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7. Shippage tests for the method of m rankings

In the well known method of m rankings due to M. Friepman (1937)
(cf. M. G. KenpaALL (1955), chapters 6 and 7) m ‘“‘observers’” are con-
sidered. Hach observer ranks k ‘‘objects’”. The method of m rankings
enables us to investigate whether the observers agree in their opinion
about the objects. For that reason one tests the hypothesis H,, which states
that the rankings are chosen at random from the collection of all permu-
tations of the numbers 1, ..., £ and that they are independent.

Here we present tests which are powerful especially against the alter-
native that one of the objects has larger probability than the other ones
of being ranked high (or low), whilst the other (k—1) objects are ranked
in a random order. We denote the sums of the m ranks of each object by

(7.1) S1s -+ 5 Sp5 (m <s;, = km).

Obviously we have
k

(7.2) > s, = dmk(k+1).

=1

In section 8 the following theorem will be proved.

Theorem 7.1. For each pair s,, s; of the variates (7.1) and for every
parr of wntegers s;, s; the followwng inequality holds under H,

(7.3) P[S,g gsi &nd S; §8§] ép[s@ é&i] y P[Si .___S__Sj].

So we can apply our approximation method of section 2 for obtaining
slippage tests for s, ..., s,. Because the marginal distributions of
the s; are all equal under H,, the test statistic for the test against slippage
to the right is max s; and for testing against slippage to the left min s;.
The critical values are determined by the smallest integer S, satisfying

(7.4) Pls; =8, =ua/k
é,nd the largest integer s, satisfying

(7.5) P[s, <s,] <o/k,
respectively.

1) Parts I and II in Indagationes Mathematicae, 20, 38-55 (1958) and Proc,
Kon. Ned. Ak. van Wetensch., 61, Series A, 38-55 (1958).
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The distribution of s; is easily seen to be symmetric with respect to
the mean value im(k--1), so we have

(7.6)

|

S, = m(k+1)—

In section 8 1t will be shown that the distribution of s;, under H,, reads
| B < m\ (n—kx—1\ ,  \o7 _m

- \Plsi = 1] = 3 b () ("0y ) (S DR,

e (v =1,....,k; m =n < km) ?)

where I, is defined by

(I, =0 if y <O,

(7-8) ?Iy-—-- 1ify=0
v Yy = V.

The tables of critical values s,, presented in section 11, are based on
this formula.

8. Proofs of the results of section T

First we shall prove theorem 7.1. We suppose that both s; and s; are

lying between m and km, because otherwise (7.3) obviously holds with
the equality sign. For m=1 we have

g Pls; =5, and s; Ss?]m--l] W,
(8.1) Pls. < s, }m—-—-—l] = =
(PMés{ =1] =

so In that case (7.3) 18 true. Now let us suppose that (7.3) is true for
m observers, then we have

P[s'i;si and S; éSIm—Fl] ==

II

Z Pls; =s;—a and s; < s;—b|m] - P[the 1+-th object has rank
a and the 7-th object rank b
in the (m + 1)-st ranking] =

— EP[Séﬁma &nd 55 ésg““b‘m:l ’ — L g
a+b k(le—1)
(8.2) |
< ang[s <s;—a|m]-Pls; =s;,—b|lm] - =D
= - — LI
= a§1 Pls;, = s;—a|m] 1);1 Pls; <s;—b|lm] - = +
+ 7 Z P[s; < s;,—a|m] - 2 Pls; < 8;—b|m] +

awl h=1

Y We owe this formula to Mr. A. BENARD, Statistical Department of the
Mathematical Centre.
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1

k
T Te(k—1) 2 Plsi=s;—a|m] - P[s; <s;—a|m] =

a==]

2
J 1 k > Pls;=s;-—-b|m]
9 - _ =
(8.2) =T 3 {P[si <s—alm] -
S Pls; < s;—b|m]
35 =8 —0|1 ||

| = Pls; =s;/m+1]-Pls; <s;|lm+1].
S0 theorem 7.1 is proved by induction.
Formula 7.7 can be proved in the following way:

—— B ,‘ el _ e

k™P[s;=mn|m]=the number of partitions of n into m positive integers,
no one being larger than £ (different permutations of the
same integers are counted as different partitions).

