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1 • Summary and i_n_t_·r_o_d_u_c_t_1_· o_-_n. 
,1 I II 3 I I t I tf. l i~•,1-, , ·"-- • 

Limns.ea-eggs in two differ·ent 3tages of devel.opment,A and 

when nursed, sometimes show an abnormality in their c'?!velopment 
called exogastrulae and sometimes headaberrations. The Li may 

also influence the death rate. An investigation ,vas carried out 

to e:ramine the eff'ect of a change of ternperature on the influ-

ence of the Li To this end the number of eggs of egg-maasef 

with exogastrulae, eggs wit11 hea.daberrations, de-!1d an:i normal 

eggs, was observed at a number of differ·ent mome11ts c:.fter the 

Li was applied. 
To answer the qt1r:;sticn w11 ,; ~he1- the' inf;.·JencF-- of .Jhe Li, e~ 

pecially on the number of eggs v-1i th exogastrtilae or Vil:... th head­

aberrations, is affected by the ter,~~Jera~ure or nc1t; t:1e results 

of this experiment have been analy.::,ed s·~atistice:.'~lY by means of~ 

the NE·· .... ·· N-scherne o:f competing ris1[s. A method like t}1is is ne-­

cessary ~ because the same egg cannot e;{hibi t ex<·~gast.rulae and 

headaberrations. Also an egg that dies, mi ·· t have shown exogas 

trulae or headaberrations, had it lived longer. 

We find that ·the ''nett•rates of the risk of heada"berration.P 

and of the risk of exogast~ulae in stages A and B respectively, 

increase and tie crease resp~cti vrely wi tr risi rig t,.:inper~.ture. 

2. Crude and net rates of risk. 
• • ~ - ,.,. .,_. --- - .I)- __ ,.._ 

In the termir:ology of NEYJ\·1AN v,11-iic11 1-ve shall adopt here, 

the eggs arej after treatment with Li, exposed to four differen 

so-called ''risks'', namely the risk of otaying no1\mal, dying anu 

exhibiting exogastrulae or headaberrations. 

In both stages A and B o: developr·:1.ent, sepax ~ telJr, 21 egg-

ma.800£3 have been observed~ eacl1 consisting of 4 )( 13 eggs; 13 eg 

are treated at each of 4 different temperatures. The stages A 

and B are investigated separa1:ely by identica~~ m thods. 

If we count the number of egga of an egg-mass, w:1ich at tr1 

end of the experiment are in one of the four possible states 

· where we count a death follov1ing i1n exogastrula or }1t:tadaberr·a 

tion as an €.JtOgC". i_;ru1.a or heaJaber:c,ation respectively·, and 
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divide this number bJ'' the total number of eggs in the egg-mass 

i.e. by 13 .. , v;e get an estimate of the so-called •1 crt1de 1
' rate 

of the risk correspo11ding to tfllt s·tate, i.e. the probability 

of succumbing to t}1at partictilar risk ,vhen a. normal egg is expt 

ed to a number of cornpeting risks. We are 1 b :'Wever, not inter­

ested in the crude rates only. Our main interest is in the net 

rate of a risk, defined as the probability in et .te of normali-~ 

ty, of succumbing to that risk when all other risks, except 
staying normal, are eliminated. A mathematical specification 
of this concept will be given later. 

As we are interested in detecting differences in the net 
rates of risk at different temperatures~ and as only the crude 
rates can be estimated directl:s,r from tl1e observations, we have 

to establish relations betv>1eer1 the crude an1l net rates. To do 

this, we f ollo,v the method of tTETI,'Ll\N · 1 

then enable us to draw conclusions about the net rates from tf', 

results about the crt1.de ra tef; v;1hicl1 follow from a routine 

analysis of tl"1e observations. 

3. Mathematical model. 

This section and the first part of section 4 are concerr 
ed with considerations, which are "tralifl for aveJ.. .1 eg:--mass se:r 

ately. Thus we consider one egg-mass at a time. B1or E!very egg­

mass the last exogastrula occurred before the first headaber­
ration. The time after treatment with Li may therefore be divj 
ed· in three periods a, b and c 1 exogastrulae and :·:eadaberra 

tions respectively occ-u.rring only in the first ar15. third period 

respectively, and the second one containing only cases of deat 
Death may also occur in the other periods. When spea1cing of th 

time of an exogastrula, death or headaberration~ we mean the 
first moment when this new state has been observed. 

