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The following contributions were received in writing after the meeting:. 
Messrs. D. VAN DANTZIG and J .. HEMELRIJK: The subject of records in time ... series is a very 

important one and the contribution to this theory made in the paper by F. G. Foster and A. 
St11art seems to us to be very interesting and helpful in its further development. 

There are fields of research where records are of central interest, e.g., the investigation of 
floods, which at present is carried out rather intensively in the Netherlands for obvious 1·ea.sons. 
The usual way of treating subjects of this kind is to apply the theory of extreme values as develo 
by M. Frechet, L. H. C. Tippett, R. A. Fisher and E. J. Gumbel. It is, however, likely that in­
vestigations based on records n1ay lead to additional results. Anyway the use of records see111s 
to be highly relevant in this context. 

We have therefore applied the method of Foster and Stuart to the highest seawater levels 
attained during each of the years 1864 t 953 in Hoek van Holland (these being the years for which 
data ahout this quantity are available) and to some parts of this period. For tied observations 
the mean of the number of records for all permutations of the observations of eac;h tie has been 
recorded. We return to the question of the treatment of ties below. Table 1 gives the results. 

Years 
]864 1953 
1894--1953 
1864 1952 
1865-1952 
1894 -1952 

TABLE 1 
Application of the d, d' and D-test to the Highest Water-levels in 

Hoek van Holland in a number of Years 
Forwards 

r,,.... _ ___.>...._ .. --, 

. Upper Lo.,,1er 
6 0 
1 4 
s a 
4 4½ 

Backwards 

Upper 
0 
0 
6 
6 

Lower 
7R 
6 
6~ 

d 
5¼ 

-3 
4¼ 

-½ 

d' 
-7i* 
-6* 
-i 
-½ • 

D 
13* . 
3 
5 
0 

0 4 6 
6½ 
5 -4 1 -5 

* Indicates significance at the 0·05 level. 
• 

n 
90 
60 
89 
88 
59 
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T ,, ,l!S\dentand the la,ae difterenc:es in tM ~uJ,,, f()f the dttferent periods it sh()Uld be pointed 
,,,i&t atiat the h11hest leYel n:«·heJ in l:!tW~ \11,a~ ~'"~rtec)n.iilly ILl\i\ ttn f'act this \~·as the lowest value 
fec<)f~l in the \\ht,IC' pentld) aR<t that tlw , all~ t·11f" i 8Y4 ,inJ 1953 ,~iere the twt, highest ones, 
19,J cx"'~eed.•111 18~. t.Js1n3 th¢ ,1<,m•J appr<:1,1matit,11 f<)r the rrtlbabiltty distributions of d, d' 
and D~ the stani1ard e1·r·,,,1n fr't)f·n 'Tables ~, a,1,(1 4 llf ttw: f)4per a11J ~ te,,el of' sianaficance 0·05, the 
,1· &i\,es a s11n1t1eant rcs1,tc. ir~tCatana .111 ur"'"ar(i trcrit1, f,•r the first t"'<) periods tlf the table, and 
D dtlC$ the san1e f,.1r the tint pernld. ()r1 the other hand~ ,,rt1ission t}f the )'ear 1953 ct1anges the 
"·backward.\" .. re~iait~ con~ide1·ably, ai n1i1ht be e,pected~ 195.l bcina the highest value rec.orded. 
In this case the t)r1ly ~agntficant results arc the <)fleS rrw:ntit)llt-d ab<)\'f! and no contradict<.1ry r·e.sults 
eme,·1e fr,,rn t~ data. Neverthekss the c~.arnpk sh<)~s that the tirst an,i the last observations 
(lf the se1··1es hav,: a very large influen,c,"C t)n tile results and tt"Me same h<)lds for a small number of 
·. .,: ·.. ·atit,n., at the be1t1nni.1,1 and tt,e end. C\'en if the first anti ttw: l&$t observatit,n are nc">'t e.x­
ceptionalty small ,,r large. l'his seems t(1 u~ to be a dra"back, restrict.in1 the applicabil.ity of 
the n1eth<lid: 1t is a Ctln~1 uefk..--e of~ the f"a~t that c>nlv abwlute rec,t.lrds are c.x,11nted. The fact ~ " 