Thus
k™P[s; = n|m] = coefficient of 2" in (z+ 22+ ... +2F)™ = coefficient of z*m

) 1 — zr\m . .
13} ( ) — coethcient of z»—™ in

|
oo O ) , o
)3 (m)(-"-'-"""1)"'“"2:3"’m > (m—,—r l) A
x=0 X 7 =0 r -
oS
m\ [n —-kx — 1

- — 1)\

S (D))

which proves (7.7).

9. A distribution free k-sample slippage test
We consider the independent variates

(9.1) Uy, ..., us,

which have, under H, the same continuous distribution function. From
the +** population we have {; independent observations u;; (j =1, ..., t,).
We want to test H, against the alternatives

(9"2) -H]_-i; { P[u'b = uf] = % (.7 7 2’);

u; (1=1,...,v—1,2+1,...,k) follow the same distribution,

J

for one unknown wvalue of 72 and

| * 1 . ‘
(9‘3) -Hz?'; { P[u’b = u?] < 2 (? :;&?')3

u, (1=1,...,+—1,2+1,...,k) follow the same distribution.

J

Now the following test procedure is proposed. If all observations
u; (v=1, ..., k; 9=1, ..., ;) are ranked, we denote by T, the sum of the
ranks of the observations wu;; () =1, ...,¢). As T, is a linear function of
WiLcoxoN’s test statistic applied to the ** sample and the other £—1



against H,,. H, is rejected when min ¢; = x/k.
| for slippage to the left. In the next

., k), follow the same distribution.

1,] = P[T, =2 T| H,].

fepends on ¢, ..., .
sections 3 and 5 we consider the decision

We prove in the next section

Theorem 9.1. If H, , is true
1, ]
he procedure o tends to 1 if t, -» oo, ..., I, — o0

he probability of a correct decision with
such that

lim inf (e==1,..., k).

Another test for the k-sample slippage problem was proposed by
F. MosTELLER (1948) (cf. also F. \ios*rmmmn and J. W. Togry (1950))
who uses as test statistic the number of observations of the sample with
the l&rg-gt observation which mw@d all observations of all other san
Ac « of the p{:swer of botl

of practical interest seems desirable.

and of theorem 9.1 3)
, 1=2. We also take £=3. This

F or d@;{r ’

% »
; : . ? # JGTr 4 : | ‘ . { ¥ =¢ |
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1s no restriction on the generality as pooling of the 3rd, 4th, ... and kth
sample does not affect

P[T,|H,}, P[T,|H,) or P[T,,T,|H,) = P[T, =T, and T,=T,|H,].
Put now
(10.1) tggt1+t2+t3
and define

def .
P'nh%zr’na[T‘i’] — P[T%{.Ho] 1f tl — ?2:1, tz ?-‘-“'-——""‘7&2, t3 mnfgi

P, o [T, V1= P[T, = T, and the largest element belongs to sample

d

Pnhﬂwa[T,i!l]:-ef the conditional probability of T, = 7', under H,, given
that the largest element belongs to sample number 1

In the same way we define
Pnhng,na [Tz: T;a] ? Pnh'n.g,na [T@: T:i: 1] a,nd Pn;,m.ﬂa [Tiﬁ Tyl 1]
for the events {T, =7, and T, 2 7,}.

1

We shall prove (9.5) by induction with respect to n, +n,+ns. So we
have to prove

(10'2) Pn;.m,m[Tl:Tz] = Pm,nz.m[Tl] '-Pm.m,n,[Tz]'
Clearly (10.2) holds for n,+n,+n;=2 (we take T,=0 with probability
1 when {;=0). Now suppose (10.2) holds if n,+n,+n,=t—1. We have

S, ¢ ,
(10.3) P, , [T,T,] = > fPt,.ta,t,[Tv T,l1].

