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the hypothesis H, will be rejected against the alternative hypothesis H,
if the observed T' = T',, the chance of a fault of the first kind being at
most «.

It has been shown [6] that under X, T for large n; is asymptotically
normally distributed with mean 4 and wvariance o%, given by

(1.1) p="{ (N — > n})
02 =Yp {N(N + 1) N + 1) — T n(n + 1) (2n; + 1)}.

In the following section a recurrence relation is derived for the exact
probability distribution

fnl(T) =P[T = TlH()Snp'“: N ].

******

n, (1) of T' are

-------

given for the three sample cases 7, = n, < n, < 5.
From these distribution functions the significance levels 7', have been
derived for & = 0.005, 0.010, 0.025, 0.050, 0.100. These significance levels

are compared with the levels T, computed by means of the approximating
normal distribution functions.

2. The probability distribution of T

Because of the continuity of the distribution functions of the variables
X, ,, all observations z;, may be assumed to be different from each other,
this being true with probability 1. The observations can thus be arranged
in order of increasing magnitude.

If K,  .,(T) is the number of sequences {x,;,} with T = 1", we obtain

by isolating the last observation in each of these sequences the recurrence
relation

[

Kmm..nz (T) — Z Kn,,...,n:--- 1

i == ]

It H is true, each of the N!/I1n;! different sequences has the same proba-
bility, consequently

(2'1) Pm ’ﬂl(T) = Nﬂl 2 72"1 Pn;,,.,,ﬂiml ----- g (T - ??fi“!'l e 7T nl)

with 1nitial conditions

Py, T) =0, f T << O or if an n; < O,
and
(=0, if T#0,
Po...0 (1) = 7, 2 — 1, if T =0,

‘whence for all n. = 0

T ===

POW.,O,ni,O,...,O (T) = Op,-
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TABLE 1

The distribution function F, , . (T) for n, S ny S ny S 5.
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3. The dustributron function of T for ny, < n, < ny < 5 and its comparison
with the approximating normal distribution function

Using recurrence relation (2.1), the CompuTaTION DEPARTMENT Of the
MATHEMATICAL CENTRE has computed the exact distribution functions

F, n.n(L) for the three sample cases with n, < n, < ny < 5.

Because of the symmetric character of the probability distribution of T,
we can write

F%i ,,,,, (T) 1 - Fnh.,, 80y (zz n; n T 1)

i<

Consequently, the exact distribution function of T has been tabulated only
for T=0,1,2, ..., [u]. (Ctf. Table 1.)

Denoting by 7', the smallest integer 7' for which the inequality
ny (4" — 1) = Z Pnl,....nl (m) = o

!!!!!

holds, the exact one-sided significance levels 7', corresponding with
x = 0.005, 0.010, 0.025, 0.050 and 0.100 have been derived from table 1
(ct. table 2).
For large values of n,, ny, 3 T is asymptotically normally dlstrlbuted
with mean u and variance ¢2 (cf. (1.1) and [6]).
To investigate for which values of n,, n,, n,; this normal dis

Igtribution
function may be considered as a good approximation of the exact distri-
bution function of T, the significance levels 7', given by this approximating
normal distribution function, have been calculated also.

These significance levels 7', are given by

T.=wu+ 056+ %k, 0,
where L, 1s defined by the equation

__1 ey

= Ve 7{ dt.
The constant 0.5 is the so-called correction for continuity. In table 2 the
integers 7% with 7, < T* < T, + 1 are tabulated. From this table we
may conclude that for n, = 5 (¢ = 1, 2, 3) the normal distribution function
with mean u and variance ¢2 is a good approximation of the exact distri-
bution function. The table shows that also for smaller values of =; the
integer 7'* usually coincides with 7', sometimes (in particular for « = 0.005
and 0.010) is one unit larger and only exceptionally (2, 2,5; 4,5, 5;
x = 0.100) is a unit smaller.

