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The following contributions were received in writing after the meeting:

Messrs. D. VAN DANTZIG and J. HEMELRUK: The subject of records in time-series 1s a very
important one and the contribution to this theory made in the paper by F. G. Foster and A.
Stuart seems to us to be very interesting and helpful in its further development.

There are fields of research where records are of central interest, e.g., the investigation of
floods, which at present is carried out rather intensively in the Netherlands for obvious reasons.
The usual way of treating subjects of this kind is to apply the theory of extreme values as developed
by M. Fréchet, L. H. C. Tippett, R. A. Fisher and E. J. Gumbel. It is, however, likely that 1n-
vestigations based on records may lead to additional results. Anyway the use of records seems
to be highly relevant in this context. |

We have therefore applied the method of Foster and Stuart to the highest seawater levels
attained during each of the years 1864-1953 in Hoek van Holland (these being the years for which
data about this quantity are available) and to some parts of this period. For tied observations
the mean of the number of records for all permutations of the observations of each tie has been
recorded. We return to the question of the treatment of ties below. Table 1 gives the results.

TABLE 1

Application of the d, d” and D-test to the Highest Water-levels in
Hoek van Holland in a number of Years

Forwards Backwards
Years Upper Lower Upper Lower - d d- D n
18641953 6 -0 0 7% 5% —78* 13* 90
1894-1953 1 4 O 6 —3 —6* 3 60
1864-1952 5 3 6 68 4% — B 3 89
1865-1952 4 4% 6 6% — — % 0 88
O 4 6 b —4 ] —_3 59

1894--1952
' * Indicates significance at the 0-05 level.
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As an analogue of the mid-rank method we have, in computing the above Table 1, recorded
the number of records as the average of this number over all permutations of tied observations.
This does not change the mean of the statistics d, d” and D under the hypothesis, but it does affect
their varniance. Our conjecture is that the variance will be reduced a little, as is the case for Wil-
coxon’s two sample test. This has not been taken into account in the above calculations. Another
procedure might be to count the equalling of a record as a record too. The number of records
would then always remain an integer. It does not seem unfeasible to work out the standard
errors and limiting distributions for these modified statistics—under some restrictions for the
number of ties—and this would make the theory applicable to discrete probability distributions
as well as to continuous ones.

Dr. R. M. SUNDRUM: At the conclusion of their interesting paper, the authors mention the
possibility of extending their test to sequential form. To apply the Wald likelihood-ratio form
of the sequential test would require a much greater knowledge of the sampling distributions in
the non-null case than we have at present. The following suggestion, based on a simple sequential
procedure suggested by Chia Kuei Tsao (1953, Annals of Math. Star., 24, p. 141, Abstract) may
be found interesting.

Consider the three hypotheses: H, = no trend; H, = an upward trend; and H, = a down-
ward trend. Let n, be the number of upper record values and n, the number of lower record
values, and k, /, two positive integers, Kk > /. Sampling continues till one of the following relations
holds and the corresponding decision is made.

Accept H, if n, = k before n, = 1.
Accept Hg if nNg = k befOI‘C ny == l..

Accept H, if n, = [ before n, = k (n, >1)
- and if ny, = [ before n;, = k (n,> I).

~ The choice of &, / has to be made so as to meet specified requirements regarding the Type I
and II errors. It should be simple to obtain one relation between k£ and / providing control of
Type I error. ldeally, the other relation between k and / should be such as to meet a specified
requirement as to power. However, this form of the sequential test is such that we may alterna-
tively fix the size of the expected sampling number and then subject to this choose k and / by
intuitive considerations. ~ ' | o - - ‘ |

The authors replied in writing as follows :

As Dr. Armitage and Mr. Ehrenberg pointed out, there are not many distribution-free methods
of estimation, but this may simply be because the appropriate methods have not been investigated.
In the present case, for example, some function of the numbers of upper and lower records will
estimate A, the regression coefficient, and Dr. Chandler gives some relevant information here.
However, the function will differ according to the distributional form of the alternative hypothesis
considered: for estimation, as for power calculations, distribution-free statistics lose their simplicity.

Mr. Ehrenberg’s criticism of our application to the rainfall figures at Oxford applies equally
to a wide class of significance tests. We were, as he supposed, using the standard procedure of
regarding the time series as a realization of a stochastic process, and we set out to test the hypothesis
that the process is a sequence of independent identical variates.

The procedure recommended for the resolution of tied observations was the only one we had
seen mentioned in the literature, and we are grateful to Professors van Dantzig and Hemelrijk for
their discussion of this point. A recent abstract in the Annals of Mathematical Staristics outlines
further results along the lines they indicate. We agree that record-values analysis seems to be
more appropriate to many situations, such as the water levels example they give, to which extreme-
values analysis has in the past been applied. ' - -

The continuous approximation suggested by Dr. Armitage is very interesting and should prove
of value in investigating the asymptotic properties of record tests. ' |

Several speakers, including Dr. Vajda and Dr. Good, made related remarks on’ the use of
“local” records, for which each observation is compared with a fixed number of immediately
preceding observations, and on what might be called ‘‘sectional” records, for which a series is
divided into separate sections, records being counted only within sections. We agree with Mr.
Beale that the use of local records is likely to have less power when testing against a linear trend;
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' mdeed to take the extreme case, the dlﬁ‘erencc-sxgn test (discussed in the paper) may be regarded
‘as a local record test of order 2, and this test has very low power. Such, or similar, procedures,
‘however, would be required to deal with the type of alternative hypothesm discussed by Mr. Page
and Dr. Good.

The value of increasing the weight attached to later records is quite clear from Mr. Beale’s
calculations, and this i1s another subject which would be well worth exploring.
* As Professor Kendall said, problems concerning the content of the orthants of a multi-normal
distribution may be put into the form of problems concerning a sequence of independent normal
variates. In the particular case when these variates are identical, it follows immediately from
equation (1) of our paper that if X;, ... X, are multinormally distributed with a correlation
matrix whose off-diagonal elements are all +3, the probability that the X, areall positive is exactly

1
n+1°
can be made with the exact solution of the important general problem. The method of approxima-
tion outlined by Professor Kendall seems likely to require algebraic heroics.
~ Dr. Cox’s very interesting binomial tests have remarkably high powers, and it appears that
even these can be improved upon slightly by weighting procedures. It seems worth pointing out
that records still remain slightly easier to count. This is the case in particular if sequential proce-
dures are enVISaged

The ingenious stopping rule given by Dr. Sundrum seems to be equally applicable to a large
number of tests of randomness and we look forward to hearing more about this in the future.
We are grateful to the contributors to the discussion, from which we have learnt a great deal.

This is true for any n, odd or even, and we are reluctant to believe that no further progress



