
STICHTING 

2e BOERH VESTRAAT 49 
AMSTERDAM 

SM 87 br 

Wilcoxon's two-sample test. 
- ---- -- -------·---·-----

• A R Bloemena. 

1959 



,.\ I"> 1> J<:N I> l X 

\\r I I J ( 
1 < > X < > N . S 11 W ( )-S .LL\ l\i1 J> I ,J J-1J T 1~ ST 

Ii' ( ► tlt: lt,1s ,, g:r·<)llf) (ii' s,1nlJ)1(\8 f't•<)Ill <)ne l)<)J)t1latic>11 ancl cl gr·ottJ) of 
.... ;. 111 ar,lt':-- t·1·<,r11 ,1t1<•tt1{·r· Jl<>J1t1lctti<)ll., c)tlt~ is c).ftt:~11 f~1r('\<l \Vit.11 tl1e (lUesti<)•n whetl1E.~1· 
t}c,tl1 11cifltll<1ti(111s :11·t· tlt(\ s,1r11e c)r· nc>t. F,(>1· tl1is sit11atic)tl S(\ve1·c1l stc1tisticc11 
1t·sts (,r·t_• ,l\',lil;tl>l(\, <lllt.· {)t· tl1(\8e ll<1 ir1g the \Vell-k11c)\Vr1 ;.'1t1t<le1it'!'.-; te.'tt (<·f. l)ixo11 
,trl(l ~l,1ss(•.\·, l!)SI, <•l1,1Jlt<·1· 9). ()r1c c)t· tl1e <lSSllffiJ)t.i<)llS ltr1cl(~r·ly·ir1g· Stticlcr1t's 
tt•st is tl1,tt t}l(" (Jlltllltities, ()t· ,vl1ic·l1 ()})S(~l'\7clti()ll8 a1·e ,l\railcll)le, l1itve cl ll()l'Illcll 
.,Jist1·il>11ti(>t\. 111 1•1(111~· (•ctses, lt()Wl~ver·, it is Il(>t, krI<}Wil \v}1etl1e1~ <)I' D(lt tl1is 
;iss11r11J>t i(,ll is s,1tist'il~(l. 111 tl1E.~se ~,1ses it is cl(l\·iscll)le t() 11se ,1 st,1tistic4(.1l test, 
11<»t t,:1s< 1(l t>tl tl1(\ <lS8t1rn1>tior1 <)t~ 11c>r'"mal <1istr·il)uti()ll8. In tl1e Ilr·ol>lem C()l1-

<•(·•r·r1t•tl t)ll(\ l",ltl 11se, <i. g., Wilf•()X<>ll 's t\vo-sam1)le test. Tl1e ,lS8llffiJ)tif>ns 1111dt·1·­

l\·ir1g t t1is tE.·st tlr(•: . \ 

<t. «1 ll c,l>sc•t·\·,1ti,,r18 ,11·(~ tc1kc11 clt 1·11r1{lon1 clll<l ,11·<· ir1tle1ler1(le11t; 
It. tl1<• (>l)st.\r•\•,1ti<)t1s i11 gr·<>llj) I ,11·e t;:1ke11 fr·<>n1 tl1t~ s,1n1e !)ClI)tllc1tio11; 
<·. tl1r ()l)s(\l'\',lti()Il i11 gi·<>llJ) II ,tr·t~ t,1ke11 t·1·c)111 the sc1me J)C)f)t1l,1tio11. 

1\s c111 ('X,1r111>lt· \V<· tak(• tl1e t·()ll<>\vi11g situi1tic)11. 1\ t)"Jle <)t· r·oc·k l1i1s l)ee11 

t'(1t1r1tl ir1 t\\'<> l<)<•ttliti(\s; <lt <·it<•l1 ltlC•c1lit)' <t11e l111s t,1ken 6 StllllJ)lc·s * ,1t I'clll(lc)nl. 

"rr1e S()tlillfll (•()Ilt(~Ilt (ir1 f){•rcer1ti1gt•s) ()f' these SclffiJ)l(•S is: 

lt><·,1lit ,. ., 

l tK· ,1 lit ,. ... 

·r 6. •,) ·3 9 ; .t:> ; t,, •'- ; 

.,/. .. ill. ·11 - 6 - ) 
< ' .). ' ,) ..... , 

!3.5; 1().0; 2.5; 3.4-. 
6.(); 3.3; 1.1; 3.0 . 

