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1. Introduction. 
We o,onsider two aeries of independent 

processes F\ and 'B., each trial reaulting in 
ure w1 th probabilities · .. · , ,_ p and p• , \- t,:,' 

respectively. 

trials, e.g. two 

a success or a fail­
for the two proceeses 

A sequential test with two possible decisions for the com­

used if the 

of one trial trials are executed in pairs, each pair consisting 

for each process. 
For groups of trials of both processes a sequential teat 

with two possible decisions for comparing . . and · • has been 

described in 8. This test is carried out as follows. 
Suppose the group of trials., constituting the ..t -th stage 

of the teat J cons is ts of 'n.t. trials for process R and 't''--1. for 

process 'B • If the numbers of successes are ~4 and . .t 

t1vely, ~-t and k?~ both possess a binomial probability 

tion with parameters m._, and 't"t'-i, ' respectively. 

1 reapec­
distribu-

The following transformation is then used: if ~.: possesses 

a binomial probability distribution with parameters~ and 

the random variable 

1.1 . --

• O<'t\ <'V\.. -

' , ............ :. 0 -

' . 'Y\. ."Y\, -

is, for large rn, , approximately normally distributed with mean 

1.2 

and variance 

1.3 
:& l t 2 

d - -+- .. ,_ 'I. .,. ~ 

The transformation 1.1 ia applied to 

this transformation, these random variables 
~- and~~ respectively•. -.... ----

~ ' .• ,, .... - - .... -- - .......... - -- - ... 

~- and b. • after - """ _..,, , 
will be denoted by 

1 .• Random variables are denoted by underlined symbols; the same 

symbols, not underlined, are used to denote values assumed 
by these random 

2 :: Tables of ~ · in 
.. 

'n.,. r,,, 10·• 1 ·· 50 and 

variables. 

radians· and O"• are given in 8 for 
0 'f ,_,t ,.ti: -

Ill - t '-' 8 · . ..- '-" • 



e sequential test of WALD 6 with two possible deo1e1ons 

for th,e mean of a normal distribution with known variance is 

then applied to 

·.' l. .. \ . ,. ~ . . . .. ) . 

Both abovementioned tests are tests with two possible 

decisions, i.e. the teats result in one of the decisions 

or ·. < p' • 
·• e sequential teat for comparing p and p• for the 

pairs of trials may be generalized to a test with three 

decisions, i.e. a teat resulting in one of the decisions 

case of 

possible 
\ 

> p , 
' 

. < ' or ~ ·.··.' , by means of a test developed 

This case will not be considered here. 

by DE BOER ' 2·• • 

In this paper the abovementioned test for comparing• and 
1 for groups of trials will be generalized by means of a se­

quential teat for the mean of a normal distribution with known 

variance developed by SOBEL and WALD 7 . 
The 

and WALD 

sequential test of WALD with two and the teat of SOBEL 

with three possible decisions for the mean of a noz,nal 

be describ,ed first. distribution with known variance will 

2. the mean of a normal distribution with 
.ti 1 IIM: 4 Ii Jlf 71 L IL ii b l 5 l • a , 1 r n :: 1 s1 • -~,,-1 -• •-u-• -· -••-' •-z -I I I 76 !l--. I 1 & 

known va1.,iance. 

For the case that the successive observations 'X,~oc•·-·····, are 
idependent observations of one random variable oc, possessing a 

normal probability distribution with mean and known variance 

a~, WALD's sequential test with two possible decisions for 

has been described in 6 p. 117-124 • This test will be des­

cribed here for the case that the variance is not constant. This 

results in a small change in WALD's test; the proof of' the vali­
dity of this test follows at once t:rom WALD's own proofs. 

For the test a value 
ible decisions being: < 

resp. ~ fol' < resp. > • 

of p. must be chosen., the two poss­
and > G, where we may substitute 

Furthermore two values , and.~ must be chosen with 

and 

' < t 

,, • 2 ; for values of ·. between 
' ' 

which decision is taken. 

1s considered incorrect if 
, and , , .· 1 t is not important 

The concepts 11 correct 1
' and ''incorrect dec1s1o,n'' are thus. 



f • 

defined as follows: 

Table I 

Correct and incorrect decisions 

value of correc ncorrec -- decision -------

and , , ... 