According to NB AN each of the three periods is divided 

into a large number of small intervals of time !I each of lengt11 

At . During such a time .O..t a normal egg may remain normal or 

may pass into one of the three otl·1~r states~ Tre.nsi tion from 

any of these three states to any 0-ther state is impossible, 

deaths after exogastrula8 or ::1eadaberrations ~o~ bei11.g counte~ 
. ~· 

as such · cf. ·. 2 . We denote the proba.bili ty of the possible 

- - ________ ,, .... 
. ~,1 12 am 1 a w 

2 . Numbers within brackets re:fer to the references a.t the end 

o·f this paper. 
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transitions during ~t by i the period . .• 

or c and k the state of the egg at -the end of the interval 
• 

' 

, ... 

At considered,with 
• • 

k .. o corresponding to normality N 

k :::1 '' '' exogastrulae E 
• 

k .... -2 11 11 headaberrations H 

k •· 3 '' 1' death D 

The transition probabilities are taken to be constant 

during each of the three periods 1 but possibly different for 

different periods. 

Considering each of the three periods~ as well as a~ band 

c together" as 

of r-.isk k k 

by . ltk 
noted by • 

We 

\, 
• 

DE D 

as 

of competing ri~ks~ we have crude rates 
in a, b and c respec.tively denoted 

well as in the periods together de-

the following scheme of possible transitions: 

q,ho 
-······ ---

:0 

• •---~ Time 

Fig. 1 

D H ]) 

.. 

<\co N , ..... . 

I 

:D 

C, • 

Possible transitions of a Limnaea-egg after treatment with Li~ 

It is clear that this model is a eimplification of reali­

ty as every mathematical model always is~ It is easy to build 

more complicated models~ but difficult to handle them and there­

fore we have contended ourselves with this one~ 

4. Relations between net and crude rates of risks. 
-

We divide each period in a number say M of parts, each 

of length At. It is assumed that the probabilities of transfer 

the time interval At considered. This means that the quantities 
I 1 i 2 ~ 3 infi-

nity: • 

117 4 

. t.k Lk 
k == 1.,2,3 

Here and in wnat follows~ all limits are :for :Th'I -;oo 

Now we al~~- in a 
• 

in terms of rates and of normality and death 
0 t 

' . , 
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respectively are not very interesting from a biological point 

of view and may be left out of the investigation$ Furthermore, 

exogastrulae only occurring in the first period and headaber · 
• • 

rations only in the third one~ we have ,,-:. and ._ G 

. Q1 1 ~~ ~ 

Thus we only need to compute the crude rates for the periods 

separately. 

Considering the M time 

1 
M 

•* • 

M 

a.1 (LI 

intervals in period a, we get: 
-.·A-A 

• 1 .. o., ) F ~! '= e 
I jdJ • et F 1' " • 

is the limit of the sum of the probabilities of trans-

fer 
of 

• 

from state Oto state 1 in the 

time 0f period a. Thus: 
M k-1 

I , .. J ... .. 

M 
1 '( ✓ '}.. q ; • 

► I 

. :1 
a..o Q,.1 

' ' ... ' 

• 1 . az 

Considering period b separately as a scheme of competing 

r-11 sk·s ~ we obtain: 

I M 
3 \ 

2 • ... ,,11 I.a -... I -7 

ba 

M I 

1 d P 1 . ,· ...!1 e • • b 
').h • 

M 

For period c we 
,.,. ~C:l,-\Cl 

e 
C.Q f) 

get in the same way: 

5 
• 

: - c.i. 1 ••: -
c.a.. c..2.+ c3 

" 

We now introduce the concept of net rate 

1,2 9 3 in 

of risk mathema­

periodi i=a:b C· tically. The net rate of risk k k= 

denoted by 

in period i~ from state Oto state k, when all other risks h 

h = 1 ~ 2, 3; h'l=-k are eliminated~ the transition probabilities 

of these other risks being added to the transition probabili ~,y 

of staying normal. Or~ in other words, 

when is replaced by 

* · z.w 1 _ 
Lo ~k 

• 
1 a,,b,,c .. 

