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1. Introduction and summary

Tt often happens that new statistical methods are developed
independently by several authors who are not aware of each others
work or even exlistence., A striking example 1s WILCOXON's (1945)1‘
test for the problem of two samples, a speclal case of KENDALL'S
(1943) method of rank correlation which has been independently |
developed a number of times (one example of thils will be cilted
later in this paper). Inasfar as the work is being done at pre-
cisely the same time this is unavoidable but 1t seems nevertheless
useful to give a veview from time to time of work belng done on
specified subjects in different parts of the wor.d,

In this paper such a review 1ls glven of a number of publlca-
tions on the two subjects mentiloned in the title., Thesc subjccts
have been treated separately In the literature so far and the
methods of treatment also are different. On the other hand The
problems are closely related, which justifies a joint reviewing
of both. The contribution of the present author to the methods
treated is only slight and confines 1tself to the theory of tests
for trend in a serieg of probabllitles,

No attempt for completeness has heen made and all proofs are
omltted. With respect to the tests for trend especilally only methods
derived from KENDALL's theory of rank correlation - or closely
related to 1t - are considered. The maximum lilkelihood estimation
of ordered parameters 1is a new subject on which only a few papers

have so far appeared in print,

2. Distributionfree tests agalinst trend

The gzeneral sltuation under consideration may be described as
ettt 1

follows, Glven k random variables
(1) Xy Bags vy By

the hypothesis H_ that they all have the same probablillity distri-
bution has to be tested with an upward or downward trend as alter-
native. The observations availlable are k independent samples, one
for each random variahle, the sample corresponding to The variable

g%pbeing denoted by

K
(A s=t12,...,K; 5’*‘15_ = ),

(2> ﬁ:ﬂ.,i 3 E,&}z y * * * % 5;’3%‘&

1) Random variables will be distinguished from numbers (e.g. from
values assumed) by underlining thelr symbols. | |




This problem can be solved directly by applying KENDALL'S
( 1043) rank correlation mettiod. For samples of slze (m, =, =...
=m,_=1) this has been done by H.B. MANN (1945) and for samples
of all sizes by T.J. TERPSTRA (1952) and (1955-50). The first
of the two rankings required for the computation of KENDALL'S
" The

second ranking contains the observations (2) in order of L ;

statistic § then consists of k ties of sizes m,. . m,,....,m

1t may also contaln ties,
The test statistic § may be brought in the following form.
If tiﬁi denotes the statlstic for WILCCXON's (1945) two sample

test for the &th and-@th sample, 1., the number of pairs (‘%ss )

with x,..>x,; ¢ Plus half the number of pairs (=8 ) with
5"41,,%*’“" ﬁils &ﬂd if
daf 2)
V., = 2UW. . -m . m, ,
(3) Vig= 24 - momy
then
Y kK K
( ) 2 mi,zn-; g%-m s ¢

Small and large values of § are criticali. & iz asymptoti-
cally normal under general conditions,.
In this form however the test has a rather serious drawback

which becomes apparent when considering the domain of consistency.

This domain proves to depend not only on the probability distri-

butions of the x, - as it snhould - but also on the ratios Moq,, .

¥
Consequently alternatives can be indicated where bhoth of the

unilateral tests may be made consistent using different
values of these ratios, so that an upward or a downward trend
may be found at will,

This phenomenon, pointed out and illustrated by means of an
exampie by C, VAN EEDEN and J. HEMELRTJK (1955), emphasizes the
importance of lnvestigating the domain of consistency. The general
principle was formulated that the set of alternatives for which

a test, Involving samples of different sizes, is consistent should

not depend on the ratios of these sizes, except if necegsary for
asymptotic restrictions on these ratios, e.g. their boundedness

M, g
2) Thus ‘_\!%i‘ = w%g a%%(g_%‘%mgé_&) ; wWhere sgm z = 1,0,
~} respectively 1f z s, =0 oOr <o respectively. The symbol
clef

== 8erves to indicate that the lefthand side of the eduation
1s defined by the righthand side.
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A small change in the test statistic is sufficient to overcome
thls difficulty and in his second paper (ﬂ955w56) TERPSTRA worked
out the theory for the statistic

(5) sde{: Z Z \.;.f;,é, |

Under H, the expected value of 8§ 1is 0, If the pooled obser-
vatlons consist of h ties of sizes %t.%,, .. th( ,=m) and if
‘wr—:l
for ‘.,l.mi%,_:?) and m % 3

by i
é def i 3)
&) Th= "It
and
cef |
(7> T:e,,e, - ET;', “%"T& >

then Tthe condltional varlance of &' , given the sizes of tles,
ig glven by

i k ~
(8) c:}’g{&"t:”-b ,....;ts,,;HQ}m%T {— KM 28y {(L :

