4 .. 1 , :p. 1 3 ) • 

-



~ ; 
- 10 

Theorem IV (First basis theorem) 
. . 

If a function s(g'<) _is _a:qa_+Y~_i_~_ .. :\-.P:. _3:n n(f; and 

_z~_=£_o,., i.!-1. a~~ .. -~9ints of an Xm in cl't('C.7 ~ough EJ< 
' 0 

vvi th the n~_l ~-oJ:m (_J_._8 )_,:_ .. ID:i,J].ir11?,~-.... ~ .. ~.@lar in gx: 0
, 

}'!,1-8~~ __ a;i.._y1a_y_~- -~-JS,?;_S_~s ?,n ?'C(e~ 8-Uch that S s
0
atisfie~ 

in tl'lis 3Z.("§ J .§:_n ~.3.,1?-at~o-~--~-f ... tl1:_~_ ,_f ...91~1n 
0 

•' 

3.13) s=rex(e1·Cx ; 

where the functions ~x a~e c1;_nal~tic in this latter 
n(§ ~). 

0 

Proof. 
According to the theorem of adaption III there 

-l. exists a coordinate systern e ; -A.: '\,···,."t(\.. such that 

the equations (3.8) take the forn1 

3 .. 14) • 
:, 

\Ve may choose the '§a; a =="- .,. • • ,"""" in such a way 
It 

that '{ = o ; ~ = "- ~ - - - ~"<\.. • Novv S being analytic 

in dl(f ~) there exists an 3Zo/ ~ vvhere S can 

be expanded into a convergent power series in the 

{-I{, . s VEtnishes in every point of X-m, hence all 

terms of this series not containing at least one of 

the variables £ .:t'; x = ~,,." ~· - . )"(\_. as a fact or must 

necessarily vanish. Consequently in this latter 
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0 

. . 
where the ~x are analytic in an 

Theorem V ( Seco.nd basis theorem) 
X X' If both (: ; x = 'm.-¾-'\ ) •• • >"('- and 0' ; 

x~t~"-),···~~ constitute each a basis in § x: -of 
. . 

an X-m.. th;r,oug4 E J<: , tl1.ere exist (n-:-nz.) 
I 0 

tions C: (f KJ , !ln~_;I-;y:~-~-C: .... ~P;. al! ?'t.([ K) 
tha, t in thi $ qt.(g ") 0 

func-

such 

0 

3;16) 

and 

3.17) • 

• 

This theorem follo,,Js imIItediately: from the 

first basis theorem .. 1Ne call the transf'or·,11a·tions 

( 3,.. 16) basis transf orrua tions ... 
··•►------ .... 

. . 

• 

From the second basis theorern. V vve see that 

the index xis subject·to linear homogeneous trans

fo1"1112.tions ,:;,1i th coefficients analytic in an 

'?'l(e;c) ,· and a non-vanis11ing determinc~nt. As a 
0 

consequence of (3.16) we have 
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3.18) 

• 

hance in all points of Xm 

3.19). 
. . . . 

- ~ .. . '•· 

' . 

If a, coordinate tr2.nsf orr.1c:itton and a basis trans-. 
' 

f orri1ation are effected sii11ul taneously, tl1.e trans-

f orr11ation of (!Ax in all points of Xm. is 
. . 

3. 20) 

CAx is called the covariant connec_-~i_ri_g_ qu~"t_i_t,y 

of the Xm. in X n . 

Using the first basis theoren1 vve can no,v give 

the proof postponed on p.14. Be (3.5) a systeral re

gular of dimension m. in gk . It is 2.lw2.ys :9ossi ble 
' ,:, 

to choose a subsyste111 of n_-m. equations having in 

f k the rank n-??1- .. Tp.is s1-1bsysteru is minin1al . 

regular in '{IC and we will p1~ove the.t it is equi-
o 

val0n-t; to (3. 5) in an 7n('{K) • By interchangir1g 
0 

th2 indices 0t, it can always be attai~ed that 
' . . . . 

• 

3.21) 
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in the subsystem. ) 

Now let S: oz.'([')= o be a minimal regular 

systen1, equi valeant .to ( 3. 5).. Tl1,en, in co11.~~quence 

of the :first b2,sis theorcru ·tr1e 'if or..'(g'9 c~~ be · 

d l · 1 · th r: m, ' · 1· n an -'Y'f / J:? .-.: '\ expresse . inear yin· e 
7 

~~c / 
0 

,, 
". . ' 

'. . 
. ,' ' 

• 
,. 

3.22) ffe-«(§:;"" :Pg";'<; it-g':J I "J I · 
• Ol. , 0 = >-., ~ • •• , "C'\,-~ . •.: 
} • l ' . . . . ' 

. ' 

and' in this expression .Det (?3~)*o because. bo·th .. . .. 
C ,.OC' at' ,.,....., c;-Ci' 
'o'- and ~ have rank n_ ??Z: • IIence tl1e o<- forr11. · 

a pas is for the Xm in an ?l:(/!"). and acc(?rdingly 
c;-OE .. o . c;;- m , . 

th~~ _can be expressed linearly in tho~- in 

an ?l('/! K) • That l)rov·es that the eq_u,ations &Zor::o 
0 . . 

forrn an eq1.-1ivalent subsystem of (3.5). 

§ 4. The -pararJ.etric for~_9_:flj;~~ e_g__~tions of an 

Xm _i_:q X n. 1 • · 

'TTe consider an X17z. vvith the coordinates ~a., 

a.-::: "')··•,"('(\,and a ·systeJrl .of n - equations . _ 

4. 1 ) . . £ IC = 13 Yr ~ ; a = '\. > • • • ' "("(\., 

• • 

with functions 13x a11.alytic in 

of ________________ ,.. ___ _ 
1) Cf P.P. Ch •. II§ 4. . . . , , '"; 

. . . 

If the 1ua t .·ix 
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4 .. 2) 

has the :i:an;k -m. in ?? a., the equations ( 4. 1) establish 
0 

a one-to-one correspondence between the points of 

Xm. in an 1/'t (J_ a.) and certain points of X12 in 

an ?t(f J ; • . 0 f~E!:!!?13r:i_'j. 
Consoq_1-1ontly every point of this o"t(-rz ~ can 

0 

be identified with its corres2onding point in7t.(f"J· 

This process we call the J.:!aq_~_dq._?-!t,g_ o,~- ,a.n.: Xm into Xn. 
vYe call (4.1) a12arari1~_t:p~c forn1 (also: pa:rar11etric. 

repre~_~:g._.!ation) of the Xm in Xn , ~i_n._ipl,8-~ .. r~~-1::..~ 
of din1ension m. i:t];. "Z a _?-~_q J2.71K tl?;_e ___ q_9_~1_~ruvariant 

conl:!-ec~in~_ 9.V:.~-n~t-~t,_;y_ _ of tl1e X min Xn • 
This definition of an Xm in 

,. 
dance with the definition of~ 3 

Xn is in accor

because (3.7) can 
• . . 

be written in the form 
• • 

4.3) 

and the 8 0(_ can be looked upon as parameters. Then th: 

systen1 1'1as the _;_iarnmetric form. 

If in (4 •. 1) the EK ana. r;_a. are transforr.a.ed siraul 

taneously we get another paraBotric form 

4.4) 
11\,. "- C(.. f I ~ I f , •·' 2 ""'(, J -g = I '1. ; a, = '\ ) . . . ,. ~ . ; K = 'I ,. • • .• ~ n. 

.. 
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minimal regular of dimensionm.. 
• 

transform in the following vvay 

4,. 5) 
,0 ,c' 
Ja-&, == 

in 11_a.' 
0 

- 23 

• 

.~ 

.. , 
. . 

' '· . . . 

If (3~8) and (4.1) represent the same Xm,in Xn 
we have -

4.6) 
• 

. ' ~ . . . • 

. . .. .. 
. . . 

. . ' 

' 

... 

. .. . .. . . 

•• 

identical· in the ·•~ a: and 

iiiation, vie get . , 

fro111 this, by differen-

4.7) ' 

identical in the • -.. 

' 

' . 
·"'· . 

' . 
. . 

• 

. • 

.. ., .. -

As vve have seon above it is possible to de-. 

rive a mini111al re q;i1..1.ar :rarsT!1otric f orr11 of an Xm., 

f1"'01n 8, :·:'..ir1iri1aJ. J" 0gular nul:. form by ri1ean;3 of a 

tra.11sfor:c;iatj f"'~:i. of coorc1ii-1c lies,. The con,Tersion is 

al so tJ:--ue. ,J '.: hc~ving tl'le :,..,::..,nk -m_ in -r ..<, s by n1eans 
-0 (", -

of ir1 t er chan, :ing of the in.J.j" .. es K i·L can alvvays 
' . 

. 0 0( 

be arrang0i ·,':1at ·tl'le deteri11;.,.nant of th.e J,.:,-6 

<X=..,, .•. ,-?-J.; ~= "~·••~"('(\,does r10t vanish. Then the 
' ' 

·transf orr1JE '-ion 

. 



- 24 -
. ,. 

4., 8) Q.,.'\ ,· - • , "«"-' ; ' 1 ) 
X = "'«'-. .,._ .,_ • • • • :, 'f\J , 

• 

. . 

is an allovvable eoordinate tran·sformation in an 

n(f ;· .• ·Effecting tl~is transfo1"raation vve get 

from (4.1) 
·-

4,.9) 

aj 'idt'!)= 13°'(7.Cl.) ; a::;\:,•·•,"('(\,;«:1',··•)-n,... 

-({) 2 ~(e J + t.f'; ~ ~ 13 ~&z J ; x~ "«\. .... .__,. • - , "<'., ; 

~ = '?')"l. .,,. ., , • • • , •n,.. . 

The deterxn.inant of 2; is -:/ 0 in ?;la• Hence, ·accor

ding to the theorem of' inversion I the_ -?ca can be 

solved froni (4.9a) ·as functions 6f' the Eq in an ~ 

nf[ a._} ~ ?f_a:='ta being a solution, this is the only 

solution for whicl1 ?ta= Ecx ~ Hence ( 4 ... 9b) is equi-
o Q valent to 

• 

4.10) ; X ::: "{'<\_. .._. '\ , • • • , ·~ 

------ -------- -
1) rfx,_ is the generalized Kronecker symbol. It 

stands for + 1 if 1e and x l~ave corresponding values 

e.g. -m..+'1 and· rm...,.'\ , and for zero in all 
other cases .. 
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regular in -gll • 
" to derive a minirrial 

and this systen1 is mini111al 

.It is also .possible 

regular parametric form of an X-min Xn from a mi-

nimal regular null forrn. and vice versa without 

using coordinate transformations. In order to 
. . . 

' . . , : 

ve the f·irst · as·sertion ·vve need the· theorem 
,, 

. 

pro.-
•• 

Theorem VI (E?!=~stenc_e~ t~~_q_;r_E:_r11 _ of _i~J?~ici te; · 
functions) --

J:f . the ... ~Yf:!.:t em 
• 

. 

4. 11) ~OZ,(E 1 == 0 ; OL:= -\.~• •• ; ~ 

• 

J-s .. ):'_~J>ll+a_r __ qf._ tl-i.I:1:.~_n_§!__?-,.9.,!?: ???.- in '[Kand if ~Y: =k..ll.~_e=!!'..::. 

_q_ha_ng?-;p._g_the i11dices (.)t. it has been attained that 

. 

4. 12) . , ... , = 
:) V<- -, i\. -, • • • 

is _a1! .... _?_q1.?,:i v~)-e_nj; __ s_u,_)?.sy.?_tern of' ( 4. 11) mini1i1al re

gul_8:_~_ --~:q § k. 
1 J, .::!?_:\le __ indices k ca~ be _J.nter- _ 

.?ha_!J.ged __ ~n _s~~-h a _JV_§,]/__!;_}-~~.!. the rank of (4.12) with 

respect to the E ~ ; ~ = ?72.--r., ~ ••• , --n. 2:.f!I egv"?,l to_ 

??.. - ??'2. •. Then an nm:> ft_~ist s in vvhi ch the E ~ 
can be solved from (4°.12) · 

. ---------------------
1) That this is always·possible was proved above. 
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4. 13) '¢? ~ = -i" ',;('i O<) ,· t:: I)- t: (X = '1 > • • • , --,n. ; ~ :::: -rn. ..,.. 7 ' • • . ' -n. 

and for the 
. ,.-, ,.,,_,,._ '{! K -~-11:_~_._e51,ua tions 

0 
• 

': t<; - / i;(/.oe 0( 
1 ·,· /: - c / 0<.=7,•·•,·?n--; ~:.:'772+1',•·•~n 

hold 1 ). 

, , . . 

··· The proof of tl1.is tl'1eorer.a. vvill be found in 

every reliable textbool-c on analysis. 

Now if we complete the system (4.13) with the 
• • 

identities 

4. 15 ), 
. , 

we have in fac·t a· par"a1I1etric f or1i1 of the Xm, 1nini1i1al 
IX 

regular in § rei)i~esenting the sa1,1e · X-m. as ( 4. 11) • . 

Conversely, to derive a null for:til from a ·para

metric forn1 we need tl1.e tl1eorem 

' , . 
' 

-------------------
1) · The theoren1 of inversion I is a s~1ecial case 

. 

of.this theorem. In fact, t-hE: s3rstem (2 •. 1),in 
"' ✓ . • . < • 

tl1e 2n variables 6 k' EK is ruinir.aal regular 

of di:u1ension n in Ek , Ek' and the rank. vii t.11 - . . 
,c, 0 

~espect to the. {K is -n... • 
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(Theorem of elimination1 )2 ). 

If_ a _sys_~_~m o_:t N _eg_u_a_th<?A~ .. ~-~---g~_Y,~_!1-t, .. E.e,€2-:, · .. 
lar of dimension nz. in '{/(' and if the rank with 

0 

-~_es_pe_c:t __ t_o_ -g-t,. ~ w ,~M _:j.p_ _a_g tl't('§ ~ J_s R<n-m, 
() 

!_X;"_om these .... ~..9..1.:!-~t_i,_0_11;~_. a __ sys_t_e1n of at raost n,,_777.._ R 

_e_9.u_ations in '{M+; ... ,y'7-z. _can be deriv_§;,_d 1 _ va_li_~ 

in an crt.('{ ) ~I}..¢1._ Jllip._i,l1!8:.3:. _:r:_e_g1.1lar in '§ 1,: • J.1!.~ 
0 . 0 

converse is also true. 