The net rates for the three periods taken together will be de-

noted by 

the same a,s fo-,:-
• 

Thus j 1 - -.,k 
normal with 

1,2,3. The definition of these net rates is 

tk • 
is the probability, in period ii of staying 

J< as the transition probability o:f stay 

i·ng normal. Therefore we have 

1 ., .. . k I fl 
.... L 

M ... ,, 
~ I a 1 ,, ,, --

M 
• 

....,,._ .,J< 
,11!,J 

. 41 ._. ·• 
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We use this formula to compute 
2 we get 

a • 1 -';-pa 

.. , 1 
and • From 

1-' 

7 Q."f 

<l..1 1 Q,._ .. 
Thus, with 6 2 and 1 • Q,1 ' 1/11 

~ ... 1 

~--, 1 .. ' 

8 
' s.1 1 Q, •• , e e = 0.1 ◄ • 

<l.O 

In the same way, with 4 
' 5 and 6): 

Q_CJL 

1 1 Q.GO 9 C:2,. -

All this has be&n derived for one egg-maee. In 
egg-masses the length of the periods a, b and c may 

different 
be differ•,.-

ent 

net 

and 

the 
' 

crude and 
rates of risks, nor the derivation of the formtilas (7., (8) 

9 ~ In facts all rates of risk for one egg-mass refer to 
intervals of that particular egg-mass, and may differ from 

the corresponding rates of risk of other egg-masses. Thus
1 

if 
vJe want to test the hypothesis, that the net rate of exogas,,,, 

1 
trulation or is not influenced by the 
difference of the four temperatures used in the experiment, the 

' 

ri_ t thing to do is to test this hypothesis for every egg-m~cq 

separately and to combine the results of these tests into one 

overall test. This is easy 1 because the experiments with the 

21 egg-masses are completely independent. 
Under the hypothesis 

O 
that 

1 
is not influenced by the 

Q..1 = 
four temperatures thouo--. possibly different for different egg-
masses ~ Hence, from 8 we find, for every egg-mass separately: 

' 

1-C) 
•·• .-1,r:rrasi4a" 1-

d.1 .l,..,., Q. 40 

• 

An " co 

By differentiation we find that for every C, • 1S a 
a.1 

monotonic increasing function of (cf. fig. 2), 
QO 

" 

---- ,,,,, ___ _ 
3 In fact these periods differed very little for the 21 egg-

masses and the periods could rou ··. ly be taken equn 1 """" .. ., 

all of them, except. only a few cases. 
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' 

' 
' 

' 
' 

1 - .'l., 
= 1-e .. o.3 s 

' 
" 

' 
' 

__________ ......,_ O ,. -~ t O 

' 1 

· ·. Fig. 2 

Graphical representation of the function 

i,k I C 

. .. 
. t,.,O 

• 

• 

It follows that 
O 

can be rejected if this monotony is 

refuted by the observations. Moreover we remark~ that for any 
two values of C betwem O and 1 ) the curve with the highest value 

of C lies above the other curve. 
An analogous argument holds for the hypothesis that 

• 
lS 

not affected by the temperature. 

• 

The result of the experiments described in section 1 may 

be found in table I. This table contains both the results for 

stage A and stage B 9 which will be investigated se~arately . 

• 

• 
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We now test for stage A the hypothesis that the crude rate 
is invariant under a change of tempera.tu,re by means of 

FRIED· N's method of m rankings cf. e.g. 2• ·, i.e. we set up 

a scheme with 21 rows ·the egg masses and 4 columns tne tem­
peratur·es , putting in plot ( i ,k · the nu1nber of eggs staying 

noI¥n1al during period A in egg-mass 1 at temperature k. These 

numbers are then ranked according to their size in each row 
separately and the ranks are added together for each column. 
Rows, where all eggs remained normal were omitted as useless. 
From the column totals, obtained in this way, a statistic mea . 

suring the concordance between rows is computed, which, 
the hypothesis tested, is approximately distributed as 
a known number of degrees of freedom. With large values 

under 
J-. with 

of this 

coefficient as critical values the oneaided tail error P has 

been found-from a table of the -distribution. 
The same method was applied to teat the hypothesis of in-

variance for in stage B, and 
(lQ 

for ._ in both stages. In the 
-

latter case we put in plot i k. the number of eggs in egg-
mass i exhibiting exogastrulae at temperature k. The results 
are sutnrned up in table II. 