If: 

the probability of acceptance of t,L=> po if p- = p-1 

the probability of acceptance of < p.Q if p. ,, , 
and if~ and are chosen both< ½the probability of an incor-

for ~ P.2. • 
The value a is of no further importance for the perfor-

• 

mance o~ the test. 

The test is carried out as follows 1s the known va-

riance of ~"" : 

Additional observations are taken as long as: 

2.1 < A ., 

where 

A= , __ :> \ 

\ - ol 
< \. 

The test is terminated as soon as 2.1 does not hold and the 
dee is ion \-l > p.~ is then taken if 

• 

A 

and the decision < \A-C) if 

• .. 



If the random variables~~ all have 
. ..... 

t,. 

the same variance ct 

the 

6 

test may be carried out graphically, as indicated by WALD 

p. 118-121. 

2.2. T ee ossible decisions. 
The sequential test with three possible decisions for the 

mean of a normal distribution with known variance, developed 

by SOBEL and WALD has been described in 7 for the case that 

the variance of~· is s constant. This restriction is again 
"' 

dropped here. 

For the teat two values and 

·.. and . 
·S 

must be chosen such that 

the three possible dec1 .. s1ons being: 

1. 

2. 

3. 

and four values , p.,. , 

are the indifference 

·regions. 
· The concepts 11 correct'' and ''incorrect decision'• are defined 

as follows: 

Table II 
Correct and incorrect decisions 

alue oft-'-

•• 

l 

correc -~ ncorr_e_c __ 

1-4 < t-1• 
rt- di p. l1i ~ 

:I. P."- I-'~ 

ec s·on 

p..ap-a~ 
p. '.),, p.! 

> p.!. 

<U ,- 6 

The values and . ~ are of no further importance for the 

performance of the test. • 
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Suppose T is the sequential test of section 2.1 for test-

as soon as 

2.2 
""" ,+ .. 

' . :e: ,. -< ·=· - ....__ ----- < 
tA, - .P, .Lar, a.-.. t,Ls - ~ 

does not hold, where 

the probability of accepting .~ 
, ... the probability of accepting 

• according to T if • • P,\ 

according to T if P-•tl2· 
• Suppose furthermore that T is the analogous sequential 

test for testing =- 3 against 
sion as soon as 

2.3 
'X· - --

~ -----
• ....... • < 

does not hold, where 

o1.• = the probability of accepting 
\ 

according to T 

~.= the probability of accepting according to T • 

We introduce the following notation 

R 

b 7a _;,.. ..;..;;...;;: 

•2.4 t'-4 - p., 

then according to T a dee is ions is taken as soon aa 

b < '-:1""' < o.. 

does not hold and according to T• as soon as 

does not hold. 

' 
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From · 2.4 · it follows tht21t Q.. and 0: are positive, b and~ 

negative and 

• 2.5 Y~ '.). '1~ 

If now the inequalities 

b ~ b' 
2.6 

are fulfilled., it follows from •. 2. 5 and . 2 .6 · that T\ cannot 

lead to the decision . > l-l~ before the decision p.~ P.• has been 

found according to T and that T cannot give the decision 
' 

In that case only the follo\~1ing decision according to T 

and T' are possible: 

or a later step the decision ""'"'< p.a or the decision P.•tt-• . 
2. T gives the dee is ion .._ and T 1 gives at the same or 

a later step the decision p.-6.p.~or the decision p.~~. 

The ~.~91?-,~P. ~~.a~- , -~-~ ~,,,t " w ~.t.h,, ,.~.h.r..~ e, 12.?s,s,i b l.e, ,de,c ~
1
~,:~.?B§. is then 

defined as follows: 
Additional observations are taken as long as not both tests 

' T and T have given a decision. As soon as both teats are ter-

minated a decision is taken according to the following rules: 

1. the 

decision < p.o , 
2. ' and T the 

· • " p. 1& . ~ 1:f T has given the dee is ion • and T 
\ 

the decision , ~ p..:.. 
If 2.6 does not hold there exists the possibility of 

' accepting . > ' according to T and of afterwards accepting 

< 

is excluded by 2.6 _ 

If the random variables *.;. all have the same variance a.., 

the test may be earried out graphically., cf. 7·. 