In [6] it is proved that

where U, ;_;,; is defined as the number of pairs (4, k), 2 = n;,
i=1,2, ...,5—1, k<n,;, with x;;, <x;;. As the variables U, _ ;_,; are

independently dlstrlbuted, we may conclude on basis of the Central Limit
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x=.005 || .010
ng | my || 2™ || 1, | TX || T, | T
1 1 3
1 2 5
2 2 8
2 2 12
1 3 7
2 3 11
2 3 16 16 16 | 16
3 3 15 15
3 | 3 21 20 | 21 || 20 | 20 |
3 3 27 25 | 26 || 25
1 4 9
2 | 4 14 14
2 4 20 20 19 | 20
3 - 4 19 19 19 | 19
3 4 26 25 | 25 || 24 | 24
3 4 33 30 | 31 || 29 | 30
4 4 24 23 | 24 || 23 | 23
4 4 32 290 | 30 || 29 | 29
4 4 40 36 | 36 || 34 | 35
4 4 48 42 | 43 || 40 | 41
1 5 11
2 5 17 17
2 5 24 23 | 24 | 23
3 5 23 23 | 23 || 22 | 22
3 5 31 29 | 30 || 28 | 28
3 5 39 35 | 36 || 34 | 34
4 5 29 28 | 28 || 27 | 27
4 5 38 34 | 35 || 33
4 5 47 41 | 42 || 40
4 5 56 48 | 49 || 46 | 47
5 5 35 32 | 33 || 31 | 32
5 5 45 40 | 41 || 38 | 39
5 5 55 | 47 | 48 46 | 46
5 5 65 55 | 55 || 53 | 53
5 5 75 62 | 63 || 60 | 61

25 |

34 |
40 |

23

i; 11

Is T, and T¥ 1)
025 || .050 || .100
T, | T5 || T, T*| T, | T*
5| 5
8 | 8 7| 7
12 | 12 | 11 | 11 {| 10 | 10
7 7 6| 7
11 | 10 | 10 || 10 | 10
15 | 15 || 14 | 14 || 13 | 13
14 | 14 || 13 | 13 || 12 | 12
19 | 19 || 18 | 18 || 16 | 16
23 | 23 || 22 | 22 || 20 | 20
91 9 8| 8
14 | 14 || 13 | 13 || 12 | 12
18 | 18 || 17 | 17 || 16 | 16
17 | 18 || 16 | 16 || 15 | 15
23 | 23 || 21 | 21 || 20 | 20
28 | 28 | 26 | 26 || 24 | 24
21 | 21 || 20 | 20 || 19 | 19
27 | 27 || 25 | 25 || 24 | 24
33 | 33 || 31 | 31 || 29 | 29
38 | 38 || 36 | 36 || 34 | 34
11 11 | 11 || 10 | 10
16 | 16 || 15 | 15 || 14 | 14
21 | 21 || 20 | 20 | 19 | 18
21 | 21 || 19 | 19 || 18 | 18
26 | 26 || 25 | 25 || 23 | 23
32 | 32 |/ 30 | 30 || 28 | 28
25 | 25 || 24 | 24 | 22 | 22
31 | 32 || 30 | 30 || 28 | 28
38 | 38 || 36 | 36 || 33 | 33
| 44 | 44 || 42 | 42 || 39 | 39
30 | 30 || 28 | 28 || 26 | 26
36 | 37 || 34 | 34 || 32 | 32
43 | 43 || 41 | 41 || 38 | 38
| 50 | 50 || 48 | 48 || 45 | 44
57 | 57 || 54 | 54 || 51 | 51

') For testing against a downward trend the left-sided significance levels are
found by subtracting 7, and 7* from

2 2 MmN,

1<q
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Theorem that for more than three samples with n, == 5 the normal

distribution tfunction will be also a good approximation of the exact
distribution function of T.

REFERENCRES

1. Kenparr, M. G., A new measure of rank correlation, Biometrika 30, 81 (1938).

2. -, Rank correlation methods (L.ondon, 1948).

3. ManxnwN, H. B., Non-parametric tests against trend, Econometrica 13, 254-259
(1945).

4, —-—————— and D. R. WHITNEY, On a test of whether one of two random

variables 1s stochastically larger than the other, Ann. Math. Stat.
18, 50-60 (1947).

5. WILcCOXON, F., Individual comparisons by ranking methods, Biometrics Bull. 1,
80-83 (1945).

6. TErRPSTRA, T. J., The asymptotic normality and consistency of KENDALL’s

test against trend, when ties are present in one ranking, Indagationes
Mathematicae 14, no. 3, 327-333 (1952).