that in t>ur exan,pk there hap.pens tt.1 be a small ,•,yui upYt ard trend. caused b}' the perennial rise 
c.>f the sea level. d,(lft:S n<)t infiuen(.~ ()Ur ,1r1unv:nt. An untuck) .;.h•tltee of the beginning or the 
end «:lf the period .. - itnd p'.\ychc,l·t)!k:al facttlrs are apt t«J ha\·c a t.1rge influe·n<.."'C here--•---may either 
~rate a !\pUrlc.),u~ si.gr,ificaoc-e or <>blaterate a real d1ffer'efk..'C. In order 1,, ti(') full justtee to the 
authl'">n elf ttw: present intcrest11,g paper at must be remarke,d that the <,uri1hel.,rneth<ld suffes-s 
r fOO"l a ~imtlar dra Vt back. 

'J"his diff'k.,..lt), nt1ght perhaps he met \\ith if an extemi.(,n t>•f the theor)· ti, observations. excaidin, 
(<-lr fallin short of) m directly preceding ol»er\atiorui. ~<)laid he m.alk. ftlf fixed values of m or 
P<~sibly or different \'alues t)f m sunultar1eomt), The der·i\·attLln t)f ttl't rro-bttbility distributions 
of statist1es based t1n such nclttons is likely t<) be diffic·talt but n<)t unfea!',abk and the influence of 
the first and last observatitlns tif the ser~ ~t}tAld be br<)t1gl1t in better propt}rtitln tc> the 111f1uence 
llf the middle part of the series. The pt~sib,il1ty of' dra~1n1 a \,\,f(lOJ ct-.nclusion because of one 
or twtl <>utly1n1 t.Jbserv·ations-.. -"causeJ by error or by invc,tigatin1 a se-r~, es5-)e(;ialJy afler a record 
has been f ,:,,undq as is the case in the exan1pk c)f the h11t1:~water~ievei~ •- "'OtJ.ld be greatl) reduced. 
Such a,1 ex.tensi,}.n n1i1ht have an.c,ther bcnet1eia.J effect by tl'iakins the tt",t $Cnsitave to ftuctuations 
in the time ser}JC$ and also to alter11ative hypot · ··• .. ' ()f' a m<)re corr,plicateti character. viz .. hypo­
t · ·. ... . stating that the time ser,es cor1tains a number t,t· <>osef\ ati-iins i:1terspened at tt11kr10wn 
mofnlents ·· ·"'" · ·.· rt the other ones., whw:h originate fr·•)ffl anit)thcr i'L'Pttlation contali11,ng hi ,, , 
(or lo"v\l,er) values than the populatio11 gi"·ing the ordin.trj' t>bservati,ons (viz. '"dan11JCft)US"' as 

, ' . to ~"ordinary·" years). Of course these rer1~rk~ arc n1i); nleant as a criticism oo the 
important W()rk done by the authors of the paper, bt1t rather a, ~ .;;.ttniulf.t\ to <.."Ontinue their u .. , ·, 
on the ,u · • . In fact we . · ... · ··. t<l protit by the results t,b1.aitled ~l,ea,iy and vi,e woult.1 be grateful 
fi fl'wth« de . t ~ · · · -~ "·,ie,.-.·ns V't . . . .. , .. C. • T ' . . . . . .. ' • 