3. Seuential test with three_ ossible decisions for the coma-

On the basis of the test of section 2.2 a sequential test 
with thr,ee possible decisions for comparing two unknown probabi-

11 ties · .· and ·. • may be developed as follow,s. 

To the variables 4~ and b..,. · see section 1 one ot the fo' 
lowing transformations 1a applied 



3.1 

[ . 

3.2 

3.3 

:o' : 

3 

-7-

where~- possesses a binomial probability distribution with para--
meters ,n. and p • 

The transformation 3 .1 · is introduced by FISHER · 4 ·. , the 

transformation 3.2 by BARTLETT 1 and 3.3 is given in 8 . 
For further information about the transformations we refer to 

3 p. 395-416 . 
Denoting the variables~- and -"' 

tion., by ~\. and ~:... the sequential 
to the random variables 

.. 

, , af~er their transfo·rt1r1a­

test of section 2.2 is applied 

which possess, for large 'Yl.;., and ~--t~t'\..:_ , approximately a no1"t11al 

probability distribution with mean 

).4' 

and variance 
' 

Two values and 

must be chosen, with: 

3.6 
----

. < 
I 

' • 
• 

3 · Tables of "J 1:1'4 2 arcs in · 0e are g1 ven in . 51 for, 1:lt.. 

:·::·: 0,000·0,001 1,.0 , p. 70-71, with~ in radians. 
. 1 . 

· .. 3·,) p. 4 , for"'n.. • 10 1.50 .. 



and tour values°",«', all<. 

3.7 
J-'1- t'-• ,.....,. - rt-, 

' A R' 1l ' " 

t,t,-~ f4- ~1. 

where 

' 
-0' --·--.0 .. . • 

I 1-e( 

Having chosen these values the abovementioned teat may be 
applied, leading to one of the decisions: 

3.8 

1 • ·p- < .· 

2. 

3. 0 11. 
I 

• • 

We shall translate these decisions in terms of · and • . 
Let 

then 

The functional 
consists see 

3.11. 

p 

' 

(o, ~') 

.· 9 ... 

relationship 
fig. 1 of the 

(1-1:.•. •) 

.. s 
• ..-

• 

' 
,,, 

6<6 " • ,, 
' 

,I' 
... ; 

' -~ , 

' 
,,. 

' -..... ,, ' ,,. ' 
' ... , •• , 

" ' .ii' ' ,, ., ., .. 
"' ' ,, ' 

I' 
,. 

fig .. 1. 

· 3. 9 between and • for given !,'-

arcs -PQ and "RS of the ellipse: 

,; 
,I' 

(•;, ... ,·i 

,. 
' 

Functional relationship between p and ~ for given value of t' . 

Choosing two values b~ and 
and 



the dec1a1ons . J.0 are equ1\1 2lent with the fo.Llo\ling deci · 

a ions for . see .·· 3 .. 10 · · : 

1. b < b. 

and hence with the following decisions for •. and · It : 

1. the point ( p. p'. lies above the arc 9R S of figure 

~,i th o -::. b. , 

3. 
RS witt1 6,:. ~: and 6.b. respectively. 

The values 6, , ~ .. , b, and b,. may be chosen by means of 

fig. 2, where the arcs t>~ and 1l S are g1 ven for several values of 

6 . 
One n1ay also choose these values as follows: 

1. WALD 6 uses the ratio 

3.15· u 

• 

can be expressed in tern1s of u.. : 

'+o 
l - b 

which 1s equivalent to 

6 -::. a if U. ::. l 

· 3 .16 
a.:: u.. + \ -~ 2 u. 

U.-\ 
if U. +. I· 

Choosing four values ror ~ with 

.317 

one finds four values for b such that 

3.18 

2. On the line ..... + p' = \ the equality, 

· 3 .19 b =- - p' 

holds. 

Choosing four values for - one finds four values forb • 
The :four values of b or u... respectively must ful~thermore be 

chosen such that 3.7 holds. 

Usually one will choose these values symmetricallyj i.e. 
auch that 
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FuncciorlOJ relationship between p and p' 
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3.20 
'~ -

which is equivalent to 

~J+'L - ~. 

3.21 

and to 

3.22 U. t U.. .Lt = U.a u., - \ 

If 3.20 holdsj 3.7 is equivalent to 

... B.' 
' 

3.23 

Remark 
It is not necessary that and ' are constants. We only 

need a constant~ • 
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