=1
2

For the first term of the sum in the right hand member we get

Pt:ntssta[Tlﬂ' T?:‘ 1} — Ptlml‘ltﬂita [Tlmtf’ T'E] é
(10.4) (according to our assumption)
=P 1t T1— 8Py, [Ta] = Pro, o [T1]1] Pyt [To]1].

AN

In the same way, it can be derived that
(10.5) Ptl.tz,ta[Tl’Tzlz] = Pt,,tg.ta[Tllz] ‘Ptx,t,.t,[Tzlz]'
Further

Py ulT1.T5]3] = Pyytrs[T0To] = Prgy il T4] Py a[T5] =
— tuta,ta[Tll 3] ] Pthtz,t,[Tgl'?’]*

So, combining (10.3), (10.4), (10.5) and (10.6) we find, dropping the
subscripts

(10.6)

(107)  PITLT s 3 % PIT,[i]-PIT,)i] = 3 P[T,[i]-P[T,.5).
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We have
(10.8) P|T,|2] = P[T,|3] = P[T,|2 or 3]

and similarly with 1 and 2 interchanged, and

b

\ })I—Tll P[T2] - { %P[gyl! 1] 4 ta;{‘ts P[TI’ 2 or 3-]} ‘

,/ AP|T,, 1]+ P[T,,2 or 3]}.

(10.9)

From (10.7), (10.8) and (10.9) we see that 1t 1s sufficient to prove

&%—P[Tdil P[T,.1] = P[T4|1]- P[Ty, 1] + P[T4|2] - P[T, 2 or 3] =

i=1

| = [2 P11+ 2R Pl

(10.10)

2 or 3]} {P[T,, 1]+ P[T,,2 or 3])

or its equivalent

(10.11)  {P[T,|1] - PI[T,

21} { tﬁjﬁP[Tz,l]m%P[Tg,ﬂ or 3]} = 0.

But the inequality
(10.12) P[T,|1] =z P[T,

2]
holds as can be seen in the following way. (10.12) is equivalent to
(10.13) t, P{1,,2] <it, P[T,1].

Consider now a ranking which gives 7', and 2 (i.e. the largest element
belongs to the 2nd sample and T; =7',) and interchange the last element
with every element of the first sample. This gives ¢, different rankings
with 7', and 1. In this way we get each ranking with 7, and 1 at most
t, times, because In a ranking with 7, and 1 the last element can be
interchanged with at most {, different elements of the second sample.

This proves (10.13) and thus (10.12). Interchanging 1 and 2 in (10.12)
we find

(10.14) P[T,|2] = P[T,|1].

(10.11) and thus (10.2) 1s an immediate consequence of (10.12) and (10.14).
This completes the proof of (9.5).

We now turn to the proof of theorem 9.1. Let H, ; be true. If {; — oo
(e=1, ..., k) such that

k
lim inf -2~ > 0 and lim inf ?-“-"i-]-“-z---—-t-;-—— > 0,
L
&

we know that Wilcoxon’s test comparing sample 1 with the other samples
pooled 1s consistent. This means

(10.15) lim P[P[T,] <#n|H,,] =1 for every n(0=n=<1)

f.—>»00
)
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or the exceedance probability found in the first sample converges to O
in probability (¢f. D. van DanTzic (1951)).

In a similar way as in D. van Danrzia (1951) we find, if

ng[ulb wi| Hyq] > 4

(10.16) B(T;| Hy) = $t(2t,—t;) + 184+ 1)

and

(10.17) B(T;|H,,) = %t:f(zt»i“tf”tl)‘*'(l“?))tftzt‘f*%ta'(tf‘}‘l) < B(T;| H,).

Further

(10.18) o¥(T;| Hy 1) = 30%(T;| H,).