Another remark refers t<, s«ti<>n 10 of the raper· the tre~trnent {lf t&e$. The authc.lrs pn ... ·. · .. · 
to randomize the ties after the {)OSCf\iati<lns ha"·e be:en nutde an•tt they r·eter tt, a parer tlr t et .. >, . , 

statina that he has pr<,\i"e(i tt1e presen atlt1n tit'· ,>ptiniat prt:lpert~ fiir t\\(r-s.&n'i.J'lC' •t• .. ,, •'hen this 
pr · ure is applied. Lehn\Mnn·s restilt. ht)\\.ever. or\ly refe" to the propert~ 1 •I unbiasednc. 
or a test ~nd not to it.s po~·er. It ~nis \et·\ l1kel;.1. that thts r atitltin1ization rr<)Cedure diminishcet 
the po\Yer of the t~ts. In fact tt11~ c.::an be rr•)\ect ti, he trttt' t·nr a larac cia,s t)f tt""''' c.:,ntaimng,. 
e.g., the si1n test,. where <,mitting the ttts (1er<li•differe11<."l!"<i i11 tt1at ~aise) gi,1es a t(,,¥1 1,,,"er than 
distributing them at random O'\C-r the positive ~,nd nej[~1t1., ,. litfiei et1(,-es. ·r11e ~,ir1 tL~t n•, be 
regarded as a special case of Friedman,.s rnetruld c..1t· ,,, ,~.ink111~" f\·11. ,,tlcn there are c)nty two 
columns) and omittin.g the ties coincides in thts case witli t tle 111iti, r:t nk 111eth<xl v. htch ts the usual 
procedure tor Frie<!1nan"s rnethod. For Wik()Xtin·~ test al~<' 1' n,a\ be pr<)\·etf th•t fc1r a '\Uffl .. 
ciently· large number of ... 1ations the pOY.'er 1.\t· the rniti~ra11k -i~th<),{i 1s l~:~1 tl1a11 \\then the 
ties are ra. ·.· .··. iieda This result 1nay be made pl.t.usable h;• the t,\:f ,,,1rlt; .J.l"~llOlent, The di.f-
~ between the mid-rank method and the randon,izittt..:,n of ties c.-.l11~1s.ts in the additit:)n, in 
the last case, of a rand.om variable to the test statistic: this rand()m ,,.arizible, hc•we,e.r·, ha.., the 
sari,e probability distribution if the hypothesis testod is true as when this is nl,t St), Thus the· 
p,robability distribution of the iesulting test statistic,. under an alternati,e hypt·,thesis~ ls partly 
remodelled after the · .· l of the distribution under the hypc,t~is tested. <>r1e rnight alS(l 
explain the ltlSs of power intuitively by the loss of inft)rmatior1 inherent in the randt1mizatior1. 
the information,. cont · · in the k.oo,,;'ledsc that the tied obs.er, ati<.lns ,1r,· equal. bei1lg lost.• 

• Of course. ,f random11.at,on is introduced .. when using a tt:st statistic with a discrete probabil1t,· dis­
tribution,. in order· to r"atse the true le"''CI of s1gnificam.."C to the nominal \Sltle of the k'1·el of significant-;e, 
the power will 1ocrea1Se at least in a neighbt'll.lrhood of the hyp..1thesas tested. This~ however, 1s a different 
type of application from the one red here-
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As an analogue of the mid-rank method we have~ in computing the above Table 1, recorded 
the number of records as the average of this number over all permutations of tied obsez vations. 
This does not change the mean of the statistics d, d' and D under the hypothesis~ but it does affect 
their variance. Our conjecture is that the variance will be reduced a Jittle, as is the case for Wil­
coxon"s two sample test. This has not been taken into account in the above calculations. Another 
procedure might be to count the equal]ing of a record as a record too. The number of records 
would then always remain an integer. It does not seem unfeasible to work out the standard 
errors and limiting distributions for these modified statistics · under some restrictions for the 
number of ties-and this would make the theory applicable to discrete probability distributions 
as well as to continuous ones. 

Dr. R. M. SuNDRUM: At the conclusion of their interesting paper~ the authors mention the 
possibility of extending their test to sequential form. To apply the Wald likelihood-ratio form 
of the sequential test would require a much greater knowledge of the sampling distributions in 
the non-null case than we have at present. The following suggestion, based on a simple sequential 
pr - ure suggested by Chia Kuei Tsao (1953, Annals of Math. Stat., 24, p. 141, Abstract) may 
be found interesting. 