Proof. The given systelll be replaced by an 

eq_uivalent 
. . 

regular in 

hand sides 

subsyster11 of -n--??'Z- eg_uations, rninimal 

EK . Th~ differentials of the .. left 
0 

of the other equations being linearly 

dependent on the differentials of the left hand 

sides of the c11osen equations, the rank of the 

subsystera with respect to g ~, · · - , 'g M is also R , 
Consequently, after a su-i.ta ble intercha11.ge of 

indices the subsystem can be written in the form 

at('{) 
0 

4.16) 

--~------------~ 
1) Cf. e.g .. v.\i\Teber 1900 .. 1, p.50. Though very iLf!.

portant, this theorem.is not always stated 
• 

explicitly in its most gene~a~ ~or~. 

2) A geometric illustration of this theorem 

will be given in§ 7. 

• 

- .. 



• 

28 

Accord~·ng to 

f1,uictions VI 

-

?t(f"J and 

the s3rste1i1 

tbe existe1.ce theorem of implicite 
. . . 

~ . . .. 
the g can be solved from (4.16a) in an 
consequently (4.16a) can be replaced by 

. . 
. . 

• • 

. 
' .. 

4.17)· ;l CIC = '1, .•• :I 'R ; ~ == R+ -r, ... ., -n., 
• 

. 

minirnal regular in {.IC. I-Ience (4."16) is equivalent 
0 

to 
• 

'cy 

4.18) 

<;, ()(('{) =. 0 

~--t(g;~o .. 
; e<.:-t,••.' 7?; Ag= 'R+-1, •.. ,n--m-

. . . . 
' .. , 

' 

. ' 

anc1 this system is mini1nal regular 

:Plc:,ce· '€0(. by fcl ;), . (4.18b) passes 

. 'jeK• -in t: If we re-
0 

into 

0( - ... • ••. R 
~ I' , 

4 .• 19) _; ....<e, ~ R+:.,; ~ · ·, --n---»2 
~ = R-r -t' . . . ., -n. 

·--1 ' . ' • 

and ( 4 • · 18 ·) in ·b o 
. ··' 

' 

. & "" . .,, · · ··, 12 ; At= R+r ~ · · · "j n-?n 
• 

4.,20) 
" . . . .. 

"o/ = 'R+-,, ... '..;i,. 
• . . 

we will prove novv that th.e system ( 4. 20 ) is miniraal 

regular in £ K. N. a. s... condition is ·t;hat the matrix 
CJ 
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<·· R➔·<£-<- -n-R ·;,. 
. , 

. - . .,., 
e:-: 1, · ·, R ; ~= k+1, · · · ,-72--nz; ·t- I . ~- . [."; 

4.21) 
. * . , .. 
~-7::--~ t o . · .. 

. . 
.. 
. :, •. . 

'; 

has tl1e i~an1-:: 
~ 

that c)~ r; 
. -e I( • -?z. - ??z.. in c 

o· . 
has the rank 

. 

. . ~ = R+ 1, · ~ ·., n 

. . . 

., 

• IIence it 
-:n,_,:,n_J;! 

is n.a.s. 
• 
lll 

' in other· ·vvo1.~d:s~ ·t;hat 110 eq1..1.ations • 

.. 4. 22) 

exist . t' '·"' l .., ''I .:...:.. 

• • 

·t;13, t do not all 

' 
• 

• • 

• • 

vanisl1 in 81<:. Accoro.ir1g to (4.,·17, 19) th~ eg_ua-
• 

t·ion (4.22) is eg_u.ivalent to 
• 

i ; 

. 

. .. 

.· -...re, _ex ~ c:-'.-i,"')' o:-=1,···,R;~"'R.,,1)···)n 
4 .. 23·) -,,U~ (&C(Jr ,,10~ 'i ~M/4:1..u~ 2f ~; :::-o '.-<e= R+ 7 ~ ..• , ?Z- m_ 

' 

and from (4.20a) fo~lows the identity 

cx,,,s = -f ~ ••• ; ~; 

-,..-.e"" 7?,,.., ~ ... ~ --n-·-n--z. 
• • • 

. 
• 

Now (4.24) and (4.23) together ex9ress that the 

matrix 

' ,. 
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< "" 'R w )( • -n.- J? '?lo 

ofo~« a;~~ 

4.25) 

O<: -t, . •• ,. R ~ 

--4$ ... 7<-,,.7, ••. ~ -n- -~; 
~ = 'R+ ., , . . • :l -n.. 

has'a·rank < n-??1.... in fx:· But this.is i1npossible 1 

beca1,1se ( 4. 18) is'. minimal regular in EK. Hence 
0 (4.20) is really mini1nal regular in gl<; . Consequent-

ly 77«, ii"'..-<e and li~ev1ise s; c.: , 5,-·~ c
0

onsti tute .~ .·. ba

sis o:t·· the Xm. represented by ( 4. 16) j and also by 

(4.20). According to the second basis theore~1 every 
. 

basis can be transformed into every ether basis by 
. . 

. a linear homogeneous transformation artd this im-

plies that the ranlr R of g:-cx, ~..-<e vvi th respect to 

t 1
~ · ·,., '§M is the same as the rank c.f ~ix) s;~ 

with. resp~ct. to t1·1ese same variables (cf. (3.16, 17)) 
,,.. _, : ' 

The ·matrix· of the derivatives of S, 0( ~ ·· ~ ,-,.e with 

respect to & 1 , • • · , £ M has the form 

R 

4.2q)'••. . ~ "' -. . 

M-R 
1 _, - .. - . . . 0 . . . 

I 

' ' • 
' 

I ' ' . ' ' . . 
·o. . . . .. • .. - - ... . 

. - "" ' 
' ' 

. ' IR . 
7 '" . . _ · .- Rt--1 -• . .. - ··':" 

• 
• 

' ' 

• 
' 0- - .. - - . 

. .. 0 
• 
• 
I 

• .. 

• 
. . . 0 

' . ' 
. /<+1 . 
'o;q+1<;; . . • • 

• 

' 

' 

':l\ r n.772. 
c,;R+1~ -

• 

. . . 

• 
• 

• 

• 

. . 
• 
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Now if one of the derivatives of the ~--<e with 

respect to g~+~ · · • > -g M vvere I O, this matrix 'vvould 

have a ranl{: . .> R . Consequently all these deri va-. . . . . 
ti ves have to vanish and that means that the <;; Al! 

contain,. only _the variables. ~-M+-
7

~ ..• j £ ??- .. Hence 

the.equations (4.20b) do not contain g", •. • ,g":' 
and the rank of this syste111 has ·to be 72._77z.._ R 

becau.se ot}).eri1.Ji_se the rank ( 4. 21) could not be 
. . 

--n -'??'t- • That proves the first part of tl'le theorem. 

The conversion is trivial. .. ' . -· - . 
. . . 

Now be 

• 

4.27) 
. . 

. . . . .. 

a param·etric form of' an Xmin Xn 
·-,-

, minimal regu-
. . 

lar in 71.. a:. T·he equations 
0 

• 
' 

4.28) 
• 

oonsti tute a system in ·the -n. r n-z_.. variables •~1<:, 7<..~ 
mini1nal regular of di:r;,1ension 7?7- in § x., J. a.. The ·. 

rank of this systen1 with res1Ject to the ?ca is rn... 

According to the theorem of elimination VII there 

:exists a system of -n._7n,. equations in the s" only? 

minimal regular in g 1e * This system is the null 
. 

form of' tl1e Xmlooked f'or. 

If a system of-n equations 



- 32 ·-

. . . . . 

• 
. • • 

4.29) 

• 
lS given with func.tions J3~ analytic in .. ?Z oc and 

0 
. . 

if th·e. matrix of 
. . ... . 

4.30) 
. . 

has a rank ~r2. <" M. 

system 

4.31) 

• • • 

in an · n(72. ~ 
0 

. 

the rank of' ·the 

Ot:. =· '\ ' ••. ) ~ 
• . . . 

in the n-t-M variables g}C, 7c ctt. is n 

rank with respect to the variables 
1 and 'l/1.,. is the 
. . . 

nm~, ?J. (It) ; i ~ ~ J3 t,z, et·\. 

~ ot· in an 

O C o o ) 
According to the theorem of eliminatio~ 

possible 
:n.,.._-,n., 

. . 

to derive f'rom (4.31) a system 

eq_uatioI1s. tn ·the '!l A: t minimal 

• 

VII it is 
• 

of at most 

regular in 

a suitable interchange of the indices Kit 
. . . 

can be .arrange·d that these equations take the f'orm .. . . . . . -

. . . . . 

4.32) • 

. .. 

', 

This is a :parametric f or:qi. of an. Xmin X-n.,. , minimal . e 

regular in f K. The ref ore we_ ;all a sJrstem of' the 

form (4.29) with functions 13 analy:tic in en 
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.n(;z Cllj and with ~&" having the rank -:m< M 

• 
in 

that region a ~~P,.e!'_!l?-!.11e_r_a_-:i;y_ _r:=.@}_~r ___ ]2?;:ra_Il!_e_tr:1-_S 
. , 

:form of dime1-ision nz... If a 
. , . - . ·supernU1i1era:vy_ regular 

- . . . ' . . ' 

parametric form of an Xm.is given, a minirn.al re- . 
"'• "------·., •. . . - -. . ' . 

· ··gu1·a·r· ·pararn.etric form can alvvays be obtaitte:d by 
• • '~. .. . . 

replacing M_-17,. well-chosen :parameters by constants. . . 
• • • • 

. 
. - . .. In order to deal -;-1i tl1. irragular systern.s we 

. 
• •• 'r" 

need some results of 

several-vari~bles2 )~ 

the theory of functions of 
. ' . . . . 

given by a system 

. 
If an .X772 in an :rt.({':) is 

• 0 

.-. '• ' 

' 
. 

5. 1) 
. . 

0£.":::: ..... ~•-•,"(\,,-"«°v . . , 

we knovv that this SYf:it.ero, · is minir.1al regular in 

all point~ in .. ??(§) . If now · ;;rc(g1e:) is enlarg-
e o 

ed but al\vays v-1i tl1in a region v1here the functions 
. . . . r(/t. are analytic' poinJGS may appear where the 

system ( 5. 1) is no longer mini1nal regular. If 
. ---.. . 

~,\"is such a point and .if a system exists equi.-? ·· . 

. .:alent ·.to . ( 5 .. 1) -in an. a-c:m V and minimal regular 

----------------- -~ . , . 
. . -- .. 
1) 

: . . . . Cf .•. P.P •. Ch,. II Exerc.9 and 10. 
. . . 

. . '• • 

a more elaborate treatment • 
• 

2) Cf. Behnke and Thullen 1934.2·. 
. . . • 

• • 

. . . . 

. . .. . . 

Vfe give h·ere 

·•- . . . 

. , 
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in 61< l G" may be looked upon as an ordinary 
* * . 

• poin 

of the enlarged Xm. • But if such a system does not 
· exist, € A: is. sa.id to be a ooundary point of· the Xm.• * ··. 
An Xm w)i th its boundary points is called a .c,o~pl,!3.t.e,4, 

X 1 
m.. • 

. . . . 

E.g.. the system x 2 = o ~ ff::: o in X 2 is not mini-

mal regular in the point x = a , f.:f = o , but it can 

be replaced by. the minimal regular· syster.a.· :x::: ·o, ':/'= o . 
. 

The· system x2 _ 1/3 = o in X2 is minimal regular. in all 
.. . ' ' . . ~ . . •-· 

riull · points except the point ·x:: o , y:::.: o and this poi 
•'. . . ' 

• 

is. a boundary point. Each of· the tvvo brachnes of the 

curve forms with this boundary point a compil.eted X'1 • 

In the theory of :functions~of several variables , 
the f ell'ewing . tl1.e oi"em 

• : - 2) 
is uroved 

~ 

• 

I 

Theorem .VIII. · 

J:f El( i.s a ;null point of t_!!_~ __ eq~at_ior1: 
0 . . . . 

5.2) 

~~th a ·functio~ &c" _?t_):'18:lY.1.i_<?, __ =!,,n {k, tl1.e null points 
··- ,:, 

in a sufficient_~_y _SI11.8.l~ n(s K) coincide with.• the 
. .. 0 

point S of a finite nUIT!:_~..:,~-~-... o_f C;_OPJ..P+.~:"t_e~d .. Xn~-1 ·>s .. j;hroue;:~ 

e IC in . :n{€ k). • g IC _is ei_ther _?I} _o~d:i:n9=.ry_ poirJ-t 
0 0 ¢ 

o_:r a _bou~d.ary_ __ :e_q_i!f-_"I; of eac}_l of these X n.~ 1 ' s • --~--~---------·- • • • • • 

1)Cf. Behnke and Thullen 1934.2, p.25. Our boundary 1 

points are his ''uneigentliche wesentliche Randpunk 

2)Cf. Behnlce an~ Thullen 1934.2, p .. 59. 
I 
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This theorem_ may q_~ _y._s_e_d__ t_q __ p_r_o_y__e _t_he_ t,h_~or~m 

. . 

Theorem IX 

If -g I( is either ordina~.x ;e_oint cir ,b.~¥ndary 12o~n.~ _ 

_ of_ a cq_mp~e-~_e_~Xp and also of a compl~t_e?; Xi; p$q, 

in ?t{f ") , the •rmno~oint s of XI' an 9: X q in a · · 

su!'_fi~ie1!,t_;Ly sm~J,.l '?l(f "J -•~ip,c=i:,_de J:_~_tp. __ t_4,~ 
p~:i_nt_~ _of ~- f=i:P:i.!_e __ n~q_e:;-_ _q:t:_ _c_9m_pl~ted Xs 's; S::p-1-q-n, 
• • •,;:, for p+C[_-n>'? ·and S= o>•·•,~· for 

P + CZ, - _ n ~ o ., f .it is e i t'her c;;ir_d_iP:,ary p_q_i_~_] 

gr_ 9,.o:µn9-ary PC?_i,p.~ 9f_ e_a_c_l'?: _o_f_ --~_he_se_ X s' s .. 
. 

