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The cumulative-normal--c¢ilistribution curve can be represented
by a straight line by wcans of plotting on normal probablility
nanacr  In general, prooanility paper can be designed on which
continuous distributioniunctionsof the type Faxrg/, / belng
a known distributionfunction, appear as a straight 1line. This
kina of paper can be ugce for several purnosces, for instance
1) To get an indication whether the sample arises from a pro-
babllity distribution oL Cthe type in gquestion, or
2) To get a quick estimatc of the parameters « and 8 , based
on a gilven random sample X.,..., X,

In both cases the obgervations x,,..., x are plotted on

n

provability paper. The points are plotted according to increasing
size along the horizontal axis and an estimate of # 1s used for

the corresponding ordinacte. This can be done in several ways.
Some ex1lsting methods arc described in this paper and compared
with a new method, having the property that with a very good
approximation the medians of the x, are situated on a straight
line. This method 1s espccilally useful for the first purpose,
.. To find out whethecr the sample originates from a dilstri-
bution with a specifiicd, c¢.g. a normal, probabilitydistribution.
A paper about the secona purpose mentioned above has been pub-
lished some time ago by CHERNOFF AND LIEBERMANN [ 1]

%

1. Some currcent methods.,

The observations x,,..., x, are supposed to be arranged ac-

2

cording To increaslng s..zc¢
(,l) *k} < X'Z- < il ) . < -:)Cfﬂ 5

no cdual values occurring among the x, . The probability of

Cies 1s equal to O for continuous distributions and only tThese

are constrdered. A remark on the treatment of ties, due to Zrou—-
ping, is given in section 4.

I'he various estimates for FA/x /) in current use will be de-
notcecd by }g/?/;/g/gdetcgg they depend only upon the serial num-
ber ¢ of the observation in duestion. The points plotted on the
prooabllity paper are thon /J;)ywq/,g*., L%75Fﬁ#/~

1) Report SP 30A of the statistical Department of the Mathema-
tical Centre, Amsterdam. Head: FPROF.DR.D. VAN DANTZIG.



First we consider Tthe function

(2) Y4 (¢)= /7

Though tThis estimate 1s used very often, it has the disad-
vantage that in the cas. of normal probability paper for (=24
the ordinate y;/n/;/ cannot be plotted 1if the distribution under
investigation has infinitc range . The p@int,ﬁgﬁ}gMQ/ will Then
lie at 1ntiinity.

The same objection holas for </ for Cthe ordinate

(3)

This difficulty can ¢.g be avoilded by using one of the following
functions:

(1) © ()= (- F) /7
o1
(5) }9{{ /e/ = (:/ﬂ‘?_vf//’

The choice between che different ordinate-functions depends
ncecessarily on thelir Hroperties, which will therefore be inves-
tigated further. It may be remarked in advance that all methods

considcred in this pavncer are asymptotically, for /ises, equiva-

lent That this 1s Truc for W ¥, follows at once from their
definiticns (2),..,(5).

2. The position of the point ( X., #rd
x. ’'the cth order statilistic 1in the sample, being a random

e L

variable The same holds ifor every function of x. , in particu-
lar for flxx+,2), Thce graph Y = F/m. x+s/), whlich 1s a straight line
on the probability paver for F, represents the point ﬂx,gﬁﬁxﬂﬁy
ror every valuc of x, . The random variable 4/g;,ﬁﬁgr7w therefore

3) The line itself
1s, of coursc, unknown, & andfp telng unknown parameters.

has a probability distribution on this line.

‘2)§The random charactcr of a varlable 1s denofted by underlining
{ts symbol. The samc¢ symbol, not underlined, can then be used for
valucs which may be assumed by this random variable.

55 This probability*dmatributionfé not the rectangular distri-
bution, x. being the (Th ordéfﬂsﬁékiSticg'bhé’distfibution is

Mi

thus different for different values of ¢




The random variablc
(6) ......% = F(ﬂi{aﬂﬁ/ /5“4-“!&/

)

has a probability distrivutlion with mean

(7) é\wz = ¢ gin *r)

(8) /gc)(’/% = /«.c'--f//(f?wf;U

_, . 3 @ ,..,
Furthermor« The median j/ of v is approximately eqgual to:
¢ L

b L Y

(9) %%:./4{,6(2,/% A (é'wO.E)///?-f-O,‘//.