Consider the three hypotheses: H 0 = no trend; H 1 = an upward trend; and H 2 -- a down­
ward trend .. Let n 1 be the number of upper record values and n2 the number of lower r-ecord 
values, and k, I, two positive integers, k > I. Sampling continues till one of the following relations 
holds and the corresponding decision is made. 

Accept H 1 if n 1 = k before n2 /. 

Accept H:e if n2 = k before n 1 /. 

Accept H 0 if n 1 =/before n2 = k (n 2 >I) 
and if n2 1 before n1 k (n1 > /). 

The choice of k, l has to be made so as to meet specified requirements regarding the Type I 
and ·11 errors. It should be simple to obtain one relation between k and / providing control of 
Type I error. Ideally, the other relation between k and / should be such as to meet a specified 
requirement as to power. However, this form of the sequential test is such that we may alterna­
tively fix the size of the expected sampling number and then subject to this choose k and l by 
intt1itive considerations . 

• 

The authors replied in writing as follows : 

As Dr. Armitage and Mr. Ehrenberg pointed out, there are not many distribution-free methods 
of estimation, but this may simply be because the appropriate methods have not been investigated. 
In the present case, for example~ some function of the numbers of upper and lower records will 
estimate a, the regression coefficient, and Dr. Chandler gives some relevant information here .. 
However, the function w.ill differ according to the distributional f 01·1r1 of the alternative hypothesis 
considered: for estimation, as for power calculations, distribution-free statistics lose their simplicity. 

Mr. Ehrenberg,s criticism of our application to the rainfall figures at Oxford applies equally 
to a wide class of significance tests. We were, as he supposed, using the standard procedure of 
regarding the time series as a realization of a stochastic process, and we set out to test the hypothesis 
that the process is a sequence of independent identical variates. 

The procedure recommended for the resolution of tied observations was the only one we had 
seen mentioned in the literature, and we are grateful to Professors van Dantzig and Hemelrijk for 
their discussion of this point. A recent abstract in the Annals £if Mathematical Statistics outlines 
further results along the lines they indicate. We agree that record-values analysis seems to be 
more appropriate to many situations, such as the water levels example they give, to which extreme­
values analysis has in the past been applied. 

The continuous approximation suggested by Dr. Armitage is very interesting and should pro,.:e 
of value in investigating the asymptotic properties of record tests. 

Several speakers, including Dr. Vajda and Dr. Good, made related remarks on· the use of 
''local'' records, for which each observation is compared with a fixed number of immediately 
preceding observations, and on what might be called '~sectional"~ records,. for which a series. is 
divided into separate sections, records being counted only within sections. We agree with Mr. 
Beale that the use of local records is likely to have less power when testing against a linear trend; 

• 
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indeed, to take the extreme case, the difference-sign test (discussed in the paper) may be regarded 
. as a local record test of order 2, and this test has very low power. Such, or similar, procedures, 
. however, would be required to deal with the type of alternative hypothesis discussed by Mr. Page 
and Dr. Good. 

,, 

The value of increasing the weight attached to later records is quite clear from Mr. Beale"s 
calculations, and this is another subject which would be well worth exploring. 

As Professor Kendall said, problems concerning the content of the orthants of a multi-normal 
distribution may be put into the form of problems concerning a sequence of independent normal 
variates. In the particular case when these variates are identical, it fallows i1ru11ediately from . 
equation (I) of our paper that if X1, . . . Xn are multinormally distributed with a correlation 
matrix whose off-diagonal elements are all +½, the probability that the Xi are all positive is exactly 

n+ 
can be made with the exact solution of the important general prob_lem. The method of approxima-
tion outlined by Professor Kendall seems likely to require ·algebraic heroics. . 

Dr. Cox's very interesting binomial tests have remarkably high powers, and it appears that 
even these can be improved upon slightly by weighting procedures. It scexns worth pointing out 
that records still remain slightly easier to count. This is the case in particular if sequential proce-
dures are envisaged. . · 

The ingenious stopping rule given by Dr. Sundrom seems to be equally applicable to a large 
number of tests of randomness and we look forward to hearing more about this in the future. , 

We are grateful to the contributors to. the discussion, from which we have learnt a great deal. · 