• • • . . • . 
Proof. 
Be 

5.3) ; a. =:, ".' "> - •• ' ~· . 
• 

a parametrie form of 

tic in <?z ~ satisfying 
0 

Xp vvi th functions /K analy

the equation 
. . 

"§: I<:. -- ,.P I((' Ct.) a 5.4) ~ J ;) ; Cl='~···~~ 
.. 

. - . , . . 

and minir11al regular in sori1.e point '?Zct of n(1c, J· 
Be 

~ null 
in. Ex 

0 

1 C 

.. 

. . -
' 

CJt.. :::: C\ ...,. '\ ' . . • ~ "<"\J 

. . C _, Or'. 
form of Xq v,ith functions er analytic 

and minimal regular in some null point EK. 
2 

. . ... 

• 

• -
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o:f <le.{{~. 
0 

-
Then the function 

. . . . . . 
. --~- - ~ . 

5.6) 

. . 

<; -~~~·(72 .. ;_)· ~ ".i; Oy .... ~(i ;(~at)) 
. . 

. . ' . . 
. . . . . .. - __ ,."" .. 

is ~i t}:l.e:t _ig.fntic:eill:y, zero· in the.~~ or analytic· in 
· .. ' . - . t 

72a . : ln :th~_ latter case according~o the~rern-VIII 
the nu11· poin·l;s.of ·c;.o.. .. ,_,.,_ coincide '1ith-the points o:f 

. . 

a fin.i~e.numl;JE;ir_.of.comple_t-ed Xp---r' -s thrciugh-J_-a 

'~P: t.1).:~; ·X,,o of 't·h~ :' Qz a: . • I:f . ~ C\;i-<\ is identieally 

-z~ro J!~ go:on ·vvith,: ~0v.,._y.;ZJ.~ If s;~...:-"(i-! __ ls·_~o·t 
. - .. . . 

i~ent~oa~ly:. zerQ .and if .. · ·. · · · 

5.7) 

with 

, .. ' .. .. . . . - . . 
. . . . . 

• ✓.-.' ,.,_., , ~= '-!,·-· 

. . 

• . . . . . . . 

:, (. ~ ~ "')' 
• . . . -

·• - -

• 
. 

. . . 
• 

• I • . 

• ' . . . . . 

is a paran1e'tric :f orrn. of' one. of the X p-1 ) S wi t]'.l 

functions re a:. 

in some point 

. . I . __ · .••.• 

analytic in ~a and mini1nal regular 

~a, o:f -;rt.(t; a.) , the. :function 
3 ·a • 

5.9) 
. 

I 

is either identically zero in ~ a: or analytic in 
, 

~ a: • In the latter case all null. I)Oints of d"t°"""~ 
0 . ' . . . . . ·.. . ' . . . . 

. . . . . 

coi;ncide with ·!;he points of a f'ini te nuJn.ber o:f 
a.' completed X p-:l, s through 1 in th~ Xp- 1. chos:en. .' 

. . . 

Goi~g on in this way the proof is ·'finishep. af'.t?~ a 
~ ·-· ~ 

• 
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finite number of steps. • • 

Now it is possible to prove the theorem 

. 

Theorem X •• 
. 

If a SlSt~ID; - fl • '" -

• 

<J.. Cit({ J 5. 10) =::O • Cl.:::-'\,••·,~ .) 

• 

with functi~n:s ·2c-'1i:na_l_yy~c_ ,:in t~e n.:-1:,ll poip.1 
. e ~, is irregular in E~ -~h~ _!lUll_ po_ints __ in_ ~ 

· 0 . 0 . 

suff~~c-~_e_n-t?_l;y:_ ~Ir!_a_1=,~. "?'t.('{) • coincide vvi th the 
. e 

,P_o=!,p._t_~ ___ o_f ___ 8:.,, _f1:A~_t_~_ ~~::.b,e_:r:, _q_f __ c_9_:yl,J?_l_'?_y_eq Xs 's; 

$ = o, -t, • - - , -n-1 • "§"' i~. E;_~_t_h~:r- .. ~A. ,_q_:i;-_d_~µ§i_ry_ _. 
. . 0 

poin_1. ,9.1:., ,~- .'!?.<?);!.J]-_q_aF;r, ,Point. of each of' tJ1ese 
• 

Xs' s . 

Proof. According to theorem VIII every 

equation of ( 5. 10) represents ·a finite number 
• 

. · .. ~ 

of completed X n-7 's through f . Hence we· get 

< 

• 

• 

all nu~l points if we choose in all possible 

ways one of the co1npleted X .,.;__.,, 3 s of each equat

ion and determine for each choice ·the .interse.c.t.-
. 

· ions of these N k·-n..- 1 ' s • Repeated application 
• 

of theorem IX leads then to a finite number of 

t s ' s ; s"' o, 1.) • · • , n-1., each. of ther.l'l.· con-
taining g k:. either as an ordinary point or -a;s a 

boundarypo~nt,. • 
-

• 

. . . 
• . . . . . .. 
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1 ) .. 

• 
If 

6 • 1 ) £ K , : f k (g k) 
. 

' . . " . .. 

is a transfor1nation of ;/7 , by differentiation 

we get .~ . . . . . .. 
• 

. . . 
• 

6 2) . · de1c: 4"'ct~k · ·H K'del' '1J ·-e~'-· 1>et/',CJk)·¥=..O. • · .· . · . . c . . . . . Jc .. C . . -' . k· · k I:: -' · · \,.. I( 
·- ' .. . . . . . . 
. . . . . . . . ,•-·-· . 

and fx_:om ·_ t1'1is, i~ foJ.,lew"s ::tha t tl1e pseudo-,-group ft 
indup·e·s: in _ ev~r.y point of~ the . s:pe cial affine group 

<;. ,t0 (cf._ . §-2). Tf1:~ centred f!-n; of this · gr·oup we call 

the _19.C:.~1.. C,n,: in the· point considered. To every 

point of Xn there belongs a locs,l C n. . · It is usual 

to identify the centre of the local ~n with the 

point of the Xn, to v\lhich the en belbngs,. and to 
. 

call it the _cont~q.:t poin-:t ._ In dif:f erent ial geometry 
' 

sometiraes the §>n. in E" is identified vvitl-1 an 11 infi-

ni tesi1nal neighbourhood 11 of '{'< in the Xn . · This is 

not in any way corr_ect but in a fevv cases it may have 

some heuristic value 2 ) • . . -----------
1) Cf. Schouten and Struik 

§ 5 •. 
. 

. 

1935.1, p.65; P.P. Ch.II 

2) If an Xn is. imbedded in _an.)? N. , N.). -:n. -_ 1 ' the lo-
c·a1 8'n of a point of Xn rn.ay be iden,tified vvi th 
the tangent ?n... But a difficulty arises here. 
Two tangent in..' s in different points may intElr-

• aect and this has to be ignored because the local 
8nJ~of two different points have nothing in com

mon and are wholly independent • 
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In every local ~n g_u_1?;_1}-_1i,_i tie~ may be intro du-
. . . . . . 

ced~ They are d-is--tinguished by the behaviour of 

their components under the transfqrmations (6. 1). 
. ' . . 

• • 
This behaviour is called the manner of transfor-

mation. vVe only mention a fevv cases, useful her;e-
after 1').. . 

' 

., 

· 1. Contravariant vector vk . • • 

6. 3) ··•· ---~- .... 

• 

• 

The geon1etric image is an arrow in En . 

2. Covaria~t, __ y_e_q_!_9_~ -iu-A 

6. 4) 
. 

The geometric image is a ~ystem qf two parallel 
• ' . 

~ n- 1 ' s given in a defini te.:;or·e.-er. ·. 
To every- ca-ordinate system (x:) in Xn. there--_-· 

. . . . . 

belong in every point n _li[_o_~t-~avariant _and --rz.._ co-

variant measuring vectors with the C}omponent,s 
. 

6.5) ·--ex::; 
.. . _,.··•i\. 

• 
l> 

! _tt.r."--· 
-<-),._ - Q;\ 

- 2) 3) 

---~-:......---------- •· 

1) 
. ~- . . . . 

Cf. Schouten. an.cl Struik.1935 .. 1, p .. -9; Schouiten 
~938.2, p.2; Schouten and v.Dantzig 1940.1. 
Dorgelo and Schouten 1946.1; P.P.Ch.I. § 4, 
Ch. II§ 5; Schouten 1951.1, Ch.II, IV. 

' 

2) V-le use the sign * to express that the validity 
(p.t.o.) 

. 
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J. Contravariant p -vector v- K, ·-- K;o 

This quantity is said to have the valencep_and • 
J.S 

.. 
alternating in all its indices, viz. 

6.6) 1:) 

-- ----- -------
footnote 2) continued: 

• 

of an equation is only ascertained for the coordi
nate system or coordinate systems that are used in 
the equation. Hence for every equation with ~ 
there may exist coordinate transforrnations that do 
not leave the equation invariant. 
footnote 3) of preceding page: 

J{ is called the f.~ro~~S]~~~ symbol. It is defined 
as follows: 

JK _ { 1 fork.:=~ 
A - 0 for K *A 

/if is to be considered as a set .,f n.2 scalars, hence 
it ·is not transformed at all with coordinate trans
f.orn1at":i.ons • 
1) ,,,..[K, · - - kp] 

v is the sum a£ all terms arising from 
permutation of the indices, the terms with even 
permutations of k1 - - - Kp being provided with a 
+ sign, the terms with odd permutation of K,-~·Kp 
being provided with a - sign, and this divided 
by the number of terms (viz .. p! ). · ·· · ···· ··· · .. 

• 

. . • 

• . . 
• 

• 
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A p -ve~ct6r :is 

. 
call61. 

. 

simpl_e if it is ·t11e alter-
. . . 

nating product of p · ~,rectors: · 
. ' 

6.7) 
. 

1.r·k I - •• K. p [1<: . . . K if 
= V'"' ~-~-1.r P. 

• • 

. 1 p . . 
. . ' 

. . ., .. . • • 
. . . . . 0 C ·• • 

• 

N.a.s.· conditions for a p -'-Vector to be simple 
~ . . ~ 

. . ' ' ' . . . 

. . . . . 

are, as · can be proved, ., · . ~·,.J 

• • 

6.8) Vfic,·--kp V-k} ... ,A.p :0 

. . 

. . 

. . . . 

• . 
', . 

. . . 

The image of ·a simple contra:varian:t. P -vector 

is a P?,r._t of'. an .§P with a• p -dime:rtsional screv\7 
sense in .. i.t ( irmer orientatio~). If. ( 6. 8) is 

valid the v- "-1 • -...1ep ce,n be used as homogeneous 

contravariant Grassmann coordinates of' the 

Cp)S through O • A ·_p . ~vector· has (_;;-):indepen

dent components. and an <8p tl;lrough O can be fix_eq. 
. . . . . . . . . . 

by p(n-p) numbers. Hence· a simple p -vector 
. . 

. 

has ;o(n-p)+1 independent components and among 

the equations (6,.8) there are just (;)-p(-n..-p)~-, 
independent ones. They will be determined here

after·. 
. . . 

• 

4. Covariant - . . a. -vector w-,. 3 
,,. 7\ t ... /~ q, 

. . . 
• ·"w ),_., . A , - 4 A, - . - A <1 . . . . . . . . . . . .. -· -· 

f ••• I'll - l ' ', 'l(J' A,. - - ,1, ~ 

.. 

v . -"1. •. "'<'J, -".., ' 
has been said under (3) about valence, All that 

alternating 

p -vector 

• 

property· and siruple · contravariani? 

holds mutatis mutandis for covariant 

.. 

. . ' ... 
.. . - '~· .. 

. _ .. . .. 
. -"' ~ 

•' 

·•- 1 
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p -vectors. The image of a si1n.ple eovariant --
q -vector is an n -dimensional cylinder with an 

( n-1 )-dimensional hypersurface consisting of 

009:-t :parallel f11.-g,~S pr.ovided with a q -:~imensio~al 

screw sense around it (outer orientation) • The com-

q -vectors can be 
. . - . . ponents of simple covariant 

used as homogeneous covariant 

of the En..; s through O . 
Grassmann coordinates . . ' . . . . ... 

5. Affinor of contravariant valence p and 
covariant valence ··q-· i'), e.g. 

... . . . 
. . 

. C) K'll.' . . :. II k:'A'µ OKA . . . . 

. . . r . . .,,«. '. _:::_ HK ;.. ,,.<.,' J . : µ . ; P= 2. ; 'I= 1 

An affinor 9>,~ .re;resents ·a ·homoge:r;i.eous linear 
'. 

transformation in the local Cn 
,-• .. . _ .. _ 

. ' ' . 

. ' ·• . . 
' ' • .. 

A sp~cial ~ase is 
. ·-

. . 

11(: C}k: . ),_ 
j'· .· = y. ~ . .A. .X 

the uni,ty az~_iD:?£ 
' . 

/.lj(* a"' 
. } .,.- . \ . A . ,-i. . 

. 

defined by 

. - ' . 

corresp.or1ding to the identical transf orrnation. 
' . ' 

' • 

• 

• 

If the components of a quantity are given .. 

as functions of the Ek. we get a field. If the quan

tity is only definep. over an Xmin Xn , . t?,e -X.m is 
. - . . • • . • . l, -~· -: -. 

called the £~.els1, F..!?e;io,r.i: and m. the field di:i:nension. ----~--------- ' . 
1) 

~ .. ·.. •. 

pis the number of upper indices; 
• 

i the nuinber of lower indices ...... 
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. . 

~ f'ield is said to be §;_na_~ytic in eK if its COJll.- . 
0 

ponents with respect to any allowable coordinate 

system (k) . are functions of. the "t," analytic in .. 
' . ' . 

'€ 1<: • Evidently· analyticity of' a field is invariant 
0 . ' . 

for all allowable coordinate transformations. 

