
• 

• ' ' I . ' ~ . ' • 
• ' , it 

' . 

• . . ' ' . .. . . • 
' ' . 
• 

• . . 

• ' . 
•, . . ' 

. 
I • ·, 

' . . 
. ' 

"' 4 • • 

• • . . ' 

' 

• 
• 

• 

• 

' ' ' 
• 

• 

• 

• 
' 

. ' 

' ' 

• • 

' ' • 

,• 

• 

2e BOERHAAVESTRAAT 49 

. · · A M : 5.,. T ·E R D A M 
: ·• . . 

·· . . ST ATISTISCHE D NG . 

' 

' 

• 

• 

leidir,g: 

'· 
• • 

• 
' . 

• • 

• 

P·rof. Dr D: van Dantzig · · 

' ' 

• 

Chef van de Statisti Consultatie: Prof. Dr J. He 

Rapport SP JOA 
• 

• 

• 
' 

• 
' 

' • 

• 
• 

iik 

1 t ). 
n f- 1 t . 'b 1 1 . '1 . .rrhe p o - c ing o · c):.JrJc_-r;vD - :,_ons on pro 1 0LJ 1 __ .1.-cy paper,. 

• -
1·-y -... ,) 

' 

1955 

' 

• 

• 

• 

E O ,.... L .· . V . ' 'J,"'I 1"' ,..., C' ·11 ) b - t::' c I J. l) c.l 1 

·~ . ~ -- • 

• • 



' .. 

The Mathematical Cent·re at ,Amsterdam, founded the 11th . -
of February 1946, is a non-pr9fit institution~ming at 

' '•'~, .,. . ' 

the promotion of pure mathematics and its applications, 

and is sponsored by the Netherlands Governmen.t .. ~ ough 

the Netherlands Organization for Pure Research Z.W.O. 
' 

and the Central National Council for Applied Scientific 
' 

Research in the Netherlands T.N.O. ,by·the Mun~cipality 
oi' Ams.'t-e- am ~and. b~ .. several .. i.ndust-ries • .... 



• 

• 

Tl1.e cun1ulat i ve-normo 1 ~•c1 is triout ion curve can be represented 

1)y· a straigh·t line b:s,r iilC:811.s of plotting on normal probability 

paper. In general, Dro~abj_lity paper can be designed on which 

contJ.nuous distribut:i.onftlnctions of the type1 F(otxt;,t3)., F being 

a known distributionfunc.t:,_on, appear as a straight line. This 

1-c~:~nd of pa1)r::r can be~ ucJC;C~ for several purposes, for instance 

1 To get an indication whether the sample arises from a pro­

bability distribution of the type in questionJ or 

2 To ge·t a quick estJ_t11a·ce: of the parameters a and p , based 

0 

In both cases thc o:)scrvations x1.,···, x 11 are plotted on 

1J1..,obabil~1.Jcy paper., ThE:: 1)0·1.nts are plotted according to increasing 

size along the horizontal axis and an estimate of Fis used for 

the corresponding ordj_nat20 This can be done in several wayso 

Some existing methods arc described in this paper and compared 

with a new method, havin~ the property that with a very good 

a1Jpro}:imation the media11s of the x'- are situa·ted on a straight 

lineu This method is es~)ccially useful for the first purpose, 

2vgo to find out whether the sample originates from a distri­

bution with a specifi86, cogo a normal, probabilitydistributiono 

A paper about the second purpose mentioned above has been pub­

lJ.shed some time ago b~,· CI·iERNOFF AND LIEBERMANN 

14 Some current methods. 

The observations x,, 1 ••• .> ~ are supposed to be arranged ac-

cording to increasj_ng c1 · r.~ f --

1:.:) • '. ,'.,J I;.; 

1 

no equal values occurr~_ng among the Xe O The probability of 

ties is equal to O for continuous distributions and only these 

are cons-:-i.dered ., A rema1,,,l•c on the treatment of ties, due to grou­

ping_, is gJ_vcn in sect~1_on 4., 

rrhe various estj_matc~ for Ff-¾·) in curr2nt use will be de-

11.oted by , /,):; .2 (1.·./4 etc .. j ·they depend only upon the serial num-
• 

be1-i I.. of Jche observatio11 :;_11. question .. The points plotted on the 

pr O 1) ab i 1 it y p a lJ e r are ·c 11. C; n .x/ ) ( /} '7 • . . ) X 17 , ( n) ' 

,. ., .. - •• Ill l Jlt_...., ... ..... w, .,_ -- - A • -
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Fj_rs t wc-J cons idE;.r ·t.:11\~' function 