) 1.#;%

Moreover the asymptotic normality of &

"Wl

gileven the sizes of

the Tles was proved under the following conditions:

(9) For m = all a, Temain positive and hounded;

(10) -’EUWLS;LLP max{

ta T
_;'“i" * ) MJ}'_:.}} {Ln
YL~ OO |

g

This means, that the number of samples K, tends To Infiniliy.
The asymptotic normality has also been proved (but the proof has
not yet been published) for k remaining bounded and m +eo ; the
conditliong are then

(11) ngim mﬁx{f_’:ﬂﬁz Cee -%?-"}w:z
and (10),

- If
(12) éi&;i Plreex, ] - Plag<xy]

the test is consisbent if FOr a - oo

alak B Rk Eiees  msel  yuih




kK
(43) K *m® 2.2 g,. = = co

e 4
FRE- 3 A Aorl ¥

. W
provided that the conditions (10) and (11) are satisfied. )

The proof of thls theorem has not vet been publilshed.
The efflciency of the test has not yet been investigated.

Remarks
2,7

St L ety

If all m, are 1 the rank correlation test treated by MANN
(1945) is obtained, His result for the conslstency coincides with
(“3). The change from $ to § does not affect this speclal case

.

of the test. MANN also gave a theorem on the unblasedness of tThe

oneglded tests.

P s o ]

Trnasfar as TERPSTRA's test is called a test against trend a
trend should be said to be present 1f (13) is satisfied.
116 (1955 —fﬂ§§6) paper also describes two other generalisatlons
of KENDALL's (1943) and (1948) rank correlation methods.
2,3

G. ELVING and J.H. WHITLOCK (1950) treated the combination of
a number of tests of MANN's type into an overall test using the
sum of the values of § obtained for a number of rankings. They

investigated the effilciency of the method for a common linear

trend (and found the asymptotiéal value = for equal numbers of

observatlons in each ranking). For unedqual numbers their test does

not obey the general principle outlined above, 1f more general
alternatives than they consldered are also permitted.

3. A specilal case:; generallsed tests against trend in probabllities

P RRPTIpR Tre

A speclal case of practical importance ariges 1f the random
variables x; (A =4,2,...,K) repregent dichotomies, 1l.e, 1f thelr
probability distributions are glven by |

(’])'t‘) ‘P[ﬁa-"—*‘-f] = P, ‘P[:’.&Lﬁ&]xq‘,;ﬂi-fbt‘

The hypothesis Tested 13 then

("15) H::;‘Fzﬁpgﬁ‘““Pk

s et gt K oajk e gt

- 4) Taking the fact Into account, that the sizes of the ties are

random variables, condition (11) should be satisfied with pro-
bability 1. |
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and the test statistle & assumes the form

K K K W W
) Q. b:~2h. Ll Q Qe

(16) S = LT BERETHB o5 5T (3 L ) LY (k-2 =

43y é_uzi..-'@l Ny M'ﬁ‘ A owd -é:::-f..\&*i - 4 Lm Mg
wilith

. 5)

def et .

(’17) Qe = 2. Riwe éi.mﬂi-?;i (4_,-__-;1,2,',,.,"‘1\).

This case has been considered in a generalised form.by C., VAN
EDEN and J. HEMELRIJK (1955) and J. HEMELRIJK (1955). The test-
statlistlc used was

(%)

K
(18) WA ‘%%a"%‘

iy

where tThe q, are welghts satisfylng the velations

K WY

/1 ———
( 9) {;%éwﬁ ,LAZ:;\%,L!M?,
but to be chosenn freely otherwise.6>
With
deb h cet
(20) t; é 5 3 @2 "‘;‘ ’VL“Et

the conditlonal expectation and varlance of \w for 4 =% , undger

H, are given by

(21) 2 { w4, bt} =0
and
W A
4, & T
(22) {TR{ AR H"‘} = %h(f}i:ﬂx) 5 Yy

The conditional distribution of W may be approxlmated by means
of a normal distribution with the same mean and variance as W and,
with small and large valuegs of W critical, this leads to a condi-
Tional test. 1t can, however, also be formulated as an unconditio-
nal Test by introducing

K
(23) §2 Cijf UZ{\{\I\%%‘ L __ T T, z_ 3';‘.‘

and using

——— gy el AR T U TS

5) Thus <., is e.g. the number of successes In the e series of
trials 1f the probabllity of a succes 18 p;(Li=12,...,.K).