If a set of quantities 
• • 

with arbitrary valen-
- . . . . ' 

ces ie given, each carrying an. upper (iovver) in-. . . 

dex K, all other _indices can be replaced by the 

values belonging to tl'lem ( f. i. ;.._ by 1, .•• , n ; 

;<' by 1 ·, • • ... ,--n...' etc .• ).. Then Vvf:; get a· set of N -
. -

contra (co-) variant vectors and tho number of 
-

linearly i11dependent tiines ainong thei;l is called 

the K -ranl-c o:f ·t;h~ ·set.., 1 ) Tl1.is r~;k is inva-
• 

riant fo_r all ,_allowaq_le coordinate transformations,. . . . . . . 
. . . . 

The rank of a q1.,1anti ty v1:L th valence 2 is· i;}1e . 
. ' _· · ....... · .. -.~- . . 

same with respect to both iri'dices and equal to .. 
. . . '. . . . - - -

tl'le rank of the matrix of tl1.e components ... 
• • • . ' . . . 

Be "t. the K. -rank of a given set of analytic 

fields in an ?l({k:) . · If this ;i;-anl~ has.its ·D1a:x;i-., . . . . .. 

mum value Zm. iri J>< all ( ~+1 )-:-rowed subdetermi-

nants of the matrix of the vectors used for the . . . 

determination of z . vanish in· {_Ka:rrd 'at least one .. . . * . . . 
. "'t::. -rowed subdeterminant is -J O in this point. 

. . . : 

Conseque1"1tly there exists an n(gK). where- tl1e 
. "• . - ~ . ' ,.-_ . ' . • 

_ IC -rank has the value "tm. in every po_int. Suqh 

a region is called a _!'_eg.t_9_~ __ 0£ .. _9;._onst?-nt K _ -rank. 
. . . ' 

The subdeterminants being analytic, the K -r~nk 

ID11Ei1-!!~Y:~_1hg_y9 lue Z-,,.,7. in _e_yery r·egion of constant 
·1)· Cf. s·chouten and_Struik 1935.1, -~:-1·9;· -~.P.§h$~I 
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K -rank because an analytic function is identi-
. ♦ . . . 

cally zero if it is zero in some region h6wever 
. 

small this region ·may be. That implies that the __ . 
. . . ~ .. . 

points where -c. < ~m never fill a region of' X n . ""' 
. . . 

. . . . 
• 

· · § ·· 7. Section and reduction1). 
7. Is O I •-•- 0,L 00> 

The sira.plest set of im.bedded Xm..' s in Xn. 

is given by equations of the form.-
. . . 

• 

7. 1 ) ·. ; '? ·= 71'Z + '1 ~ ._.,' • .•. ' --n. ' . 
.. 

' 

• 

with -n.- ,n. arbitrary :para111eters c-,; with respect to 
. . 

an arbitrary allovvable coordinate -system,. Tl1.ese 

· X-ni. ';: are ltalled coordinate XnJ. ~s of·(K) ~ E·very set 
-·- - - I .~..... F-••- 0 

of oo n-mx~'s in an <ft('{~ that can be written as 
0 .. 

coordinate Xm.' s of some allowable coordinate sys-

tem is called a g9_:r;'JI!;8:.f- -~y-~tem of X m's . Two diff'e

rent X-m~5 of a normal system never have a point . . 

in· corronon and throu·gh each point of the region 
. 

considered there pas·ses just one· Xm of the nor1nal 

syster,.1. · 

. ·.) The oo -n.-m. Xm_ 's of' a normal system can be 
. 

considered as points of an(n--rn)-dimensional mani-

fold. If the sy;tem.. is written in the form (7.1) 

the & ~can· be used as c0brdinates in this man.if old. 

Tne -pseudo -group ft induces . in this manifold the 

pseudo group of all invertibie analytic ·transfor

mations of the &~·leaving irivar:Lant-·tne :e~--o<~1:;···':m. ---------------- •. . . ~, . , 
:11 )·c:e: P.P. Ch.r 1 §:9, rr §. 4,7. · .. ·,. : ' 
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. •, 

' .. -
Hence the manifold is an X n,_'171,. • We call the pro-

. . . . . 
cess that leads to this · X n-ni the .£_eduction of 

· Xn· with __ ;r_e~:pec_-t 
. . 

Xm'S. 
·Now be 

7 .. 2) . r-> .x.' -e IC) -- o· '-- l t: ; '1 

• 

a minimal regular null form of an Xrn. and 
, 

, 

7.J). 

• . 
its minimal regular parametric form. In every 

point of X-m. there exist three local affine spaces 

1. the local g n of the X n. ; 

2 .. the a. -space, viz.· the locai Cm.of the Xm; 
., 

3. the x -space, ·viz. the l?'n-1n of the index x. 
' 

These local spaces are connected by the connecting 

quantities 13,e~ and (3: , with the relation 

2-6" e: = o 1 ) • . 
. 

Every contravariant vector -u-- a of Xmcorres-

ponds to one and only one vector ,v- k'o:f. the X n: 

• 

- - -- ------
1) Cf. Schouten 1938.1; Schouten and_v.Dantzig 

• 

1940.1. 
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These ·corresponding vectors span an e'min the local 

... Cn and this rm can be identified V'li th the a. -space. 

After this identification -vve call the e'-m. the .:t.?Lngent, 
. . . ' , . . 

em of th~. Xmin the point c9p.s:i.dpred. an.d .. we look 

upon -v- Jc and ,z,,-a. as two different kinds of components 

of one and tge same vector that may be considered 

as a vector of Xn and as a vector_ of X-rn. as well. 

This justifies the use of· the same-kernel letter '1T 

in (7.4). 
Every covariant vector -W-;._ of Xn oorres1)onds 

to one and only one covariant ve,ctor *~ of the X-m,: 

7 .. 5) 

. . • 

. . . . .. • 

VV,;: call 'w-~ the s.ection · of W;._ with the X'717. • · The sect

ion vanishes if and only if the~ (n:..1 )-direc•t·ion of 

.,WA contains the tangent em. ··· ' · 
. . . 

. _::; : . Every_ covariant, vector· W-y of- the X· -space 

· corr.e:;iponds . to on·e · and only one vector w-A of the Xn 
' . 

. . . . -' ·. 

.• . . ' 
7.6) • 

. " 

' . . . 

• • 
• ' ~·~~ ·• .. ' 

The. (:n~.7 )_-direct.ions of. the corresponding vectors 
• • 

contain all tl1.e tangent e7n. If the local en is re-

duced vvi th respect to the· .normal system of all ~m.' S 

parallel to the tangent c?n. we get an en- 7 n and 

the corresponding ·vectors pass into- covariant· .. v·ec_: 

tors of this € n-7n •. Hence :the x. -space· can-be '. 

i·dentif'ied with this f!n--m.. • After this identifica-
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> 

> 

ti•cn we call the E? n-nz. the .h;i- ~n-ni o.f the Xm. 
> > 
» > .. 

in the point considered and we look upon. 'W"it. and. 
,, ' . 

,w--y as two different .kind.s of components o:f _one 
> > 

and the same vector that may be consi dere.d as ;a 
. .• . !. . . :·• .,,~. . .. 

vector o:f· X-n and as a> vect o.:r •f the by-€ ~r-~ :- ' . 
. . . . . . . . . . . . ~ . 

• . . • • • t 

This justifies the uwe of the same kern(;';l ,letter 
. . ... ~ . . 1 

w- in ( 1·~ 6) ·• · · · _ , , . 
.... ·- • • • '. 'i ' 

Every contravariant vector v-" of Xn. c9rres.,,. 
I •. • . . • • . r • . • 

:ponds· to. one and .. only one vE:lCtor v-xof _th.(;; 
•.• '" ;J , . • . . . 

by-t~-m: ·, · ... · •. · 
' > ' 

... . , .... . . - . 

> 

7.7) 
.. 

·. 
. ~. -~ 

7e call /v-:X:. the reduction of -v-" with re sue ct te 
. . . .J.. 

the X7n.. The reduction vanishes if and only if 

"Jr.~ lies in the tangent ~'Yn. •· · · 

In the sa1rre way co- and c0ntravariant p -vec-
• > 

tors can be dealt with~ We use· hereafter the sec-

tion of a covariant q. -vector ur)..
1

• _ ·Aq, of Xn. w~ th 
an Xm. ~ 

> > 

• > > 

7.8) 

. . .. 

The notion of redi;tction of aniXn. can be us_ed 
. . . . . . ~ • .. 

to give a geometric illustration of the. theorem 

of elimination VII. If the Xn i·s-··reduced with 

respect to the normal system of Xhr ~ s • • 
• > 

. ·. :·· M+1 . · · ... ;, , ?"t . · · - · . . · -· g = r:onst. ; - - .• ; g = oo~st . • 

• 
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we ·get an X n-M and. every Xm. ·in Xn 1 having just 

an Xs Ui comra.on vvi th each of the · XM 's of the nor

mal sys}em, is reduced to an X-m~s · in this X n·-M .. 

Now the equations (4.16) represent an Xmand this 

Xm ill also repre~ented by (4 .. 20). (4·.20b) contains 
. 1!! M+1 7t · only the variables c > ···~ g and consequent-

ly thls system represer1ts an X ?n.- M+·R in the 
· X-n-tM · of these variables. Hen·ce · :s = M.:. R and 

this ~eans that from the equations of an Xmin Xn 
just n-m- R equations _in §M+7

, •• • ;.En ·can be 
deduced if and only if the Xm has just an XM-R 

,., . 

in common vvith·each of :tne X;,,.,,,JS (7.9) or, in· 

other words, if and only if the Xmreduces to an 

~ ·X m-M+ R if the Xn is· reduced with respect 

to the norrn.al system ( 7. 9).. · · 
' 

iq 8 ~. Decoip.p9si tiq_p. __ ~?.3 a E.':':PJ:.af __ s_yBtem 8:.~~or-:_ 
· · di_ng tp Kah~~r 1 • 

' 

A subsystem of a regular system need not 
. . . . . . 

be regular ••. If a regular systeril con·t;ains a regu-
2) . ' 

lar subsystem the following theorem holds:. 

Theorem XI (Theorem of decomposition ·- rt>,. tf - - • __.._ _ _;;..;;;,;;;;;..;;;.;:;_;.;..;;;;...;;..;:;::..::..:::.;;; .. ' 
·of ··re@lar_ sys toms) · . 

1:..<?.t ~- system,;of N -~quatio,n_s 
• 

' 
' 

8. 1) ·. . 'r/" Ot.{t-x.J .::: 0 ; 0G = '\, • - • , ~ 

----- --- -----• 
' • 

.. 
' ' 

1) c:r P. P. ch·:·\· :rr § 8 .. 
. 

• 

. ' 

' . 

• 

2) Kahler, 
vvithout 

193·4.1, 
proof. 

p .. 30· uses: a part-1of this theorem 
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vti th functi9ns ~oc. 5l:q_1:~J..Y,"½;i.q_ in the P..1:1-JJ-__ p_oiP.:_~- gK:, 
. « , r • Q 

-~-on t.'.?;.;L11,.,a _____ ~ .. u ~~_-:t;e1~ _gj N' ~;;y,:a; t :!-?.11~~,-~-.?~;e.e;u~ar · .. • 
. . 

of ·din1en·Si·on ·m,, ~- n - N' in §Ir: • 
0 

J:fiif ,,--u~irl:,~ __ !:ll..,e_: efistence theorem. of -~!fl.plic_tt · · · '. 
' •, . . ' . . 

.. :1'unctions V~ ,__ yv_f: '-s_oJ__je_ :n---m.' of, the_ '§-~_from. these 
. . . 

N' E:_q_uations as functions o:f the other .,,n_~ (he.re 

called E rx ) and if th~se __ ~olutions are intrO:duced 

into th~_:r,_~_II?-_?-~!?-ir:.t~ N_N" _eg_ua_f_=h_9,:i;,i_~_ 9f (8.191 1 _tl?,~. 
. ' 

. . . -~•"-", .. · - '·.•·, . , ,' 

. $fis.~ng ,:\/--;-/V ..... ·.?9.½.atio~_·ih ___ the ~- cons'ti tute a , 
F,_egu;!:_a::r_ sys~e-~ ... 9!... di,!;l~_I?-_sion m. in §0<. _:i,f and 01±_l;r 

i __ :t' .!il?:~ system._. __ (~--:_})---~-~- .:£.:::@la~_ .. 9_f_ di1nat1sion -nz. •· • · 
·-:- , ·: 

in 6 k: • 
0 . .. . : 

. . . . . ~ 
. . ·/.:. . . 

. ' . 
• • 

Proof. By interchanging tho indices ot it can 
. . 

. a.lv\lays be arranged -::tJ:+at .. t.he equations 

8 .. 2) • Ol, = ,. . 

f 

-\ .. - . ~ > :) . 

• 

. 

constitute :the ·Eegular: .subsystem "of: diruen.s1on m'· · 
• • 

.. . . .. 

and 
. 
•' : • 

. 

B. 3 ). 

a system equivalent to (8~2) and minimal regular 
' . 

in SK • By intercha1--ig:i:pgthe indices_ K . it· can al-

way; .be. arrang~d. t:P,at the E? ;- ~ = ?1'Z.'+-r) • • ·:, n can 
' 

be solved from (8 .. 3) as functions of the -g«; 

• 
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. 
. . 

8. 4) . 

. 

(8.J) and also (8~4) represents an 
. a( 

which the f can be used 

ting the solutions ( 8 .·4 ) 
as •oordinates. Substitu
into (8.1} v~,e get a system 

. 
of tho form • 

• . . 

8.5) 
• 

. 

that·· reducec itself to a system of N- N" equations 
• 

. . . 
• 

~ oz.', . • 
because the de,. l en.' .. '\ ') • • - ,. ~ vanish identically 

in the gtx. . . 
By differentiation:' of (8. 5)' 1rve ·got • 

· Looking upon (8.4) as a parametric form of the X771.' 
. . . 

with the :parameters. EO< ' the 
'k: 

ing quantity 8~ is 

13 0( 2!: /1 Q( 

p - /-{;S 

., . . 

contravariant connect-

• 
... . ' 

' . ' ' 

8.8) . . . . . . 