F'r~(>Ill tl1e <>r)ser·,·c1tic>11s a test-statist.i<· is <·,1lc~l1lated. Ir1 this cc1se tl1e test­
st tt t ist i<· \\1 is f t)llll(l <ls f ollc)WS. f~ac,l1 c►l)servat ion <)f lcK·alit,)r I is Ct)IDJ)ar·ed 

v\·itl1 <•}1<·l1 <)l>ser·vi1ti<)Il c>f. loc~i:ility II. Nc)\V Wis t~c111al to t\vict~ t}1e 1111ml:>er 
ot' J>ai t'8 {)t· {)[}Ser,rcl t ions for 'wl1i(~ h t r1e ol)ser·v<l t io11 of }O(~l:tlit . .)r .I is lcl rger" tl1a11 
t lie <tl)Sl~r•"Y<1tio11 (>t' lc)e,1lit,y II J)lus ( 011ce) tl1e 1111ml)er of pi1irs c)f <)t)servatio11s 
t'<>r· \\·r1 i(• t1 t l1e ol>ser\ya t ic>n ()f l<>t~11lity I (~q llals the o l)servatio11 of loci1l itJl' II. 
"'I'l•e <1 ,1l(•11lttti<)11 ot· \\r for tl1e exan11>le is show11 i21 scheme I. T,l1e gr·cJUJ)S 
<)t· ol)se1~\rc1.ti<)ns a1•() r·a11ked acco1·tlir1g tc> i11ere,isi11g size. Tl1e thir·cl column 
<·<>r1tair1s f(>r· ()ac~l1 ol>serv.,tttio11 at loeality I tl1e contribtttion tc> W, i. t).,~ t\vice 
tl1e r1uml><.~1· <>t· ol>s(~rvat,io11s at locc1lit1}r II, w·l1icl1 are smaller (1)lt1s or1ce t}1e 
r111ml>e1:· of ol>servatit>ns at localit)r II ,vl1ic.~}1 are (~<111al t<) it). A(ll1ing tl1e 
<·<>t1tr·il)t1ti<)ll gi\yes W. 

l\:<>\V t"o11sitler tl1e case ir1 ,vhio.l1 l ►otJ1 J>C)J>ulttt.ic)ns ,t1·e ir1 t'a<~t diffe1'er1t 
1t11tl 111<>re S])eeifieally thitt the rock itt, loo~1lit,}r I has it higl1e1· Na (~<>11te11t. 
l ll t fl is t·,1se ()[le migl1t (~xr>eet ll, l1igl1 \."alt1e of \\7

• Tll tlS a l1igl1 \ralt1e of W 
t.,,,. 

* 111 Htati~ties tl1<• W<>«l '·sa.1·r,tplt•'' is USf'.'d .irt ar1<1tl1t·1· st•11~~, i. t"., i11 tl1e S('t1R(• t>f tl 

gt·( 1t1 Jl <J f <> 11st~ 1·,1at i<>11s, tii.ker1 at ra.11d<►tt1 f t·<>Ill a 1><>pt1 lat i<)ll. I 11 g·<•<.>1 (>gy <>llf' \\'<)ll 1 cl 1·11. t l1f' r· 
c·all tl1is ,. a grou1, ol samplc"!S''. 

** Rt'E><,rt 11>!).iJ.-:!7 (1) c,f tl'it' Sttttistie."R I>t~1>artr11t~11t <)f tJ1,ti :Matl1t\n\ttti<•al (.~<•11tt·(•, .\111Ht<1 1·­

<tttt11, ll(•llant1. 
., 
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r11,1,· }J(1 t<1kc11 <ls t1r1 ir1lli(•c1tic,11 ()f: 
l<,(•;1lit,· I 1s l1igl1e1· tl1c111 ~1t, lc)(-,ttlit.)" 