From (10.15) we have

(10.19)  lim P[P[T)] = P[T,]|Hy,] < lim P[P[T}] = n|H,,]

ti—-a- o0

for every n(0=n=1).

As the limit distribution under H, of ILW 1s normal with
71440

mean O and unit variance (10.19) leads to

. > L T, E(T;|H,) B
o PIPIT) = o) = T P Sy v 2 & Hy | =
(10.20)
r B, 1

< lim P W = ]/35,7}H1,1] = 3£

.~ 00
'

- v

where £, is defined by

(10.20) 1s valid for every n(0<n=1) and as §, —> 0o (n— 0) (10.19)
combined with (10.20) gives

(10.21) lim P[PIT;] < P[T,]|H,,] = 0.

{.—00
y

It H,, is true the probability of correct decision is

P[P[T,] < and P[T,] < P[T;] for j#1|H,,]1=
(10.22) N b
= PP[T] =7 |Hy4]— gzP[P[Tf] = P[T,]|H, 4]

(10.15) and (10.21) show that the probability of a correct decision
converges to 1, which proves theorem 9.1.

11. Tables of critical values for the Poisson distribution and for the
method of m rankings

Table 11.1 gives critical values for the test for Poisson variates against
shippage to the right if H, is: p,=p,=...=7p,. The critical values for



445

max z;, as test statistic are given for the values 0.05 (the upper
numbers) and 0.01 (the lower numbers) of «. Owing to the discontinuous
character of the binomial distribution the true level of significance will
generally be less, and very often considerably less, than x. Theretfore
approximated true levels of significance (i.e. &' c¢f. (2.17)) are shown also.
The exact values satisfy inequality (2.13). The table was constructed
with the help of a table of the binomial distribution. This can also be
done for critical values for the test against slippage to the left.
Table 11.2 gives critical values for specified x for the method of m
rankings, when testing against slippage to the lett with min s; as test
statistic. If this critical value is equal to 1, the critical value r at the
same level of significance for the test against slippage to the right 1s given

by r=m(k+1)—1. As in table 11.1 the approximated true levels of
significance (') are also given.

12.  Acknowledgements

The authors are very much indebted to Mr. H. KESTEN 1) for the
proofs given in section 10 and for very helpful suggestions concerning

other parts of the paper. But for Mr. Kesten’s efforts the results of section
9 would not have been published here.

‘We are grateful to professor HemMeLrRIJK for helpful suggestions,
particularly for the formulation in section 2 and to professor VAN DaNTZIG,
for by his help this paper got its final form.

1Y Formerly at the Statistical Department of the Mathematical Centre at
Amsterdam, now at Cornell University, Ithaca, N.Y.

REFERENCES

DaxtTzic, D. vAN, On the consistency and the power of Wilcoxon’s two sample
test, Indagationes Mathematicae, 13, 1-8 (1951).
Friepman, M., The use of ranks to avoid the assumption of normality implicit

in the analysis of variance, J.A.S.A. 32, 675-699 (1937).

KrexparLn, M. G., Rank correlation methods, sec ed., London (1955).

MaNN, H. B. and D. R. WHITNEY, On a test of whether one of two random variables
18 stochastically larger than the other, Ann. Math. Stat., 18, 50-60 (1947).

MosTELLER, K., A k-sample slippage test for an extreme populations, Ann. Math.
Stat., 19, 58-65 (1948).

—— — and J. W. Tukry, Significance levels for a k-sample slippage test, Ann.
Math. Stat., 21, 120-123 (1950).




M-

wer values).

—————rile.
S e

Number of

—— - & W

LI TP, S L i et A S T T A by ¢, T Tl S g 1+ ik, Wi AT

level 0.05 (upper values) and 0.01 (lo
ten behind the critical value.