; o<. ;·-13 = 1, · · · .) ni '; ~ = 1n '+ 1, , • ~ > n · 
• 

. . . • • 
. .. 
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• 

Hence (B.7~ can be written • 

• 

8.9) ., -'l!P~ ~Ae, c;-or; . , 
v /.J «; .: I.:> ,8 UA c<- ~ ~ : 1,_ • · · ~ ; 

. . 

• . ' . . ~ . . ' . . 
,. . . .. ' . . . . . 

. . . . . 

and this equation expresses _tl?:.?-.::t :for e.y_~rY, value 
• ,, • ;_u, 

of 0(, the covariant vector 0;3 cl(or. is the sec-

tion· of the covariant vector O). gr0t with the Xm.✓ • 

Be n-s the ranlt of o;,. f;Z"'Ot. in {K • Then in 
. . . . . . . 0 c;-°' 

this :point the_ N covariant vectors O>..,o'- 1 ot:;-\,••·,~ . . . . . 

span an s -direction and this s-direction has 

to be contained in the tangent C-m.JOf. the X~, 
·re·presented by (8.4) because (8.2) is a subsys-

. . . , 

tem of (8.1). From this special position a:f .the 
. . . . . 

s- direction it :follows that it also must be· 
. . Ot, e;- oc. 

spanned by the N sections 0.,3£ of the OA iii--
. 

with the X-m, . Hence "i'he rank of o/S ot'oz i:;), §0( 
OZ' o 

has to be -m.'-s • But the 8,,sc7t: being zero the 
. . . -

·rank of O.,,.s~k"' in '{rx is also -n1.'-s •. 
0 . 

Now suppose that (8.1) be regula:r;-.o:f dimen-

sion 7?z in '§ 1c • Then ( 8. 1) represents. an X m and 
. 0 ·• 

· s ·= rn. • This Xm is represented in the X 772 , by 

( 8. 6) •. The rank o:f o_,,g at' 0i: in {<X is m '_ 7n. and 

consequently ( 8., 6) is re©:ll'°:;1" of.. din1Gnsion m ~n 
Ot'. · .• .. . . . 
• •• • 

0 
Conversely, if (8.6) is regular of dimension 

. ' . 

-

, •-'·-·· -

m. in .{0<, B/3_~..-<ehas the ra:11c -?;?4 '-n1.. in f 0<. ,. Hence 

· · S"::Jtt.. .: (8:. 6) represents an Xm in ><-m/ and thiB 
• 

sa_.me Xm is :t-epresentcd in X'tl _by (8 .. 2,6) or by· 
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(8.1), equivalent to (8.2,6). 
• 
J.S n -?n and consequently 

The rank 
(8.i).is 

Of o ffe:' oz. 
.··. A .. 

~ ..... -
regular 

in '{ A:' • . . . · , - · -:.:· .. 
0 . . . . • . - 1 ) . ·- :"- .:· .-

_§ 9. t?,_u2,,e,rnum~rf;Xy, coordinates . 

. .. ,, 

. The g,c can be used as supernum:era:r:y_ .· coor-

d:i.nates in an Xmin Xn 2 ). Then there.exist n-.-m.. 
. . -- ~. -- . - . - . - - - ·• . . . -~-- . 

. tndependent relations between the[~, vi~. tbe 
. - . . . . . . , -

. equations .. o·P, a mini:mal regular. null, f 9r1n. of the X772 .. 

. an.d :t.11:e ·points of the Xm are in on·e-to-011-~. corres-

p9ndc_nce. to the . sets of values.·'{ Jc. 5atisfyi.i1g these 

relations. . . . . 

. . , . 
·- .. . 

• 

. . The hom9geneous c-oord:j_nat\3s in. prdinary 

projective geometry: represent an-oth~r · kind of 

supernumerary coordinates. Thcl;'e exist :no r·.elations 

between thesE;} coordinates.·Every·se-t:of values eor-. . 

responds to. ono. point. but~ every. pQin,t -corres1ionds 
. . . . 

to · oo. 1 set of values. ·, · ,. . -
Aµ ffm.. through the or·.igin. iri a centred en 

. . . 

. can be fixed by its eon-J;ravariant· Grassmann coordi-
nates _1.rK1-·- K-n,_ and also by ite ·c<:>v~riant 

Grassmann coordinatee ---U.r).,
1

• _ .,A.·-n_J .(o.f .. § 6). 

Between .these coo~dinates 0 the relations · ' . .. . . . . . 

• 

9. 1) 
. . 

' 

------·. -------.------• ; 

;· 

. . . ..• . . . . . . .. 
'.'°• . . 

1) Cf. Schouten and .v. Dantzig 19·35 .2, p. 33; P .P. Ch. 
II § 9. . . . 

- • "' -•• ,•••r-;. • •• 
. • . • J-7 •• . : ....... ·- ·.. • . •. 

2) In Schouten 1924 .. 1 this method is frequently used. 
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• 

exist and to every §77L there corresponcl.. oo 1 sets 

of values. 

From these examples we see tha.t there exist 
' 

different kinds of supernumerary coordinates. 

Thou,gl-i supernumerary coordinates ar(; v.ery .fre-
. . . ~ . 

quently used, a general theory of them does not . .. .. 

se~m to exist ... '0!e need··E_.1:,lC~ a theo:i;;y._ ");_o __ a_~~vver 

_1:q_~ i~__ll_o~_1'?;.n'b -3...uestion w}].2.._ther .1'A~- :r:~EE:.lari tz:. o~ 

~ .. ~xs~.em, .. 9.f -~~a _!~ons _E_orn.~ins in.Y_Etriant_, rL:f. _s:£Q_e~::. . . . 

!21.l!P.er_arY: _co,,9,F_g~p~ t_E;_S,. ,,E:,_re intro duce d._ ( § 10) . . . 

• • 

The most general supernumerary coordinates . . ' . 

. 
' 

in ~n <Jt{{.; of an Xn. arc defined by the eq1.,1ations 
0 

a) 

9.2) 
b) 

_subject 

1. 

9.3) 

£ ~ z t K(7Z °) • 0:= 7:,···,n.+£1+€2 • ~1~0 ;f:2.~o; ' ' 
t1-,£zj-t I • A( =>_ -\ ') • • • j ~ 

' 'Y' -"1(,z Cl) = 0 

to the conditions 

There exists a set of solutions ~a of 
' . . 

equation~ 

f ~ re l<:(1··~) 
1t' -ie (7Z, a.) == 0 

0 

0 . 
' 

; a=- 1, . • • !> -n + £, + £~:; 
, 

--<e="~···)~ 
.. 

• 

. 

.. 

the 

• 

... such th.at the <e-" are anal_Ytic in3l~and 

the rank_ '-:f o-6 <e K is n in that . region; 

2_. The system {9.2b) is regular of ctirfle?sion 

. ' ; . in 'ca (hence it reprosonts an 
<> 

, in -the X--n.+£,+ €
2 

of the ~a ) ; 
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3. Among the n -1-N' differentials clceK , 

av,-~ tl1ere exist .exactly n+-f:. 1 linearly 

independent ones in every point of an 

n (?(a). 
0 

If f.~ == o , the J°' are uniquely determined 
0 

by (9. 3) .. This is not true if· £ 2 ¢ o • But if in 

thi_s latter case -1'c.1a is another solution of (9 .. 3) 

in a sufficiently s1nall n(7c 4 ) . , it follo\ii/S from 
Q 

the form of our conditions tl1at they hold for 7 a. 

* as well. Hence :!a. is in no way preferred. 
0 

Every sot of values '7Za satisfying ( 9. 2b) cor-

resporids to one and only one point of Xn but conver

sely every point of Xn corresponds to oo £2 ( 00° del' 1) 
sots_ o.f values ?ta satisfying (9.2b). 

T.he EA:, .looked upon as coordir1ates in an Xrn. 
in Xn are supernumerary coordinates with £ 1 = -rz. _ 7n., 

e2 :0 • The n.+1 :projective coordinates in ordi

nary n -dimensional pro j ecti VG geor11etry are super

numerai--y coordinates vvi th f. 1 = o ; E. 2 ::: 1 • ·For the 

-V- " 1 • - - f<m. as coordinates of the e-7n~S thro1..1gh the 

origin :i~ a _centr.e.d rn vve have £ 1 ==(~) ~ 'm..(n--m.) - 1 ; 

E.:;i:::;1. , ','' ' . . . 
' . . .. . ' .. 

• 
' 

In order to prove that these latter coordinates 

sati~fy · ±he conditions 1...:3~- vve introduce non super

numGrary coordinates in the X?n(n-m..) of all t?--m_ 's 

not having a direction in com-r11on vvi-t;h the.: ·coordinate-

f! n.-??1.. of the (a.ffine) coordinates '{!.m+t~ ~ .. ., '{n 
• 

' ' 
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in §'n • For all these ~m's v- 1 - • - n-2. '=I= o and 

_-. -- ·-1 · · m ·· 
{g, ···.,'ff can bo used o.s coordi11ates in Gvery one 

of them. If this has been done the contravariant 
connecting quantity 

satisfies the equations 

.-= !' rx 
- 0/3 

' 

• .. 

. . 

and tl1e BJ; fi = 1,• .. ,-;,n; ~= m+1, • • •:. n are 

the non supornumerary • coorc1inates- loolred for. 

Tho E?rn being spanned by the m contrava1"ia11.·t; 
k · k 

vectors 131 , • · • ~ 13m we }1ave 

9.6) 
' . . . . 

and conscquontly 

1.r 1-- ·"/3-T';;'/3+1 .. -m ------------v- 1 • - • m · • . "'·_ 1 .- - • ..,,.,, • 
) /.;) - !I . ,!) r, 4- ~ -

~=m.+7, ... ,-n, 
• 

and 

9.8) 3 1 3[1:t, 7? Yf.sJ 1 -- -m - S. . •. I:) 7}-
0(1 Ot.5 

~1 ") · • ·, ~s =- m-1-1, • • • -:, n. ; 

•• 

• 



- 56 -
::x. 1 ~ •· - ~rxm=even permutation 

of 1 ? • • , ~ n-z. ; 
S:-1}-,_•;rrz. 

by 1neans of wliich all components of v- K; - · - Kp not 

occuring in (9.7) can be expressed in those occur

ing in (9.7). To this end (:9.7) has to be substi-
. 

tuted into (9.8). Tl1.onall equations wl1.ose left hand 

sides contain a compo11.en·t; occuring in ( 9. 7) are iden-
, 

tically satisfied and tl'lo otl1.cr (~)- n1.(n--rn.)- 7 cq_ua-

tiona f arr.a a system minimal regular ~n all its n~ll . . .. ·. .. 

points because every one cont~ins a vari~ble not 

occuring in.tho oth0r eq_uati9ns •. The system obtained 

in tl1.is '.v2.y is eq_ui VEtlent to 

9 ., 9) 

and roprcsci-1ts an X m.(n.m)+ 1 in tl1.e X(~) of 2~1:l 

"'21~ x 1 - -- km v•vi ·th v-- 7 
• • - m~ o • That irnpli cs that ( 9. 9) 

is either regular or scmiregular. In order to prove 

that (9.9) is regulai~ in all its null poin-t;s it has 

to be proved that tl1.o rar1l-c of ( 9 .. 9·) is (%:i)- ·m.(n-m)- :r 

in all hull points. Alnong tho equations (g.9) the 

folloviJing equations occ1,1r~ 

\ \ 
• I 

, . • 

. . 
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• 

y- / 1 • - - m 1:5 J~ 2 - - - ~ n- ?'Tl O< n-m. + 1 • ·· • i:x m . v- .. . : 0 • • 

· /or n _ 77?.. -<. 772 , · 

'? 1-ft · · · m .., ,.. ~ ,] ~ 2. · - · ~ n, I' . . ;, 
v u ;:.0 ro:r n- m.. == 771. 

-

Tl'lc first set of these equations is idont2cally 
. . 

• • • 

Sf!:tisfied, e.g.: 
• , . 

. , . 

• 

The second S8t contains just (?2;~) (:Z~
2

) equatio11.s 

and eacl1- of thei11 contains just one of the. compo-· 
. . 

"J 1 "ii R. {X.3. . . . O< 
nents 1./" . m not occuring in one of· the 

•. 

others and ~q components with morG than two in-
. . ' . .. . . . . 

• 

dices • Accordingly the diffe~entials of 

tl'lo left hand sidos of -the. equations of t}1is set 

are linearly independent. The thi.rd set contains 

just (-n3 777..) ( m~
3

) et:;_uc1:tions and oacl1. · .of tl'lem 
contains just one of the- compone:nts v-i;,i;,2,;3cx.1;--·0(m 

not occuring in one of the oth0rs and no compo

nents vvi th raore the.n. :three inc1ic_.es ~- • : rionce the . . 

diff erentia.ls of the left 11a.:µd ·sides. of tho equa-

tions of the second and third set ar~ linearly . . . 

indevcndent.. Proccc ding in_ this vvay vie 6et. at 

last(:)- m..(n-772:).-1 equations with left hand. 



• 

- -
sides whoso differentials are linearly independent. 

That implies that the rank of the system (9.9) is 

(;:;,)- m.(n-m..)-7 and that consequently (9.9) 

is regular of din1ension --m. (n-m.) + 1 in all its 

null points. The condition v- 7 
- - - m. :::/: o drops out 

• 

because (9.9) is invariant for all affine transfor-

m4tions of coordinates. 

If now the V- "- 1 - - - kn1. are looked upon as 

supernumc~rary coordinates ·in tho Xnz(n-,n) of all 

F!m 's through the origin and tho 13J as ordinary 

coordinates in the same X-rn.(n-m) , (9.7), (9.9) 
play tho role of ( 9. 2a), ( 9. 2b) , further 7r2..(n ~ Jn) 
the role of n and (~) the role of n + £, + f 2 1 Fror11 

(9.7) we see that the first condition is satisfied 
. 

for· 1.r 1
-••m:f.O. (9.9) bGing regular of dimension 

. 