•• 
C --, 

) • 

Though Jc 11.i s est 1.mc1 )c r_ J_ s used very oft8nJ it has the disad-

var1tage that in the ca:~),~ of normal probability paper for L· .. 4 11. 

tl1E~ ordinate 1 /'11 

j_ nvc:= st iga t ·J.011. has 

1 i e a t ~L n :[') j_ n 1 ·t y ., 

-1 c a11not be plotted if the distribution under 

inf ~i. r). :1. t c r an g c . The point 

The same obJ~ction holds for i-1 for the ordinate 

-­..... -• 

• 

• 

will then 

Th:i.s diff1_culty can e .. g 1:>e avoided by usj_ng one of the following 

functions: 

or 
. ( {·J ... --

-'( 

Th~ choice between the different ordinate-functions depends 

n8cessar1ly on their ·)roperti8s, which will therefore be inves­

t1.gaJced fur·ther, r·t ma:v 1:ie remarked in advance that all methods 

consJ_dc1~~a J.n this pa-~) 1~:r are asymptotically, for 11~ 00, equiva-

lent That this is tru8 
,..., 
ror ';, ) . . . J 

'-1 
follows at once from their 

2. The posi·tion of the. ·?oint xi, 1/)/t') --------------
' 

_ l 

variabl2 ·the: same holcJ.s for every function of ~' , in particu--
lar for f-(<Xx;_+;3)o The. gra1)h y~,--F CXX-1-j.3 j whj_ch is a straight line 

on thE: i;,1ro b ab i 1 it y p a1)\.., r for /- , repre s e n-'c s the point .xi , F(tX x,-J.~ 

for every va.luc of .-x:. , 1rhc random variab.le 
(,. 

has on this 

is, of courscJ unknown~ ex and being unknown parameterso 
' • 

2 , The random charactt~r of· a -variable is denoted by underlining 
( ' .. 

-

its symbole The samo 8ymbol, not underlined, can then be used f~r 
• 

vsl1..,1(;S ·wh:1_ch may be as[:1umed by this random variable .. 
' 

3 This :;,robabJ.lity c~r~1.s·c11 ibut·1on i~ not ·the rectangular distri-

is 
' 

thus different for different values of i a 



The random variabl8 

6 

at1d. mode 

0 
l.) 

.. 

½ = ( a: .>C' +/3) 
- (. I -

\/ ::: ,.: //n +1) 
...... ? Ii 

• 

• 

mean 

Fur 1c he::: rmo rt,;.;; the 
-l'!: 

med1a11 t 
• 

of is approximately equal to: 

-

This median as well as its approximate value are situated 

be-'cween thE mode and ·cl1c Now considc.~r values of t.."> f. (n-1- 1 

FoJ~ values of t: < 1 (n-1-1) analogous results follow f"'rom analo-

gous arguments The foJ_lowing inequality holds for 1.· > .z1 /,2-1-1) 

• 
I,. 

' -- -

and this i.mplies that ·tho value of corresponding to x. cf. 6 
- l.. ' (. 

-
~i..s more of 1cen s j_tuatecl 21)ove than below its mean ½· , while the 

-
reverse:; is trUt' for th1_~ mode,, 

ate<J on the unknown line y 

As the point 

11- (rx ~ -1-/1), th E:. point ( x,:, ) 1."/(12..,. 1) 
-

will more often b~ situated below the line than above, and the 
~ 

point :i::. ,1t·-1)/ln-1) mor(.; often above than below the line . ... , . 

Consequently the use of cf~ (5 
Lj 

-

7 
for 

is equal 

the points 

plotted on probability paper are mostly situated below the line 

representing the unknown probability distribution and vice versa 

in the case of c· < :;,..! (11 + 1)., 

4 Proofs and references are given in an appendixo 

5 It is easy to see from 7 ,(8 and 9 that this is true for 

the approximate valueo The proof for the median itself will not 

be given in this paper. It follows readily from C.G~ LEKKERKER­

KER 4 
I 
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l:Jow, 

15 
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'!:"~ r1c:i ~ ;..i 1. #a · ··· t· ··· d· ~. t ,.~ i · d t· · - l l" t_) . ) ~:· -.· t~ · ~ rrtl , 0 t , • ~ t: . 0 W ,, 
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15 

I --

b .: /_ ,.f Cl ' 
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15 

... - {t.., aJ /(n ,,1,./_ i q), 

~ 
Furthermore accor<:l .i.r1g to 11+ ~ shoulci satisfy the t"'elation 

,n-k 

18 I ,,., ( 1..· _ it.) 1/ ( tl '1" I - J! ~) . :. 

C f111. as follows 
• 

i. - I 

19 ... 

value of a whicl1 ~1atisfies this rt1J.at1on may be founcl by 

O f' t 1n·· .L. ' t:- incomplete b&ta-function, 
• 

Ot1 L and 11-. 