. sum of the observations n

TABLE 11.1

Critical values for the slippage test to the right in the Poisson-case with Hj: y; = u,

obsgervations £k

evel of significance is writ

Test statistic: max z;. Approximate significance

The approximated true Il

OO ) Nrd NN Fd OO O LM MO OS 1001 M MY I~ NGl M dg MmO S N NN W
| et O OO O NGO OO0 OO0 ~NO NO HO OO0 ~NO N0 N0 HO MO -0 NO OO0 O HO O aNQ
= | 22 S5 33 38 S5 33 33 o3 55 S5 S5 95 ©3 9% 95 98 95 9% S8 93 298 o8 &3
— OO OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 OC OO0 OO OO0 O OO OO ©0 O oo oo oo
L Mmen od Fd HI HIe 010 VY 100 100 100 O O O © O [~ W W 0 N0 VO OO 0D
|
N 0 rd O Inrmd [~ WO Mred HA O OO 1O 0NN 1IN O MO O WD O =~ ©OM N O OD
| el D OO0 MO MO OO0 O ND HO OO0 m~NMO NS MO OO0 MO NO NO 9O 0O SO0 NO MO WO
ol 00 OO 0O ©OC OO0 OO0 OO OO0 OO OO OO0 OO0 ©V90 O OC OO OO 00 00O QO Qo QO
- OO OO OO0 OC OO0 OC OO0 OO0 OC OO0 OO0 OO0 OO0 O OO0 O OO0 OO0 OO OO0 oo oo
| 3M Ml e HIG FH N1 WHNY 100 YW LY O~ O~ Wi~ I~~~ 0 - - I~ WO WO wo wWwo o
}