?n(n~-m)~~ · in all its null points, the second con-

dition is satisfied with £ 1 = 1 • The third condition 

is satisfied vvi th n + £ 1 = (;;:_) - .., because," the right 

hand sides of (9.7) not containing any components 

with more than one index ~· , their differentials 

have to be independent of the differentials of the 
. 

left hand sides of (9.10)~ 
Not only the v- K. 1 • • - ICp but also the 13

13
k; fi= 1, ... , m 

~:ne supernumerary coordinates of the same Xm.(n- 1ri) · 

with f 1 = ni. 2 
; f 2 ~ o and the same holds for the 

mn components of ?7Z. · arbitrary vectors v k, ... ~ v,k 
" ,m., 

spanning the tm vvi tl1. l 7 = o ; £2 .::m.; Tl1.e condition 
v- 1

·•-m,t:,() dro:ps out hore. 

Here is still another example. Be a normal 
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system of X11l. ~ s in Xn gi vcn by the equations 

. 
q- C't../'f? IC ) _ C Cir, = Q . 
a- ' t; ./ ' Ot :::, " ... .· . . , ~ 

.. . . . . 

vvi th N paramoters c °' and functions ~ex. analytic 
. . 

in ?'C.('[:; , chosen in such a way that th0re are: 
0 

just -n-77l... functionally inde::;:icndcnt ones arnong· 

thG1:r1. If the X72 is roducud vvi th r2spcct to this 
. . . . 

normal systen1, an X 7,_ 17z. arises and in tl1is 
• . . 

X n ... '7'12.. · tho c 0t. <-1.r0 su:pernur.a.orary ,coordinates 

vvith ~,::: N--r?....,...772. i ~2 "'o • ;In tho same X -n.. ... -m. 

tho EK can bo usod as supernuruerary coordir12.tes 

with £ 1 = o ; £ ,t ;:c 7n. . 

• 

_§__:to_.~-- _;E_p. vs,r i a_n_<2_ e-_" ~o!_ f-~.G J:,'sl-1.l_a._:r;:,i_t_;x: . 

if ~~-p -:::!numc r_(:lry: co oi.., di]?;_a t es ar G introduced 1 ). 

We will prove the tl1.oor c111 

TheorGrn. XII -- ....-... - --
fo. _ _ sy"s_ter11. of N eg_uations 

• 

10. 1) 

C: ·Cit . 
vvi th func_tions cf a11.i.:--.,l'srtic in tho 'q.ull "QQihi;; 

•. 9Q,g=!; '[OY). .._ 

.:BY rgeg,n,s.._of _tl1-Q __ Qg_:U_sJ:tiQnS 

-- ----------------
1,} .• ~ .. Jl). Ch. II§ 9. 

; . . 

. . . . 

-g le 

0 • 

• 



• 
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Q. = 1) • · • , n + e 1 + Z:z ; 

10-.-2) 
£1~ o; E2 ~ O.; E.1+ l=2 ~ 1; 

• 

-~?'t.~~fying th~_, condi tion£t of § 9 .. 9; ~y~t'?m o_f 

.~up~rn:ume.rar_y,_ coordinates. ?la i.s introduced. 

-~yst_~~--( 1P~ 1_) .. t,s,, :;-e&3-l_9::p __ o-.t; _d]:.¥1GA_S_:i:on 1?'l,. in 
. ~ ' 

Then the 

'{"' if 

§.1£9-.... C?n.9-Y rl:t.::f the ._s_ys ~-~.Pl 

a) 
10.3) 

. b) 

.. . 

0 

. 
a= 1:, • • - ., n + 6 7 +-£ ~; 

Ot:.. = "· ~ •.. · :i ~ ; 

-fl = ,... ' ... • , ¼' 

is regy.l_~E, o_:f.__ ,,din,iension -m -1- 6 ~ i _i_g ?;la. 9nd this i~ 

tho.ca1:10 if and 011..ly._if ~he eg:q_a_'1,io_:l}__,~ __ (_JO.Ja) consti

!_9 _by-t_h~ms ~lY..~ s .. '?.: . .. sY.~~-~-m .. I..'.?gu.l_!:l_;r: o_:f_ .. _q_._:f_,Il!_e_n s i o:p. m+£1 +-£,_ 

it]:. r ., . 
0 • 

Proof. First we prove the second part of the 

theoremk .. Bo (10 .. 3) regular of di111ension m+~.2.-. in 

'!2.a. According to our conditions (10.3b)•is regular 
0 

o:t' dimc.;nsion n+£~ in ::za. .. Hence, by interchanging 
0 

the inc,,tces --re it can alvvays be arranged that the 

equations 
• • • 

•' - ·~· 

• 

... . . -

. . . 

10.4) 
I 

1/,J --<e (7( ~ = O ; --te '= '\) · · • , 't.-, ; a= 1, · · ·, n +£,-,,.. E-2 
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for.n1 an equivalent su-bsy.steru o:f ·,.(10.3b), .minin1al 

regular in ?l.a.• (10.3) being rogular in :Z« :froJn 

( 10. 3a) a s~bsyster.a. can be cl1osen constituting.· 

together v1ith (10.4) an equivalent subsystem of 

( 1 O. 3) , · minimal regular in ,,.;a. ,. By interchangiµg: . 
0 . . 

the indices(}(, it ean always be arrang0d that this 
. . 

'·subsystem. of ( 10--3a) is' 

10 .. 5) 
.. 
• 

Every subsystem of a minir11al regular system be ;Lng 
. ' ' . 

minir.t1al rcgu.12.r, thG systen1 ( 10. 5) is minin1al re-
. . 

gular in::z.a. (10~4) a11.d (10.5) being to·getl1.er 

equivalent- to (10.3), thc;y· ar.J o.lso equive.lent to 

the combinat-ion of (10.3b) and (10.5) .. Hence, if 

the remaining equations of (10 .. 3a) are 

10. 6 ). 
,,. . 

<;;. Cit. {?z ~ :::: 0 ; Oz ,,, a= ,n, - '\Y'.. ...,_ ,-_ :, • • • , ~ ; a.:::- 1 !, • • ~ j "'- + l l + f..:t.. 

from tl1.o first basis tl1.cor0n1 it f ollovvs that there 

has to exist in n(f~) a relation of the form 
0 

10 .. 7) 
0t_ I:::; .... :) • • • ~ """- - ~",, ; 

. ,, . 

Qt : ~-"-''\J-'r'\ ' ••• , ~ j 

""'€ I :::: " ~ ' • • • '.) 'i:... " . . 

. 
• 

N ovi1, according ·t;o theorem VI, n + e., of 

· the 7Za:. can be solved from (9.2) as f'unctions of 
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the Ek and the rema.iming 
the indices a. it can bo 

n(f ~ ?Z Cl ) 
0 0 / 

"la. • Hence by 

arranged that 
• • 

interchangj.ng 
• 

• in some 

. 

10.8) ; 0 "'72.re,1-1, ... , n+f!.1 + c,2. 

' 
• 

If (10.8) is substitu.ted into (10.7) we get equations 

of the form 

. 

and: if in the so· eg_u~tions the §~ are r0p;I.aced by 

<e>:;(71.°) vvo get equations of the form (10,.7) with 
. ~'! 

vanishing /3~, . Hence the system (10.3a) contains 
" . -

an equival0nt subsystom minimal regular of dimension 
. . 

?n.rc.1 ·f- £ 2 in ja:·, -~iz. ( 10. 5) 7 arid ·tl1.is imu~.ies 
0 

that ( 10 6 3a) is minira8.l r ogular of. dimons-i .:>::.J. 
·, .. ·. - . . . . ,, . . 

-m..+E.1 +·.£2 in· -j a:. · · 
0 

Conversely, suppose that (10~1::..J be regi..1J_ar of 
. 

diro.or1sion · 7n.+'£. 7 +f.2. in ?la:. Tl~,:, ...... by in· ~rcl1.ar1ging 
0 . . 

~~11.e indicGs Ot. it·can 2.lv~1ayp oe arrango< t 11.at 

(-10.5) is an equivalent su.1-~jr...;~..:0110 u_;: 1. ·1·, .Ja) 111inimal 

r 12gular · 0f. ~in1ension -rr.., ,- i:.1·+ f.2. in 'fa , T '1. ,-:> C' 'r C, ·t:; em l -.-- w ,, 0 ... 
. V 

. . . . . 0 

( 10,:3·_) _is. then eg_u:.valent to. its s1J1'bs:-- f- 21,1 · consist-~ 

ing of,( 10~ 4) · ancl- { 10. 5) r bo:;11. s3,oter11s \)ej_ng m-· . .1:ir_.l 

regular in ?Z a .,, So we have only to shovv tl1.a·i; · ilO 

whole syst·e~il ( 10. 4, 5) is minimai ro.qula~- in ?; a., i,, e .. 
. -C· 

i l , t .•; ., -~ ' 
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that its rank in ?la. is n-m+£.,. This rank can 

0 . 

not be> n--m..+£1 because the total number of equa-
• 

tions is n-7?1..+£., • If the rank were< n--n-1..+£ 1 

in ?2 a: there had to exist a relation of the f or:rp. 
0 

. . 
• 

10.10) 
01:.. ~, CIC.'= "' ~ ••• , "'<'--- - l'l;'(v ; 

0<oz., 1Y-r; <; + j-3~, B& '?V = o _ ; ---re,= , , .•. , ~ .._ ; 
~-= 7, • • •, n.,,.€1 .,,...E.2. 

vvi th co·ef'"ficients of v;i-hicl1. nei t]~1er all ex.' s nor 

all fo 's could vanish simultaneously. Fron1 ( 1 O. 10) 

it would f ollo'<V in 72 a 
0 

Ot ": " , . . • ) ""' - "r(\., ; 

4:?'='\)···,~ .... ; 
t!S = 1, • .• , n-t-£,-1-E:e 

but a relation of this form can not exist because 
I • 

the dif'f erentials dre A· and d ¥-' -<e are linearly 

independent in ~ a. • Renee ( 10 .. 4, 5) is rninimal 
0 

regular in 72a. and this implies that ( 10.3) is 
. () 

regular of dirnension m+£ 2 in ,z. a.. 
0 

To prove the first part of the theorem we 

suppose first that (10.1) be regular of dimension 
'fl: .. 

-7n in e . Then by interc}1.anging the indices en. 
. 0 . . . 

it can al\vays be arra11.f;ed that 

10.12 
, ; ot = ._ .., . . . ') '"<'-., - "'«'-., 
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is an equivalent subsyst ::,1.1 of ( 10. 1) miniraal regular 

of dimension m. in '€1-e. Froin (10 .. 3a) vve consider _the 
0 

equations corresponding to (10.12): 

10.13) 

. . 
. 

N ovv ·vve have 

• 

10. 1.4) 

. . 

• 

' 
crt. , = " , • . • ' "0.., - "'N:'v ; 

a.. =1,•••,nrE; 7 ,..E..:2 .. 

(1(, , :::. >._ :, • • • , ''(\,. - '<'0-, ;, 

~ = ·1 , • • ·., n+E1 -f-E.;. • 
' 

.-:-, · ......_. c,i ' 
Besides ok ol · have the ranl-c .-n--m- in all points 

of an ?r.f'! If-) and Op re K has the rank n in all (~ / u , 
,poin~s. o_f an ?'C.(-;z a:) • Hence o~ s; 0t. 1111-1s t have the 

rank. n- rrz._· :in all. points of ~n dT,,(72.. a.) • T11.at 
0 

iihplies··that (10.13) is ruini111al regular in ::za. The 

re1naining equations of ( 1 O. 1 ) 0 

. . -· . . ,, 
1 O • 1 5 ) . . . ? at.(!· ) = a 

are dependent on (10.12). 

(10.15) are replaced by 

tions 

10.16) • 
.) 

• 

Therefore, 

re k(? a) the 

. 

if ._the '{Kin 

resulting equa-

C.lr, ,,. = ""- - ""<'(\... ~ '\ ' • • - • :, ~ .. 

a "" 1, · • • , n + E.1 ,·· £ 2 

depend on (10.13)~ Hence (10.3a) is regular of di

mension -?n.+E. 1 -1- 6 2 · in~
0
72..-:t.and this ir11:plies, 3.~ vve 

1'1ave pi"'oved already, that (10.3) is regular of di--



- 65_ 3 

mensi on ???- + £. 2 in ?2 a. • 
0 

FinallJr let us assun1e again that (10.3) be 

have regu?-:3-r of_ dirJ1~ns·i?;n :???..+.£~ in 7a: .. iFfe 

proved already tl1.at tl-ie indices r.,r. car1 be inter-
c11.anged in_ such a livay that . . 

,. 

10. 17) I 
; Ol c-\.~· .• ~'>"--~ ; 

. 
a= 1, • · • , n +-f.1-t: f.2. 

is an equivalent subsyste:i,1 of ( 10. 3a), minimal 
. . 

regular ln '71 a,. Nov;,, vve consider the equation-s 
0 . 

. . . 

10.18) 

corres1)onding to 

we kno-i;;, now that 

all points of an 

(10.17). Then (1L.14) holds and 
oz_' 

o-6 <;, has the ~anlc n -m. in 

n&_ J and 86' ce"' the ranl{ 
-n. in all points of ~n ?t.(72 a) . Hence okffe.Joz:' 

0 

·has the ran1c·n--m.. in all l)Oints of an ?-t('[k_) 

.. 

and consec1uently ( 10.18) is rI1.inir1al regi,1la; in Ek· 
0 

Now v-1e have only to ~?rove that (10._18) is eq1..,1i-
• 

valent to (10.1). If this v1ere not true there 

would exist at least one -rJoint of ?Z([:) 
0 

. . ; 

where the number of linearly ir1de:cienden-t; cliff erent-

ials an1ong the d.2z-01:. vvoulcl be > n -7n. • Conse

quently, since ~,.~Jc has the ranlc 1-z. in all 

points of dl(72a), tLere l1ad to exist at lea·st 

one point of
0 ?"tp;; L) vvhere -t;l1.e ranlr of · 

(" ~ 
• 
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10.19) <Jt.r "-~~-~ ;~ > 
~ ::: -t; · • - ; ·n. + G, + 6 .a. 

would be > n _ m .. But tl1.is is in1possi ble because 

( 10. 3a) is regular of di1j1ension rn.. + tE r + € 2 in 72 a.. 
0 

Hence (10.18) is equivalent to (10.1) and this i~ ..... 