Table II 

T~Ti.l ,,J2,~0~"'~b"~'li t~~s .~~ .. ,,~.~.s"~ip.g .~~.e i,nyar.~an~~ 
of Qa.ci and Q ,,. ,~.~ , 9-ift,.eren.,t, , -~~mp~;ra,,~.ure.s. 

. 

• Column totals Crude ' p ,.,_,. II ·• - IL_ .. & 

Stage 15° .. 20° 25° 30° 
• 

rate . 

I • 
-

A Q,O 59 51 142, 5 37,5 0,010 .. 
-- ---• •• •• o I 

' t 
24 30 5 5 44 0 003 -•· i39 ~Cl,."\ . 

• 

' 1 

t QQA t 30,5 41 ~61 ,5 67 <10 
B 1 -•--·------;-- - " -- --~·--"" t· '. ,. ---· - -I 

(10 Qa.1 61 , 5 l 50, 5 i) 1 !27 ~· • 

l • 

An arrow, p.ointing upwards or downwards respectively> means 
' 

that the concerning crude rat,e increases or decreases respecti­

V·ely with increasing temperature. 
All tail l)robabili-ties being small, the hypothesis of in 

variance under changes of temperatt1.re must be rejected. for all 

cases. It fu.rther follows from the column tots.ls in ·te.ble II, 
that 11 decreaa,es with increasing temperawre in stage A, but 

·8.4! ..>ti' 

inoreases in stage :B,. :- .. -. increases with temperature· in eta.ge A d. .• 
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and decreases in stage B. By means of 10 and fig. 2 we may 

thus conclude, that C is not invariant either for changes in 

temperature but that C decreases with increasing temperature 

in stage A and increases in stage B. This means, that the net 
. 

c~easing temperature in stage A and decreases in stage B~ 

The above procedure fails for and because of the 
CG C.l. 

unequal sizes of the egg-masses at the beginning of period c. 

Therefore the hypothesis of invariance is tested in another way, 

by means of 2X2-tables for every egg-mass separately 1 the results 

being combined afterwards~ 

Let us take e.g. the test for invariance of under chan-
c6 

ges of temperature. For every egg-mass we construct two 2x2-ta-

pectively as one dichotomy and the results ''no1lmal 11 or ''not 

normal at the end of period c'' as the other dichotomy i) For egg-

mass no 1 for 
~:-.1.: ~J.U..J.l.l~::r of eggs at the beginning of period c may be seen 

from table I to be 13 and 10 = 13-2-1 respectively, 0£ these 

eggs 13 and 7 = 10-1-2 are normal at the end of period c. Thus 

the 2X2-table for this case is: 

. . ..•. --- ,. .. ·•-·- -~----~--- .. ---- -- - • -. .. , a•• • • • 

• normal not normal total • 

1 50 13 0 13 
l 
' • I 

. 25° 7 3 10 
• 

' 
·, 

total 20 . 3 23 
.. _.,_ .... --- - ·-·-··.,. --· --·- -· - • -

It iA a well known fact, that e.g. the number in the left 

hand top 8orner of this table i.e~ in this case the number of 

• 

tested, a h~pergeometric distribution with known mean and vari­

ance. Denot 1.ng this number by x in each of the 2)(.2-tables per-

taining to t}.l,\ investigation of the invariance of under co 

. changes of temperature~ we add all values of ·~i denoting the 

sum by s
1 

adding also their means and variances. These last two 

sums then give us the mean ~ 1-, and variance of s under 

the hypothesi8 tested and using the approximately normal dis­

tribution of s , we may test the hypothesis of invariance o:f 
--

by means of the statistic 
~ ... t. A 
... ! ..... -

fr('5 

which is approximately normally 

unit variF.nce if the hypothesis 
• 

• 
' 

distributed with zero mean and 

tested. is true . 
, 

• 

• • 
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' 