• • • 

tl1e t·act tl1at tl1e sodi 11111 1)e1·c~e11tag·t· ~11: 
II. Ir1 tl1e sc1me wa),. a low vi1lt1e of W 
lc)\Ve r· N ~1 con te11 t cl t locality I, <•()n1 J)cl r·c<l rtl,l\. li(• t,tl<c·11 its ·,tll i11(li(•tttil)ll <>i' a 

• 

\\'itll l(}(•ttlit,Y }], . . . 1 • r 

~<l\V s1ittisti(·:l1 tlie(►r·,· ~i;i\·cs a r11ec111 tc> (l,,tc~1·n1111<:~ c·1·1t1c~c1l va ties cJf ~, 
tlit~ s<>-<·,lll(ltl 'llJJJJ(I' <i1,d · l(>l.t,er a% c1'"itictil t)al·1t.e.i:;. If a ct1lc.ult1t.e•d. v·c1lt1(• 
<>t' \V li('S l)t•tW('<'Il tl1t~se c•1~itical ,ral11es one ht1s tc) c~C)l1cl11de tl1at (els 111 tl1c.• 
c•x,11111)1<·) tl1(•r·c~ is rl(> E~\rider1c~e tl1a.t l)otl1 sodi11m J)C~r·cent.ag·es a1·e clift~er·er1t. 

SCHEME I 

The calculation of the test-statistic W for the example quoted 
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12 
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Tt1is d()es ll<>t Ill1c•essa1·il)r r11ear1 tl1at tl1e)r ar·e C<}Ucll, 1>ut it only mea11H tl1,1t 
in tl1e !)l'tise11ce c>f' l,1rg·(~ 1·c1r1dom f'ltrc~tllctti(>Il8, tt sig·r1ific~a11t <lif.f:cre11<~e (~<)u1d 
11<>t t)(\ cstc1l>lisl1e<l. If ,t cc:1lcul,1ted valt1e of W is r1ot iriside the c1·•itic(.1l 
lin1its, <>Il(i 111ay' r·e.je<~t tl1e l1y1)otl1esis t,hat, clt lJ(>tl1 localities the s<)<lium cc>r1-
t.er1t is tl1e s,.tn1e. Tl1e a % cr·itical limits l1ave been cl1osen ir1 st1cl1 a wa:)· 
t.11.:1t if i11 fctct l)otl1 po1)ulations do 11ot diff'er·, the pr·olJalJility of finding a 
\',1.lt1e of'. W r1ot inside tl1e critical limits is ( a %, so t,l1at tl1e l)r·ol)abilit,)· 
<> t· an ir1c()1·1·e(~t eo11c•lusior1, i. e., the co11c·l l1sio11 that t l1e sodi ll m c~c)r1ter1 t i8 
tiif fer·ent, w11ile i11 fac~t it is r1()t dii~fer·e11t,, is sma,lle1· tl1,111 01· <~Clllcll tc) a %. 
I11 ma11J~ fic~l<ls 011e cl1ooses as a r·ulc~ a=== 5 %, i11 r·ough wc)1·k c>r1e n1igl1t, 11se 
1() %, l>ut wl1c·\r·e ir1c~o1:·r·(~ct c•<J11cll1sior1s can de) ser·iot1s ha1·m, .a sl1ould lle taker1 
t<) l>(~ 1 % or· smt1lle1·. Ir1 tl1e t.al>les cr·it,ical \1,1l11e8 l1ave 1Jec~11 g·iv•e11 f<Jr gr·c>llI> 
sizc•8 < 12 :111cl a:== 1(.) % (1lJ)J)e1· tal)le) r111cl a=== 5 % (lo,ve1· talJle). F1 c>1· 
<>tl1c~1-- g·1·c>t11·) siz<..~s tlll(l tl1e tise of Cl•ti1er· vc1lt1es fcJr· a we r·efer· t,c) Const,:,:1nc~e 
,·an l1jt~de11 c111d Itun1l{(~ (1958) i1nd tc) l)c)r·r1lir1(\ Wc1l)eke a11d (;onstance va11 
l~(~<ler1 ( 1955) . 

:B'c)1· t:l1e (~X<lillJllc~ W === 44 l1as he(\11 i!o1111(l. It aJ)J)e~1r·s f1·om tl1e tal)les 
( 11 === 6, m === 6) tl1c1t no sig11ifi(~a11t cliffer·er1re t)(it,vec\r1 tl1e sodi11n1 conte11t 
t11: t 11(~ 1·c>rl< "t t, l>ot 11 localities can lle. establish eel. 

Rema1"k.c; 

1. F
1

1·c>111 tl1e tal>les it is clear· t11at if 011ly two gr·ouJ)S c>f tl1r·ee samr)le8 
vV('re ,1 vailable, t,he cone lusion that thei·t~ is cl difference cc>ulcl nc~\re1· l)e 
reacl1ed lly means of t11e deseril)ed test-p1·ocedure. 