:plies that ( 10. 1) is regular of dir11e11sion min£ >c. 
0 

~ .. ! .. k.~~~:i;>J:.li<;_1?-_~A}C?ll~J.~. l1:1!E3~r.ation of 

_S ;'[~--~ €:J!1S ·- .• !. · 

Goursat 

In this and the next section it will be shown 

that the theory of regular systems and of super

nUI11erary coordinates :plays a11 irnportant role in tl1e 

theory of integration of systeu1s of partial diff e

rential equations. 

11. Q_9.~s_a_~1:; ___ :3ys_~-~P1.: is an arbi tra.ry system of 

scalars, covariant vectors 9 bi vectors, •.. , n_1 -vec

tors: 
• 

{o 

U ; {
0 

= 7, - - - , N,, 

11 • 1 ) 
• 

' 

--------------------
1) Cf. K~hler 1934.1; P.P. Ch. VIII. 
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We suppose that the system of equations 

11.2) 
.:r. 

"U.=0 ~ Y = 1~ · · · .. No ~ 'lo . . ., . 

• • 

be regular of' diraension ~o in the null point .l 1c:: ., 
o"'~ . 

Goursat' s uroblem consists of tl1e determination 
~ . 

. of' all Xm.) s in an ;n(& ~). lying· in the. X-r: . re-
. 0 . . 0 

presented by ( 11. 2) and vv11'1ose sections with -t;he 
• 

quanti ti.£?S zi'.A :. ... ., --z21' .. _. ~ . ail vanish. 
, "n-1 

. . . 

Such an Xm is called ani,n,t_~gr?,_;h- Xm of' the 
. 

Goursat system. Ifm. ha.s a given value, all 
. 

quantities (·11. 1) vvi th a valence > m drop out 

automatically because in an Xm no q -vectors vvi th 

q > nz. exist. 

The natural deri va_~_i_'Y.:_~. ( or gradient) .9f a 

scalar pis the covariant vector 

11.3) 

and the natural derivative (or rotation) of a co-.. -... ,~ - ,, . ------
variant n -vector u,.. is the covariant ,,. ./4,-•-.-1~ 

(q_+ 7) -vector 

11.4) 

The natural derivative of' a 

vanishes identically 1 )- .. · 
---------------

. 

natural derivative 
• 

• • 

1) Cf. Schouten 1949.1 Ch~ IV§ 3. 
. . ' . . 
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· It is easily proved that t1"e section of all r.1.a,tural 

deri,,vatives o,f ,t4e _g_uanti t~_~s ( 11 •. 1) w;:L-t;h every in--~- .. ·•.,;-• __ - .. _ --~-. -... 

tegral- Xm; ~'.·-,y~p.i13h-.-' Therefor,e '.'it 'is convenient to 
. . 

take the.;3-e ,natu:ral :a.erivat·ives to. the. g_uan,titi·es of 
,•. cio· •• 

th-e system. If ''this has· been done the Goursat sys-
. , . . 

. 
;t e1n·-

. . . 

is said
0 t6 b~ close~:· A Gbursat system consist-; 

. . -;. ' . . . . -,~ ' 

ing only of scalars, vectors·and some·0t the rota-
. . . . ~ . . .. 

tions o;f these vectors or 
. . 

all of the1n is called a 
.• . . .... .-·· -· 

- ; . . . -
It becomes cl,.osed if the .. gradients 

. . . . . 
. ._ . :, 

of the- scalars and· the r_otations ·of the vectors are .. . - ~ . 
. .• . :;,:· . ., ·"r.;;. . . . - . 

· added. In the fo·llovving. Wei~~alw·a:ys sup}?ose that a . . .. .,;."'· ,• 

Goursat or Cartan sy,:13tem·~{s closed.· ... 

Every tange.nt-- 8 m of an: iriiegral-Xm. with tl1.e 

(supernumeraryjcoordinates 

the' e·q_uations 

.. . . 
. . . - . . . . . . . . ;. . 

11.5) .· 
• ' -~ . 
I 

I 
- - •• 

-
. .J>n .. ·_ .. ?<,·- -Am 

,l } V .. .,._, - -- /lm ::::0 
. ·-' • . ' ~ ' 

. - ., ' 

• 

.. -- -. .. - ..... 

. . -~ . ~ .... 
• 

. ' . 

' 

. 

. . 

-~ ... 

satisfies 

in g1e • Every flm sat~sfying 0 (:11. 5) is called an 

integr_?,,l_ - C 171, • Hence every tangent em of an integr; 

X-m. is an integral- im . But conversely an inte-
• 

gral- em. need not, _,pe tangent- E?7'l,. of some integra 
Xm... . . 

' 

' 
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• Fi:·st all ·integra:i..: ·e1 ,n.. 's have to be deter-
. 

ruined. An integra1-·E10 or j]'l_te_g_!,E!,_l -po:;Lp._1 is a i)oint 

of the ·X-z (11.2). If an integra1-e0 is giver1,. 
. . 0 . . . 

the.·• ;int·egral- f?1 's tl1rougl1 tl1is f 0 fill a: f·lat . space 

in the local Cn.. denoted by o't(f!0 ) • If t}1e di

mension of a1-t'(~0 ) is 1 + 1:,
1

, there e:x:ist ju.st oo -z, 
. . . ' 

integral-~
7
's ··t11.rougl1. §

0 .In tl1e sai,1e .,,,av the 
,' . ✓ . . ' . . 

int'egral- B S-f-1 ~ S througl'l 2c gi ve:r1 Bs fil_l. a flat . 

space .?'C(t's) • If the di;,1e11sj_on. of £(cs) is 
-

s+ 7 + 'Z-s-11 t}1ere ·• . 
e1cist just oo "Cs+, integral-:-

. 
~ s ;· 1 ' s through . ~; . 

. . . . 
It r11a.3r occ1,1r tl1at fol" all integral-~$ :,s in 

. . 

tl1.e neigl1.b·o1..1l"~1.ood of so1,1e giveµ~~s· the nw.11bei" 
. . . 

. 

has -'cl-ie sa:.1e val1.,1e.. In tl1.a·t co.se ·l:;11.is. 

is said to be reg1.,.1lar. il chain o:f i11--
tegral elerf1ents 

• 

11. 6) 
• 

B() C ~1 C t~ C - • - . ( ~ ~'r-l. 
1) 

. 

all regular. Tl1.e las.t· ele;.:··.snt of t:1.e cl1.ain is · 1ot 
• - ••---- •• •---• •- " - - H '" . . . ' 

" . . 

ne~e_!?..::ari_;Ly_ __ r_~_gt,1la_:r-!.. An in·t;egral- X772 l'laving at 
least one· tangent~ ~ 7n. tl1.at is last eleraent. of· a. . . . 

regular chain is callee. a ,£8_f.:2:-ll_~_r _i_n_~-~£ral- X1n • 

By means of the theorem2 ) • 
---------- __ ... ____ _ 
1) c means: is contained 

2) P.P. Ch. VIII p.353. 

• in. 

. ,. . ... 

- • 
' 
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-•-= _, -- • ..._ .... ·-Theorem XIII ( .1i_Q.~_9,_r,~l'll;. ,q_:f_, .~B.~ §.,g_r.:,a.~i_+,_i t Y, ,o,f 
Cartan - Kahler) . 

• 

If ~m. is last ele1Il_?_nt of a ,F.e.B}!lar chain there 

~~_;i-sts al;_w_?,.Y.,? __ ~1? _!-:,~!1-~~--.. 9.P:e •. p_e..@±+.?t.:r:..._~~t_egr~l_- Xm -~-an.:-:-. 
' 

·e;~nt_ :t_9_ tm ; · 
the construction o:f all regular integral-X-m.. ~ s 

is brought back to the construction of all reguJ.ar 

chains of m..+1 elexnents and certain integration 

processes. · 

If regular· chains exist with a last element e;l-
but not with a last elen1ent. Ej.+ 1 , :, is· called 

the genu~ of the Goursat system. Hence a Goursat 

system \ii1i th genus. j possesses al~vays regi.,1lar in

tegral- X,!l- 's but no E.,~~la.E integral manifolds 

with a di:mensi on > j . 

• 
J.S 

we 

The ·t;heorera of in·t;egrabili·t;Jr of 

proved by means of some auxiliary 

ne.ed the theorem 1 ).; 

Goui~sa t systems 

theorems. Firs·t 

Theorem XIV (first theore1n of uniqueness) ..., -.. 

If in Xn be given an ihtegri:tl'- ¾ of the Gour-
• 

sat system ( 11. 5) , a tangent ~1n.· v;,i th the coordinates 
g1,; v- 1<:., • - - km.. and an 

·~· ) 0 

the following conditions: 

1. the integral:, - Cm 
2 ~ tI:~- __ s~s~.~m 

----~-- - ------
· 1) P.:P .. Ch~ VIII p~ -359 • 

• 
• 

X . -
n. - ~m -1-1 

' . 

• 

• . . . " 

• 
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lo 
U:::: 0 • {o :::: 1> •• • 'Iv;, 

' " 
. .. . 

.;, . 

--z,r ...t, · - - Am u~ • i1= 1,··-.,N,. ) 
1 , .. • 

I 
• • , 

11 .. 7) ,r~ ,l U V- 1 •". - ilm. 
• ~m.. -,, ... ,Nm -l1 - ·. ilm · 
' 

· · i ~ £._e_gµ]-_2:,r_ .?-.Yl: '{ 4:, v- K 1 • • • k:m , 
O 0 

) .. the )( · · contains X · · and its tan.O"ent--
--'--· n- ~mr1 ··- ····- .. · ·-· - 71t ---.. ·-···· - ,_ ·· -, · . ..s.;a,, __ ,, -

en -'C- .~13: E I{ ha~-- _j_~f?_t_ .. ~:g._e_ E ?'ll.. +-, 
"111.+1' , 0 "-t/J~"{C ) in cori.rra.on wi·l;h (7(. c • __ _.. _ _;.,~----- '111. ' 

there exists one E,nd onl_.y_ q_l)_~_ .~ntegra_\-Xm.+1 ) 

containin(T X and bei11.g .contained in X .. ··-•=••-•=. _,,_,,_,,,g m. ----~--...- .. _,_,, __ -- _;..__,.____ ?t.-~m+-7 

Tl1.e ... 1?.ap.g_e:q._~- f?m.~-; -~-~ '{" of _!;11.is Xm.;. 1 .s._oin-
o 

.9..i._des v,1i th the section of' € n _ '"'l::-m..+ 
1 

_ and ;;K(3m.). 

The proof of ·tl1is theorem is rather long and 

needs introduction of a suitable coordinate sys

tem and application of the existence theorem of 
Cauchy-Kowalewsky. 

By means of algebraic operatio_ns it is al-

ways possible to 

ec -' '!!1 :, " " • ~ ~ Ji 
determine~ regular chain 

' . • 

•. Then by means of repeated 
. . 

appli-

• 
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cation of the theorem XIV it is possible to con

struct a regular integral-X0 )-X 1 )·· ·:, -X3-
.each tangent to an · eleme11.t of the chain and in 

this way a proof of the theore1rr XIII could be con

structed .. But here a difficui ~arises. b~'cause at 

every step it has to be proved first that the 

system ( 11. 7) is regular .. For that :proof v·ve need 
.' . . 

the theorem .. • 

. . . • 

Tl1.eorem XV 
• = -·-· •. # ' 

_;§y_~r_;y__ ~l_en~ep.t ep ; {k, v>.:; - · •kp _of_ ,':',,·r~~l3-r_ 

chain satisfies the condition _t)1._?,·~- t_h_e ... system 
. . 

' . . . . 
. " ~ . . . ~ 

; S= o,-,!> •., -;p ; • 

11 .. 8) . "' = t.. . . . Ns i 
'\s ~ -'··.·· 

is. re.gular_ o:r _d~Ju.en~ion 
• 

11.9) 

• in £ "', V- K, .•. l<p • 
. 

0 0 
. . 

In the proof of this theorem the theory.of super-. . . 

. numerary coordinates is used, The '{ "'-., v- "-, · · -J<p are 

. SUJ?ernurfierary coordinates with c.1 ;:::f;J-Pfl-P)-1; £. 2 == 1 · 

in the X n+p(n-p) of all ep 's. in :the local space,s 

of Xn in n(e1<) .. Instead of ·t;hem the non-supernu-
0 
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merar~ coo:r-dinates EiC~ 13.J ; fi= t~, .. v e, ~=p+1l · · ·) 11.. 

oan b~ 1:n,troduced. Then frorr1 the 'tb.e¢reni XJI it 
. . . . . ' ·• . . 

:follovvs that vve l1ave to prove that th~ system 

_ f..t · · A., · · As . · · · 
i, 1 .. 10) u:.\,· ·-As .8fi ---8..Ss .::: O ; _$_::: 0,1, • • •, q; 

T /.i, '• • "',fis::: "r, • • 1 ,,P j., 
1.s = 1, • • • !! N.$' 

in the variables { ~, BJ with a;=a; ;O!.,;e~ t,•··,p 
is regular of dimension. Mp in ["'> f!.s't!J: ., If novv 

the rest;!'.'iction J.3; = d,130< is drop1,ed, the [-t, 8/8,t 

are supernun1erary coora.inates vvi th 'F.. 1:p4
; £~::O 

in th€! sam.~ Xn.-+ p(n. ... ·p) _ and :from· theore:a1 XII: it 
f ollovvs tl1.at vve l1ave to prove that the syt;ten1 · 

. { 1.1 .. 10) vyithout. this restriction is .regular of 

di:£11e:Usiou Mp.+P2 j,n '! 1<:_ ~ 8~~~- .. Finally· instead 
o a ,. ... 