This median as well as 1ts approximate value are situated

5)

(For valucs of ¢<j(»+// analogous results follow from analo-

between the mode and tvihe mean, Now consider values of >3 (n+)

cous arguments) The following ineguality holds for ¢ > 7 /n+//

(10) Gpjj </%@c/% </;ZO{[%

and this implies that the value of corresponding to x (cf. (6
i ¢ . L

is more often situated sbove than below its mean ¢y , while the
reverse 1is true for the mode. As the point,@gugjis“élways sltu-
ated on the unknown lincg 9um,F%¢zfﬁyj the point (rx,, ¢ (1))
will more often e situated below the line than above, and the
point /ﬁg,ﬁFMV?ﬂm%/ morc often ebkove than below the line
Consequently the use ol }%(cfg '5) ) which (cf. (7) ) is equal
tocfjiﬁ has the disadvantage that for > F/»+7/ the points
plotted on probebility paper arec mostly situated below the line
representing the unknown prorability distribution and vice versa

in the case of ¢<5lrv//.

M akasm Ml i gy stand SNSE sewe  wevel Vel  deel AN

1} Proofs and referenccs are glven 1in an appendix.

5) It is casy to see from (7),(8) and (9) that this is true for
the approximate value. The proof for the median itself will not
be given in this paper. It follows readlly from C.G. LEKKERKER-

KER [ 4]
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Table 1 shows, thet for small valucs of s and for ¢ - ¢ the

value &=-032 1S & good c¢cnough approximation of the true value of
& s wnich i1s 1tscli not constant. One’f'nj.ght, of' course, use the

cxact valucs of @ and substitute thesc in (17), plotting the
points (X, v/, ut this 1s a rather cumbersome method. On the
oCther hand small changes 1n g do not have much influence on \%w
in (17) 12f ¢ and 4 arc not very small. This seems sufficient
reason to use the velu. @.o,7 for every < and 4« , thus leading
to & (et (11) ). '

This argument may bce supported by an additional investigation
ol The asymptotic bchaviour of a for #wee (Consider the 1limit
fora-=of the left hand mtmber of (19):

o i’" C«-—) (C<- a)//n%/uﬁa)/ ﬂ - {¢- &)/(whm))

Pl <O k- o }f"?

{
L T Anined < <= (ne ksl fint s 20) (- _a)” VT(/ (£oa)frr1-2a)) i

Equalizing this limit to %, the problcm 1s to find Poisson dis-
Cributions with mean <¢-a and medlan ¢
A table of Po.sson distributions (¢ g. E.C. MOLINA [ 5]

gives for cvery £ the corr csponding value of &# . The results are

given in Tabkle IT.

Table I1
Values of a for different ¢ 's, h-seco,

A

a
] . 03307 ;
| 2 0,321 |
5 | 0,329 |

The exact value of ¢ for <=/ is obtained from
Z.
m("zuﬂa‘ ' b m("ﬁnﬁ) “ﬁj'?
Yo = J Z L-a) /Kxl 5 e - &
=6




. o
zﬁ'“‘%%'ﬁ*%mmﬁf st e 200 ek, . Ll o e ¥ o fpm M I -’w

Aoy om
E{E S T i@; .

Finally t€c

small valu..

e - ? ; s .
as Qnguguu*jZ ig ¢

nt plottied falls boelow

thus be app

¥
R w-n-“?
HETLY

The reosults, g.vion in Table

valuc ol ¢ chosen.

: #s : e " . . g gt Ty o e . h*? oy y
these with corroesnonding

kLl
e

ciffercenes onroved to Lo smaller than 1% for

Foome g

H
gk g P {:‘?

b Y "”i né oo

' v -; i, é‘i éz # i . ,—g

Acknowluazcment.

s

e

he authers want co thank Pr

Pwea MRS RN AN TN VRGN NS R i

i il

) This can also

%




statigtical ob-
Geophysice

Trang-American
Union 26 (19045) p.

scervation

of statistics, Vol. I,

Centrum,
binomial limit,
o., Inc., N.Y. 1945,
polnts of the in-

T &3 b l Ca o f

2

g o wmds agps WOSE WDl A g peo