T ~-,n· r ..L. l: ,, .. , 
~" . ,,,,.,, 

• TJ's i r1r, 
. -· 

f OI-. all ot}1~r values of i 
rz.~ odd. 

' :r " l· ·u ,.,., s va .\,;. 
J Of ct'x,10 for some small values of L- and~. -------------·-------------------------
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Ta 1J J_ c I sh o v-1 s ;) -'c 11. 2 t for s ma 11 v a 1 u c.~ s o f h and for t..' :: / the 

val uE. &: -::: o,s is 

a- , which j_s 

~ gooci enough approximation of the true value of 
, 

itsc·.J_f 11ot constant., One.-'inight, of 
• 

• 

exact valu0s of a:. anc:l substitutE.:: thes·c· i11 17 , 
course, use the 

plotting the 

method, On the 

in 17 i f t. · and 12- 8 r: ('., 11. o t very s ma 11 ,, '1-i 111 j_ s s e ems s u ff i c i e n t 

reason to usE:. thE:.:· vaJ_u,~ c~::. o, -.l for evc1/ly "-. and h. j thus leading 

to .r cf . 11 . 

0 
r.a 
.L 

Thj_s argument may be supported by an additional investigation 

the asytnptotic bch:.:1~viour of a: for n. "'"' 10\ Consider the limit 

• 
t.-1 r 

-~·m ;._ h.. (n:-rt) - _ --- { n - /1'-f.. () (n+ I- 2o.) 
h➔ o,Q >r~fO 

i 

t ..... , 
_ / L:- l'l.) 

~ <.. . -..-

• 
L_C,t. 

1(-:. 0 

-

f >r 
X _: t.'_ et.) 

• 

-.... 

) ) 
Kl~· I_ 

' 
• ... 

Equalizing this limj_t co _;~ 
2J the problem 1s to find Poisson dis-

tributions with m(.,·a11. L-Q, and median l. t 

A ./cable of Po_1_sso11 distributions <2 g., E"C .. MOLII'JA 5 
gives for ev0;ry 

given in Table II~ 
corresponding value of QC The results are 

Table.: II 
' Values of a. for different, 's, h..~--➔ oo,, 

The exact value 
• 

• 
• 

" l 

"1 
I") 
c... 

c; _,, 

'10 

r') 

iC>O 

of ,i for 

¼'-a.J~ K/ 

a 

0,307 

0,9321 

0;329 

0,331 

0,332 

0,333 

L' = 1 is ob t a in e d 
- (, .... a..) -

· .... ""7 e ~ e 

from 
~ 

• 
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p 1 o t t (; c1. 1: B 1. J_ s b c: .1 ow th t.1 t :t1 u 1c •• 6 
b c a pp r c·,; : ':]. r·n n ·t i::: 1 y f..; (1 u a l t o :, ,, 

1n Tablt:: III, 

III 
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Ex a Ct V cl ·.l.t,1, ~~ i:;; 0 f -------···-----
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G 
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I 
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} ' 

• • 

5 

I 

0 J l4.983 

o,4992 
1 

V' '.) _,V'.., 

0, 5005 1 

I ; • I 

-~ 

'f· l') r.:. 
.!. ... '·"' approximatio~ is very satisfying and has, moreover 1 

respt2ctively, ar1d comptlr:lng 

t ' . ' 1 n e s e 11,1 :.·L. t: ·1 The 
j .1'"', ''"'I (. ·1- - .t ,,. ··r· 1 " r·1 ·-i ··• J.. L.. ~-. ; ,I , ' • ;,. _,., ' ' - . .- .. - '-'· ._..,,. to bl: smaller than 1% for every value in-

t .,. ' ., 
V {-, S' J. ~-.,. r·, .. L.. ,, ·, a· . . ,bi_ ·~t .... v . u· i'.,,. ,, \,.,, , . ,, 

thank Prof 
h 1 ' 1 p f 1u. 1- •·•1 
... ,Ii., """1' . .J..., ,· . --

6 This can also be deducted directly from formula 19 for 
·n:. ½ I} ( 

J • 

- <.., * .,;;., .,, - ;,.,-~ ,,!~ ,~ ,,, , ..... ~ 

'"t Th~Ls computation, st,gges t::d by PROF' .,DR,, r, ~ VAN DJ\NTZIO, was 

executed by H., KES'J~Er-i and TH.,,J. RUNNENBURG, assistants of the 
Statistical Departmcr1t of11 the Mathematical Centre, Amsterdam¢ 
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