TABLE 

Two.sided critical values of the te-st•sta.tistic W for group sizes 12 and .% -= 10 '',
1 

and 5 •Jt, *) 

m n 1 2 3 4 5 6 7 8 9 10 11 12 
-----=~- ""' 

1 • • • • • • • • • • • • 
2 • • • • 0 20 0 24 0 28 2--,- 30 2 34 2~ '"" 38 2 .... * 42 ◄ """* 44 
3 • • 0 18 0 24 2 28 4, · 32 4 38 6- 42 8- 46 8-- 52 10- 56 10- 62 
4 • • 0 24 2 30 4--36 6 42 8 48 10 54 12 60 1 4 '"""' 66 16- 72 18-- 78 
5 • 0 20 2 28 4 36 8 42 10 50 12 58 16 64 18 ·wrso 72 22., ..... 78 2◄ .. ., 86 26-- 94 
6 • 0 24 ◄ 32 6 42 10 50 14 , . 58 16 68 20 76 24 84 28 92 32 100 34-110 

10°. ,_,..,_ j f 

7 0 28 4 JS 8 .--48 12 58 16 68 22 76 26 86 30- 96 34 106 38--116 42 " 8 126 13. ·- /() • 
8 • 2 30 6 42 10 54 16 64 20 76 26 86 30 98 36 108 40 120 46-... -130 52 •-·140 
9 • 2 34 8- 46 12 60 18 72 24 84 30 96 36 108 42 120 48 132 5 ◄• -144 60--156 

10 • 2. 38 8 52 1 ◄ 66 22 78 28 92 34 106 40 120 48 132 54 146 62 158 68-172 
11 • 2 42 10 56 16 72 24 ,86 32 100 38 116 46 130 54 144 62 158 68 174 76-188 
12 • 4 ◄ 1 10 62 18 78 26 94 34 110 42 126 52 140 60 156 68 172 76 188 84 204 

1 • • • • • • • • • • • • 
2 • • • • • • • 0 32 0 36 0 40 0 44 2 46 

3 • • • • 0 30 2 34 2 40 4 44 4 50 6 54 6--- · 60 8 64 

4 • • I 0 -32 2 38 4 44 6- so 8 56 8- 64 10 70 12 76 14- 82 
5 • • 0 30 2 38 4 · ,46 6- 54 10- 60 12 68 14 76 16-- · 84 18 92 22 98 
6 I • 2 34 4 44 6 54 . 10 62 12 72 16 80 20 88 22 98 26 106 28 116 5 0,1 

f'J'.. -- ;'o 7 • 2 40 6 50 10 60 12 72 16 82 20 92 2◄ · ... 102 28 112 32 122 36 .. 132 • 
8 • 0 32 4-44 8 56 12 68 16 80 20 92 26 102 30 114 34 126 38 138 44 148 
9 • 0 36 4 ,50 8 64 14 76 20 88 24 102 30 114 34 128 40 140 46 152 52 164 

10 • 0-40 6-54 10 70 16 84 22 98 28 112 34 126 40 140 46 154 52 168 58 182 
11 • 0 44 6 60 12 76 18 92 26 106 32 122 38 138 46 152 52 168 60 182 66 198 
12 • 2 46 8-64 14 82 22 98 28 116 36 132 44 148 52 164 58 182 66 198 74 214 

*) • means that for the respective values of m and n, the hypothesis that both populations are equal cannot be rejected (using this test with 
probability level «). 

----~ --
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~. 1,11<.• t,tl>les ,l l'(: valid or1l)· if 110 two ()bse1·vat,io11s ar·e ec111al. 111 tl1e case 
ot· {'(lttal ol>servations (''ties'') a correction l1as to be tlpplied. If the 
r1t1rr1l.>e1· <)f tied ol)ser·v::ttior1s is small compa1~ed to the total n um1Jer·, this 
c·<>rrE~<1 ti<)11 is r1egligible. 

:3. Tl1e testir1g-1>roc-,ed11r·e has tJeer1 descr·ibed as a two-sided one. In some 
<~,1ses (>rie-sided tests car1 be used. We refer to the above me11tioned 
1>u blie,ttic>ns f(>r· f11ril1e1· details. 
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