• 

• • 

• 
' 

This procedure was applied to 
co C 

of davelopment separately. The summation of the values of x was 
0 0 0 0 effected for the pairs of temperatures 15 ~ 25 and 20, 30 

separatelY, and £or all 2x2-tables pertaining to one experiment 

together. The results~ with the ontsided tail probability Pin 

the last column> may be found in table III. lt may be remarked, 

that this method could also be applied to period a instead of 
• 

the method of m rankings~ In fact ~or period a still other methods 

are possible . The method of rr1 ra· ings was chosen because of its 

simplicity and proved to be adequate. Had it been possible to 

apply it to period c too, then we would certainly have done soo 

I 

I 
' I 
I 
I 
I 

I 

I 
I 

Table .III 

Results 
C I I a 24 C I 5 t 5 E i I I : a I a a m 

• 

at different ~emperatur~s. 
L 7 cl d i 71 1; 1 4 F 11 I I J _ 

' • 

Stage • p 
I 

• 

10 
• 

---- .,.,,. $ 

I 
I 

, I 
• 

0 ~ 177 
l 

l 
• 

t----·--♦---•---- I , ___ ._ ___ -- --------------- f'---•---·•--••--r--:-;:-;;;;;;i ---
combined \ 242 i256 1 549 l 3j779 10 

I I . 

ii-----~-------....· ----· ----~---' --------~---
i 

~o 
I 

A I 
~· 

10 

l 
• 
l 

! 
l 
! 

t 
I 
• I • 
I --- --+----·-- • 

' i I .,___ __ ,..•---•----.-•---••-----4,------•-•-• •--.,-----.-----'--•••••• - .. --,-♦ zlo-•~1•■ ¢M _____ _ 

~ J ; ■ m n r""\ 

combined l 31 I 18,235 j 3,022 10 i 

t 
' f 
• • 
I 
I 
! 
• 
l • 
f 

I 
• ' 

t 

' ---·-- -----·--·-----·-· I ---·-·-··-i--·-·---l--------··t-·-l-... - -------- ---··--- 9 

B . : t 

• • 
I 
' • I 
I 

0?004 
' • • I 

' • 
' • 

Cl. t • 
l 

•-- - -•-----• • *"'-••--,------••-••-•---••- _...,._..,..,._w, ""•--•••--•••••....,,---1 ·-'U··- .... ,.---··o-·-- ··- ... ·-·--· ·- - ..... - .. ···- -~- ~~·-•• . 

0,092 
·- •• ....1 ·----·---··-·-·-·-·'"'···-·1··---------•"··· -·-··-•·•· ... --.--•--· .. ~.~---·----· .. __., ...... _ ----+ 

-··,.-----·- .. ·~-•----·-------·- --• .. ♦----... .. ,-

44 I 54,246 4 9 532 0~012 
' 

combined 

• 

The results in table III clearly indicate, that the hypothe-

sis tested of invariance of the crude rates should be rejected 

irrnnP.diat ely. .. In fact we may safely draw the conclusion~ that 

in stage A decreases and iacreases with rising tempera-
ei. . 

ture, while in stage B the situation is reserved. According to 
' 

fig. 2 this means, that the net rate of risk of headaberrations 

2.. increases with rising temperature in stage A.and decreases 
in stage B. • 
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6. Conclusions. 
Distinguishing between the crude and n,et rate of a risk, 

and having established relations between these two kinds of 
rates, we have examined the invariance of net rates by testing 

the invariance of crude rates. Finding an opposite trend in the 
crude rates with rising temperatu1:--e, we conclude, in connect·ion 
with the above mentioned relations, that the corresponding net 
rate car,11ot b·e invax··ia.nt under varying t·emp,erature. 

In this way w·e found that the net rates of the risk of 

headaberrationa an•d of exogastrulation increases in stage A and 

decreases in stage B when the temperature rises. 
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