6) The relations (19) are only imposed for the sake of convenience
but do not restrict the cholce of the welghits essentially,




def \1\_,1‘&
(21) y

as test statistic. Under H, the statlstic V 1s asymptotically
normal with mean zeroc and variance 1 under either of the following

pairs of conditions for m -=oee

g e g £
M.(z {') CmE L 2 Sy *::.OU) for each 1nte-
fE Ml L=1 My ger MR
|
(25) { and
| K "
2. gm‘;p&wmgémiqiw@m
or
K 2 =1 2
1. (E: Fe ) mmax —1—"2‘ = O (1}
L=1 M & e

(26) and y

= _
Zm“' P“- i;zﬁ'iﬂhq’b
L=
]
E Small and large values of V are critical.
The test is consistent if (and under certain conditions only if)
(27) "Elm ! 2‘_&_
Al Ry }Q‘
”t"i.m-}m{q i.m%*'ta
g Remarks
2.0

The alternatives (27) include mcre possibllities than trend
only. This depends on the cholce of tThe welghts g, .
Taking

— o - SR
(28) q, = ? " (d o= 1,5, )

with

k1T K 18 even,
(29) -

2

k-t 1f K 1s odd,

the statlstle W reduces to § applled to the present problem.
The tesgt 18 then consistent 1f

(30 Aminf W IT (p-py) o

| M~ OO ETEEIEI RS

”'which may serve ag a definition for trend 1n probabillities.
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Considerahle simplifications of the conditions (25) and (26)
occur 1f elther m, =m for all i or k is bounded,
3.2

With m, = for all 4+ and the welghts of (28) the test reduces
to a straightforward application of WILCOXON's (1945) test for
two samples, The two samples are then represented by the successes
on one hand and the failures on the other and the values of the
index 4 for these two groups take the place of the observations
to which WILCOXON's test has to be applied. For the case mm =\
this has already been pointed out by J.B.S. HALDANE and C.A.B.
SMITH (1948), who developed WILCOXON's test independently in
solving this problem, B.M, BENNETT (4956) also consldered This
problem- = using previous results of WILCOXON and H.B. MANN ana
D.R. WHITNEY (“1947) - and developed the generating function of
the test statistic as a function of p..pPy.-p,s He alsco 1nvestl-

gated the power of the test for the cagse of a linear trend in
T, Edn Pog
3.3 _

For different values of m, the problem as treated by P.
ARMITAGE (1955) who used S instead of & = His method results
from formula (18) by taking g, proportional to (k+i-24i)m,.

It does, therefore, not satisfy the principle that the domain

of consistency should not depend on the ratios of the .

' In J. HEMELRIJK (1955) an attempt 1s made to develop a method
for comparing trends in two series of probablilities by means of a
test for thelr egquality. No general sclution 1ia obtained but for

speclally designed experiments a test for this purpose 1ls gilven.

3.5

TERPSTRA's test of the foregoing section could be generalised
to a test for "weighted" trend in the same way by changing § from
(5) into 3

v olef K K A\
(31) 8 = 2.2 q. T4t
L=V fomd “+ ¥ %*i-mi

- The conslstency of the test would then depend on the valr

® W
bR %Y. . Bels instead of on the sum of the &,.,. The tran
A=y gembirt G e ¥ )

tion from 8" to w (c¢f, (18)) would then be obtalned by putt

et

{24 YRS
L= L _ Loy ™ - L =Ry ey k)
(32) | %’x. ?E;t %ﬁ,?. ‘i"ai %ﬁ,.i, (A =1 ) |
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. Maximum likelihood estimates of completely or partially

e uslios . - il et - ;

ordered parameters

The problem considered in this and the next section is {The
following. The randow variables x, from (1) have distribution
functilons

|
»
ol ef . 1
(33) F-i.(x£‘ %) W'P{EQ_‘L %x,{,‘ @4‘1 (’L“-’-'?;Qn-“&kl)s ;
|

whereEii&?w.WG are unkncwn parameters. Information aboutl the

K
B, is avallable in two forms. In the first place they are |

confined to glven intervals A,

Aur

(3%) aéﬁfi;(imzhar.wk) |

whicn tomether form a part

e R AR S L

(35) G o ’tT o,

Lei
of the parameterspace, 1.e. for every Ehﬁﬁﬁ; the function
'Ef(xé‘éh) must be a probability distribution.