«>f the l3/.lk' the pn corn:ponents o:f ;O arbitrary 

vectors J.3" ,'(', · • ·, a; in the tp may be introduced. 
~Vi th the · §;k. t11.·ese form a· systeu1 of mi.pernumerary 

eoordinate·s· v~ith £,·=o ; £2 :::p~ and consequently 

we have to prove. that the·system 

·11 .. 11) 
fs · 0 ?t., n ~s 

U · · I:> - · · I.:> · · ·. . ; s ;;;; o,, 1 • • • • , ,b :.l, ... -1s . '. . ~ .., 

is regular of dimension Mp r p 2 

.'b.: ,) .. -~~.. . 

The !}2,,._. can be chosen in such a -yvay that :for 

every value of S the vectors 2 ..... K) • • • ., Bsk span 
0 0 

the ~s of the chain.,, Then a proof. by induction 
. . . . . 

. . 
ean be · cmnstructed; · · · ' . . 

• 
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. 

~ 1_?. App;L_icatio_11;,_~---~-I. Solu ti_9.p._ o:f a: .G@_~;:_a_l __ s_y_s:, 

~~!P- of __ },~~"t i_a=!-_ ... slif:f ere:g._1,_~al .E?..9.1,!-.?1_~ j._qP:,~.--b_y 

~E;.-:t.~r;ip.ip.?-n$. ~h) __ inte_gr_E!,_l _1gani:folds of a 
1 . 

Cay_t~n _sy§_~_eµi _ .•.. · · 

.It is well-known that every system of partial 
. 

differential equa-t-ions can be brought back to 
• 

tem of the first order. A system of the first 
a sys
order, 

I 

can be vvri tten in tl1e form 

12. 1) 

•l 
vii th the '77Z. independent variables 'f 0(; ex= 7, .. ·.:, m and 

. . .. . I!;' 
the n_-77,-~ unknowns. E . ; ~ = m+1:, ·; · ~ n ·:. N OV-1 vve consi 
der -t;-he equations 

• 

12.2) 
• 

Ol ::: '\ ~ • • • ,~ ; /3::: 1., · · • :, ~ ; 
~ = ?n + 1 3 • • • :; -rz.. A 

and look upon the PJ as the non-supernumerary coor
dinates of an em. in the local e'n, of' Ek . Then. the 

'{" ~ P;f are non-supernu.merar3r coordinates ·±n the 

X -n+ m. {n.- -m...) of all im 's in ·t;-he local ~ 72 's 
of X,i for\vhichv--.,··-m.:f:O •· ··. 

In this X n+m(n-ni.) we consider the ,n_7n so-

called Pfaffians -·-

------- ------ -
1) Cf. Cartan 1001.1; 

P.P. ·Ch. X. 

• • 
1904.1; 1945.1; Goursa·t; 1922.-1 

I 
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.3) 
. 

" - . ' 

the · n+ m(n--m_) vari.::tbles '! .1e, p] · .. Tl1.~ 

ncticms fl:. Gt(I ~Pl) and n .. 771. covart'ant vectors 

X ?"l. + .-;-n(n-n-i..) belortgi11g 1,o the Pfaffians' 
j . . 

2 .. 3. arid having ·t}1e co111.ponents 
• 

• 

longing to the coordinates· 

. . 

• 

.·-··-,.., 

••-r,. --• .. .. . . . 

• . . .. ,. . 
. . . 

' . ·-

... 

, ' ,-·- . . . 

.. 5) 
. . -' •, 

; /3 = 1:, ... ~ 7n ; . ~ ,71 = 112-r 1' ~ •. ; n. 
. . . . 

r1sti tute a Carta11 syste::11 a~1.d tl1is systern beeomes 

osed if vve ·add ·l:;}:i.e gradients of t1"1e. S,-"Ci: and 
. . . 

e rotations of the vectors (12.4) •. 
. . . . 

Each Pf'affiar1 represen·ts · an ~nrm.(n~nl.)-7 

c11 local . ~ n+ ?n(n--m..) and consequently 
• 

. . 

j?resents an ~ -n +(-m-'1")&,.,-;,n)-field in ·:che · · 
1-1--mfn.-~ Beside S in tl1e X -n +m (n- nt) ' there . 

ists a norlr1al syste1!1 of 00 772 X n+ m(n~m-7) ,S 
·-th the equations 

' . .· .. 

. . . 

• 
J.ll 
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12.7) 'f 0< """ Constant ; o,: ::: 1 ~ • • • ;,ni. . 

According to our definition in§ 11 an inte

gral- Xm. .ef the Cartan syster.a is an. X m lying in 

the· null inanif old of . ( 12. 2) vvhose sections with . . 

" all the·covariant vectors and bivectors -of the Car-
• . 

tan sysyem vanish, in other words, it is tangent 

to all €n+(/n- 1J(n--m.)'s of the field (12.6). I_f 
such .an Xm has nowhere a. direction in comrnon 

with an X n+ --m(-n..-?n- 7) of the nor1..r1.al system 
( 12. 7), the grx can be used as coordinates in the 

X-m. and the Xm. can be represented by a parametric 
• 

form • . . 

a) 

12~7) · 

But according to ( 12. 2) and ( 12 .. 6;-) .. _ these. equations 

represent a solution of ( _12:. 1). Conversely every 

solution of ( 12 .. 1) correspomds ·to an. inte,gral- X-irt. 
of the Cartan system having nowhere a direction in 

COITJ.iilOn vvith an x-?7.-1-777.(n-?n-:.,) . of the normal 

system (12.7). Hence the solution of the system of 

partial differential equations ( 12.1) is brought 

back to the determination of t~e most general inte

gral-X-m. of a Cartan syste1n. in -nr7?1.(11.-n2) variable 
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. In order to construct the most general inte-

gral - X m. of the Cartan syst er11 in an n(f ~ pJ) 
0 0 /.., 

vve have first to consider tl'ie equations (12.2). 

If this syste1u is regular or semiregular in '{"', 

fJ it can be re~laced by an equivalent sys-
ten1 minimal regular in {'< ~ p/3.-.g • If the sys.tern 

0 0 

is irregular, by using theorem X, the null mani-

fold can be decomposed into a finite number of 

Xs :, s ; s = o, 1, · · ·., n.+m(h--mJ_ -t. For ever·y 

Xs a syster11 of equations can be found, n1i11i-. 

n1aJ_ regular in §k ~ p J , or in s01ne other point 

in n(g-"!i PA~) 
0 

,. ° ConsequentlJr tl1(3 Cartail 
o o ✓--

system is deco1n:posed into a :fini·te nUr11ber of 

Cartan systems each having a systen1 of scalar· 

equations m::i nimal.regular _in a point of . . 

. 8Lfl ~ P,a'f:J) .. If frorn. ·these scalar eqt.lE1tio11s ·t}1e 
o o . k 

maximULl lllliilbe:r of variables e ~p/.i~ is solved and 

if these solutions are substituted into tl1e. ,e,qua

tions . ( 12. 3) vve get a scalar-fr,ee Carta11 syste1n..-
- . . . . 

This latter reduct·ion 111ay be useful sor11etimes 
. . . . 

but in many cases it is more profitable. to lfeep 

the scalar equations. 
' 

. . 1i'le. now proceed vvi ·tl1. one of the Carta11 sys-. . . . . 
' ,' 

tems with a minimal regular system.of scalar 

equations. If' 9- · is the genus of' the s!stera and ·. 

if m ~ ~ t regular integral- X-m.., s alvvays exist 

(cf. § · i 1) and these Xm ~s can be deter111ined by 

fil§!Q..QQ.§_,Q;evg}9.R§d by Car:tan 1 ). But if ?tz. > j tl1.ere 
1) Cartan 1901.1; 1904.1. 
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exist no ree,-ru.lar integral- Xm 's and vve don't yet;. 

know if tl-1ere are integral- ,Xm. 's a·t; all. 

In order to decide whether there exist foi a 
. X ' given Cartan system integral- 71, s vvith'?n.>:J , 

Cartan' s fl!'.1.1:!.h..9..d ___ 9._:f_.J."?£_<?lqp._gation has to be used. 

·vve c:..nsider a close-d Cartan system 

• 

12.8) 

• 

.c;:--w 
satisfying the conditions that the system cl- = o 
is rainin1al regular in 6k , that· ·the O;._ 'il--w de11end 

-~ 0 "'e· 
linearly on the 'W;i and tl1.at the -w-A. are linear-

. 0 /<; 
ly independe11.t. Then if· l::,.e , j.3 = 1, • - -.,nz. is ·the con-

travariant connecting quantity of an integral-X-m. 

vvhose. tange11.t Cm. in every poin·t of an ?t{f) · · 
satisfies the inequality ,v- 1 ·•-n-z.if:O the n.a.s. con

ditions for an x?7l- being integral- X m. are 

• 

· 12 .. 9) 

; et::, fi, = 1 ,. • • • ~ Jn 

. ' . . 
. . . 

• 
. . 
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Now we consider the 

13J and the system 

- . 79 

X -n...,. 772 (·n _ '??'l.) · -. of·· the 

of J?faff ian equations •• • 

... 
• 

in this manifold .. Ther1 ·t;he equations ( 12. 9, 10) 

constitute a Carta11 syste,,1 in this X7 z. -1- 17z.(?2.-1n) 

with the _scalar equations (1249).· This Cartan 

system is called •·the first l:t_9_~_'.0.l) · p~_9_:):,_o_~a-~_i..C?E. 
. . 

of the ·given Cartan system. If an integral- X17z. 

of the prolongation is given, having nowhere a 

direction in comr11on vl'i th an X n+n2.(7z -1 ni- -,) of 

the normal system • 

• 

12.11) Erx. == eonstant· ; o:: = 1, • • • , n2. 

frorr1 the -n+-n-i..{n .. ·m-7) equations of this X-m. 
· the £ VJ , · 1313~ · can be solved as functions of the 

_. • fo:. · · and this solution represer1ts an· integral- Xm 
o:f. the given Carta11. system. Conver13ely froJD. th~ 

parametric for1n ( 12. 7a) of an integral- X-m. .. of . . - . ' ' 

the given sy~_tem, by differentiation, we get 

equations of the form (12.7b) and these equations 

together with ( 12. 7a) rep:i;-esent an integral - X71't.
of the prolongation. Hence there exists a one

to-one correspondence between the integral- x·m 's 
of a Cartan systera and those integral-Xm 's o-:f the 

prolongation h~ving nowhere a direction in common 

, 
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,with an X 7t.-f m(n--m ~ 7) 

(12.11). 

of the nor1nal system 

This way of prolongation iw not the only one. 
. . 

In ri1any caS?S it ·is. n1or·e • profi t·a. ble· to f Ol"f~l a :part-

ial prolongation by using not all equations (12.10) 

but only a nun1ber <: n- '77?.. of linear co111binations 

of the1n. 

I'f ow the principle of t}1e 1netho a of prolonga

tion can be described as follovvs ... If tl'le genus of· 
, . ' . . . .. . 

the prolongation is ? -m.. · ~ the 

the prolongation can be· for1nec1 

integral- X m. )s of 

and b...-,,r tl1.em the 
u 

integral.., Xm. 1
-~ of. tl'le origi11.al tJtyste:r,1 are deter

mined. If the genus of the prolongation is <n~ this 

syste1n }1as to be prolonga·ted once YD.ore 1 etc. Cartan 

has proved in 1904 1 ) · that if at e2:ch ste:p t11.e pro

longation is 11erforr,.1.ed in a suitable 1,1ay- and if 
' 

the r.aan11er of .9rolongation is alv1.ays chosen most 

practically, the proce.ss gives after a fi11.ite nwn-
. 

ber of s·te11s either the integral-X-ni..'s 

or the certainty that n.o integral-Xm.." s ---------------~ 
looked for 

. t2) exis • 

1) Cf. 1904 • 1 ; 19 4 5 • 1 • •. . 

2) There only reruains one diff'icul ty •. During the 
process of prolongation extra ordinary points 
111ay arise. There i!IBY exist integral-Xds con
taining only extra ordinary p·oint s. This is 
not so bad because tl1e extra ordinary points 
may be treated in the same way by prolongation 
and this does not disturb the finiteness of the 
whole process. But during this process new ex-· 
tra ordinary points may arise and they .have_ t.o , 
be treated in tl1e sa1:1e vvay, etc .. Though it is 
highly probable that the whole process will re-
1nain finite, the .,_)roof is not jret given. 
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• :But this is only the principle of the method • 

. 

~or . l - . - .,. , 
the per:forn;ance of the prolongations and the 

:hoice of tl1..e manner of prolongation ratl1.er. comp.li

:ate-d calculations are necessary a11.d there arise . ., 
' • 

: lot of difficulties all o~ercome by Cartan in a 

·ery ingenious vvay. But the stl;ldy of these ·1nv~s-_ 
.igations .of Carta;:1 is very di.fficul t 1 ). 

Here we are interested in the following diffi-
' 

ulty .. After son1e pi"oloni5ation it 1;1a3r occur that 
' . 

l1e scalar eq_1,1atio11s of the nevv syste1n no longer . 

Ol""lfl a 1ninin1al regt-1 .. lar systern. T}1en accordipg t.o. 

heorem X tl1.e null raanifold consists of a finite 

run.bei" of X5 's ana. :to eacl1. Xs. tl1.ere belongs a 

yster.1 of eq1..1ations minimal regular 111. so-:u1e point 

fa neighbourhood of the point considered. The 

artan system considered splite up into a finite 
• 

' . 

Llill.ber of Cartan systems. If any one of these 

ystems has a genus i; -n-z. this systecil i1mnediately 

;,,lrnishes a contri b1.1.tior1 to the i11.tegral-X ?n ~ s 

:)oked for. If the ge11.us· is ,-:- ?72. it 11as -to be 

r-olongated. At last we fi11d. that the integra1-Xn-:s 

3sired are all the integral-Xm..'s of a finite · 

.ui1ber of Cartan syste1ris each of which has a genus 

• • • 

·--------- ---
•, 

} In P.P. Ch. X an elaborate treatm0nt of Cartan 1 s 

beautiful methods is given, which is intended 

to be more intelligible. 

• 
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