Jo) ANEOI OO e e OO O O<H 0W 06T <HM DV Omd OO0 W 10D O 100 N ~I> NO WHMm O
W - Q9O Q2 NQO OO ~- MO MO OO ~MO NO MO ~NO ~QO A MO VWO =0 A MO He —~O O
2l 23 3S S92 S8 o2 S5 28 33 99 S§ S5 98 28 S8 93 23 23 23 S8 93 95 9
- SO OO0 OC OO OO OO O OO OO0 OO0 OO0 OO0 O O OO0 CO O O o ©o oo ©9
| 3* < S O HIOD QG N DY A0 O O O O IS N D N0 T O 0D 0D OS Qw Qw
- MmN NSO 100 I~I~ ©Om~ MM w0 0O O 2 & ﬁf S 0 f Yo 5@9 4_3?;:“, o 7 ma ., 5& & i_mz ,.,.mud;i T. 1.2
BW OO MO MNO OO0 m~MO MO OO0 MO N0 WO O MO MO HO O NS O MG ~_ @ ND MNO O
- SO OO0 OC OO OO0 OO0 OO0 OO0 OO0 OO OO OC 00 OO OO0 OO OO0 ©0 ©0 OO0 o0 ©o
- OO O QOO OO OO OO OO QOO OO0 DO OO OC O OO O OO0 OO0 OO0 O oo oo oo
3w W HID HID 1DIH 10L 100 W O~ DI~ O~ [N SO N N0 O OD WS 0D OO OO OO0 OO0 O e
jprwnnd e rmnd proved powan
o NN Omi H Nrm= 00M I~ 100N O« 0w 1001 1O < Owiafma,-w,_. _____________ Hld_ g mms”%uu 2?%5&%6 t_“,,.au. 4mo 05 ,98.
N Q0 A0 OO0 ~MC ANQ 029 O NO WO ~NO NO HO ~O NO MO HO ~O N0 N ~NO NO AN
N Q] OO0 OO CO CO OO0 OO0 OO0 OO OO0 OO0 OO0 OO OO0 OO OO ©O9 ©O OO0 OO0 OC OO ©Q
< - OO OO0 OO0 OO0 OO OO OO0 OO0 O OO0 OO0 O 600 OO0 00 OO0 OO0 OO0 OO0 OO OO oo
M dHH HIO 1010 190 100 VO O O~ O W O SO 0D 0D VDN O O O OO0 O~ O- O
i pusweed s | o povad i poved  guused e B e
o DO HON DO M O NN NFH OO Sn 109 O m~mM 10 MO =~ID MO O O —d 1HH D1 00X
| < E MO OO MDD OE e MO0 e S NS - O 2% MO QO NO MO 100 NS MO YO ~O NO
2l 33 03 33 99 38 98 S5 g9 oS 38 98 9& 33 9d 53 33 35 S8 95 S ©3 S©9
o O OO OC 00 OC OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO OO0 OO0 oo oo
™| H HO I 10T ©C O O~ IS 0 0 XD DD P O O RS D= O~ O~ ON AN XN
; poned ponf s posonef powd  poeal e ppumed] poownl e pond  powed prou]  gunvnd
© dHY O~ 1010 N Ol HA O ~N MY ~D M O O NI VO OYHE O OMm oY Ho MK
e 00 O O8 O HO O MO MO N YO ~O MO 1O N0 MO —~O N0 WO ~9O NO YO
12 33 93 35 23 S5 95 33 92 95 S5 29 92 95 9% 2§ 2§ 9% 95 93 &3 <99
- O OO0 OO0 OO0 OO0 OO0 O OO0 O OO0 OO0 OO O OO OC OO OO OO OO oo oo
_ <H | NS N WL LIS 0O~ N O NS 00 DO OO O O O Ord 0] m~O0 =N M N G
W : rene — pod  pun| gl peeed pee] el g ] pee] e peed peaf e poe] g ] o
I~ & HH - OO0 WO Omi I~ O IO IO O WO HW HMN MO MM O 10M D ~O DD
o p—t S NGO OC MNO MO NS eSO NGO MO NO MO NO HO O MO NO N0 MO N HO
3 g S 53 38 538 98 69 99 93 99 92 99 9% 98 88 9% 98 S8 9% o9 99
- - O OO OO0 OO0 OO0 OO0 OO0 OO0 OO0 OO0 O OO OO0 OC OO OO O o oo O
s T T DWW O~ I~ U PO DD O OO Omi Ori OO m~01 miH MO N MO MO HIO HIKO <HD
| b e gy pun] o] g pued g pee] ] peed gl g g gl e g g pae{ e gl e ped ped pee i e
- O DL Db O] Clrd DY AIN MOl 10D miH R ~O OF —o NI~ ImH 106 oND~ N
L | on |l e OE M NG -0 NSO NO O MO NO HO N0 O HO N MO Mo N JHO
S Sl S 33 23 &3 23 38 23 23 S5 93 93 S8 98 298 9% 93 o5 S <9
- - ~E SE OO0 O O OO0 OO0 OO0 OO0 OO0 00O OO0 OO0 OO O oo OO oo
| B w | © | LS LD DEC Ot Ord Ol NN NN O M IO D0 WO O 0 O 0 VO
L m | e L e i . e T = e N I B Y
o 20 ~H Te o [~ &G So - p o o <+ 10 Vo' I~ o0 & - | on ~H To
- — — oo e — ot e peed e N &N i Y N

N




447

TABLE 11.2

Critical values s, of the test statistic min s, for the slippage test to the left for the method of
m rankings. Level of significance x, number of rankings m, number of ranked objects k. The
approximated true levels of significance are written behind the corresponding critical values
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%\M‘M m- f
koo 3 4 ; 5 6 7 8 9
& -
| m} !z 1: ; | ;
0.05 | — -— | — — . — . 60031 70016 8 0.008 10 0.039
2 | 0.025  — — - — — —  — — | 70.016 80.008 9 0.004
0.01  — — @ — — - = — = — 8 0.008 9 0.004
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-
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-1
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S O

0.05 | 3 0.028 50023 8 0.043 10 0.027 13 0.037 16 0.045 18 0.028
- 50023 7 0.016 9 0.011 | 12 0.017 | 15 0.023 17 0.014
0.01 | — — 40005 60005 80.004 L1 0.007 13 0.005 16 0.007
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