In the second place a partial (or complete) ordering is
given for the @, , i.¢. a number of (non contradictory) rela-
tions of the form B%Q;Q% are given, ?

These data together delimit a convex domain D in the k -
dimenslonal parameterspace (with DecG ) and the problem is to

find the maximum likelihood estimatest,t,,...,x, within D based
on K samples as glven by (2). 7)

PRI

A g bbb, g b g A

This iz tThe formulatlon of the problem as given by CONSTANC: -
VAN EEDEN (1957a}., The same problem has been posed and under ;
certaln additional conditions solved by H.D. BRUNK (1955), without ?:
data of the form (32). His formulation of the problem is rather !
different but in a forthcoming paper Miss VAN EEDEN (1957D) proves
that not only is the probiem identical with the one treated by
ner but also 1s his solution valid under the weaker additional
condition {to be mentioned later) which she uses for her solution.

Whereas BRUNK gives an explicit formula for the maximum
iikelihood estimates t, - which leads, however, to cumbersome j
calculations - Miss VAN EEDEN has developed theorems and lemmal's
which do not contain an explicit formula for the T,
greatly simplify the computation of these estimates

L4]

, but which

&

Ral B T I e e e R T L o !

7) The underlinlng“ being omitted, We consider here the computation
of the wstimates from glven observations, not the propertius of the

~estimators as random variables.
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In the following some of these theorems will be described

and BRUNK's formula will bhe givern in the notation of Miss VAN

EEDEN's papers.
We first state the condition which Miss VAN EEDEN imposes

on the distributions of the x. . Let F (x| 8) stand for the
probabllity density of %, 1f the dlstribution is continuous and
for Pl 2=x.]86.] if it is discrete. Let further (cf. (2))

lef o
(35) Lo (805 Z An F(xi] 8)
and, 1f™M 1is a subset of the numbers 2,...,k, let

def
(36) L (8) = Z L_(8)

™ Lem

for any real number B
Then, if (cf (34%))

(37) Yy N oy,
4.z M

The condition 1s, that for esach ™M with*’:jM not empty a value
¥ ]
B e, exists such that for all pairs of values 8,8 e

. 1 ® o \ o
with 8' retween B8 and 8 the funculonlwm satisfies

(38) L, (8) <L, (8)<L,(8)

Under this condition the likelihood has a unlique maximum and
the following theorem holds.
If from the relations defining the ordering of the B, one is
¥

omitted, e.g. the relation 93-,‘%8,2,& , and if €,%,.....t,_  are the
maximum likelihood estimates under the remaining relatlons, then

i

p _ q - ] ;‘ £
(39) ti,*--ta {L=1,2,..., K} it .b?h ‘t}_l
and
(40) t’&'a m*‘lﬁ_&'ﬂ' if _t._g,i }'t.i,z?

where +, (L=1,2,...,% 18 the maximum likelihood estimate of 6,
satisfying all relations .

This makes it possible to eliminate one of the relaticns if
the problem can be sclved under the remaining ones. In the [lrstT
case, (39), the relation can be omitted altogether, in the second
case, (#40), further calculations tan be based on the original

relations supplemented,by"gﬁue&gg)

-

8) Thig relation need not be true, but that does not affect ©
vallidity of the resulting estimates.
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Applying this theorem step by step the eagtimates &, by, - -2 5
can always ke found but in many cases THLS procedure is rather
laborious and short cuts are often provided by the following

theorem,.

Tf a new relation between two of the parameters, e.g,ﬁgﬂgéix
i1s added to the existing relations and if t.,%,.....%, are the
maximum likelihood estimates satislying all relations, including

this new one, then

(41) tomt, (L=1,2,00.,K) ir % <t
and

L L .
(42) ”t-:i': éhé’ﬂ. if té’;“t'é’z

Thus in the first case the relatlon may be added and 1in the
second case this holds for the rsverse relation %?{;E%%*

In this way a partial ordering can be made complete (in one
or more steps) and for a complete ordering the calculations are
much simpler,

The following two lemmas, which are speclal cases of the two

theorems mentioned, are alsoc very useful. Let the indices of The
B, be chosen such that for 4<+4 either no relation is given for
6, and B; or the relation is 0,58, . Let further v (i=n2,...k

denote the maximum likelihood estimates of B, in &G , 1.e. only

taking (34) into account, but not the ordering of the 8, .

Tf then, for a pair (4,4) with 4<+4 , the relation 8, <8,

18 gilven and the other relatlions between the parameters satisfy
the following conditions: for h between 4 and 4 no relation
exists between 6, and elther 6, or §; and for h outside the
interval (&ré ) either no relations or the same relations hold
petween the pairs (8,,6; ) and (8,6, ); 1f in this situation
Vi > Mg then %, =7,

The relation Sigi%; is then eliminated in a much simpler way
then the first theorem provides, for in order to apply this lemma
only the v, have to be calculated and for these expliclt formulas
are usually avallable,

The second lemma iz concerned with an egually simple method
for introducing new relations,

If, for a pair (4.4) withdi<4, no relation between B amdéi?
is given and 1if the relations between the parameters satlsfly the
following conditions: for h<i 8 eilther stands in the same
relation to B, and 3@ or it stands in no relatlon to 8, , and
for hs4 8, elther has the same relation with 8, and B, or it
stands in no relation to By ; if in that situation v gv, then
meﬁiﬁ_g“t% and the relation B, s 9?; may be aﬁdedﬁg)

9) Cf. feotnote,B) |

B e g e o e s e T A e - - -
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These lemmas usually greatly facillitate the computation of
The egstimates T.,.t,,. .., 6.
The formula of BRUNK is bazed on & number of definitlons.

In the first place, let v, , where™ 1lg a subsel of the numbers

La,....k , be that value of 8 inAf, (cf, (37}) for which bl (8}
(cf. (36)) is maximized,

Let S; be a subset of the numbers na,..., K containing 4 and all
those values h for which it is given that B, sB8,and T, the subset
containing 4 and all valuss kW for which Bhg(h;is given. Let
further for any glven subset N of the numbers L2,...

i clef o
(43) s="U s, ard T U T,

Lei , LE M

then the maximum likelihood cstimates of 9,,8,,...,8,  are

(44) t&z:PiaxFWin*v Ch=1%,..., K},

T & TS
Le TS

where the Max Min is taken over 2ll T and & corresponding with
the different possible choices for i , with the restriction

thet Ta s must contain the number 4L .

Remarks
4,

In the case of a complete ordering matters are greatly slm-
plified. For every palr ( 4,4 +v ) we then have b, s B and 1f
then v, »v,,, 1t follows at once That &, =%, .

h.2

It is not necessary that the distributions of all %, are of

4 ~¢

the same form, E.g. part of them may be normal (with mean unknown
and given variance) and others may be Polsgon-distributions with
unknown msan., In practice, however, they will often be of tThe
same form and only differ in the value of the unknown parameters
Qaﬁ If this 1is the case samples, for which 1t is found in the
course of the computations that %1ﬂftg must simply be pooled.

4.3

e ety

Both azuthors mentioned glve a theorem on the consistency of

the estimates,

5. A special case:

ordered probabilities

The situation of section 3, where the [, are probabilities,
1s also of interest here., The obscrvations are then AT
(¢f. (17)), the numbers of successes in wggmmﬂ“wquindep@ndeht

trials Withtm,p&w*ufni as probabilities of succes, This case has




——

B n T B A g

no special features except its simplicity. If (cf.(Bﬁ)) Ghe. inter~l
val delonlor all 4, the maximum likelihood estimates v, are
%/m, and for the case of a complete ordering (44) reduces to

Q.#t“i*t - -!" a'%“
oseoa +’?‘L$

(1}5} t{mMQKMih—

VS g4 i‘éﬁ&k%"*“

This case was first treated by MIRIAM AYER, H.D. BRUNK e€.a. (1955).

Miss VAN EEDEN (1950) also treated this special case before the

general one, including the partial ordsring. Numerical examples

of the use of her theorems and lemmas are included in her paper.
For constant k the estimators are in this case always consis-

tent 1f all m; = co
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RE SUME

Toubtefois des nouvelles néthodes statistigues sont developpees

1ndépendamment par plusieurs auvteurs, qul ne connailssent pas 1es

traveaux 1'un de 1ltautre. Pour cette raison 11 €st utile de don-

sommaires de diVerses articles deé

nar de' temps en temps des
néme sujet. Cela a été falt dans cette

différents auteurs sur le
srticle pour deux sujets; des tests pour une tendance de
<imum likelihood" de
Le cas

variables aléatoires et 1l'estimation 'mé
parametres ordonnées particllement ou complétement.,
special de probabilités inconnus ezt aussl traité.

les srticles, qui ont été considérés, peuvent Etre trouves

5 la fin de l'article,
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