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MATHEMATICS 

ON SI.JIPP AGE '11ES11 S 

III. ,..rWO DISTRIBUTION:FREF~ SLIPPAGE rrES'l,S AND TWO ,.J1ABLES 1 ) 

BY 

R. DOORNBOS AND H. J. PRINS 

((1om1nunicated by Prof. D. VAN D.~N'.l.1ZIG at t;l1e meeting of l\iay 31, 1958) 

7. Slippage tests for the method of rri rlinkings 

In the well known method of m rankings due to M. FRIEDMAN ( 1937) 
(cf. M. G. KENDALL (1955), chapters 6 and 7) 1ri ''observers'' a1"e co11-
sidered. Each observer 1·anks k ''objects''. The met,hod of m ra11kings 
enables us to investigate whether tl1e obser·ve1'"s agree in their oph1ion 
about the objects. For~ that reaso11 one tests the hypotl1esis H 0, which states 
that the rankings are chose11 at r·andom from the collection of all permu
tatio11s of the numbers 1, ... , k and that they are independent. 

Here we present tests which a1·e powerful especially against the alter
native that one of the objects has larger· probability than the other ones 
of being ranked high (or low), whilst the othe1-- (k-1) objects are ranlzed 
in a random order. We denote the sums of them ranks of each object by 

(7.1) s1 , ... ,sk, (m ~si -s;;;.km). 

Obviously we have 

(7.2) ½mk(k+.I). 
i=l 

In section 8 the following theorem will be proved. 

Theo1"en1 7. I. For each pair si, s; of tlie variates (7.1) and for every 
pair of integers si, s; the following inequal,ity ho/4..Q under H 0 

(7 .3) P[si :::;;:. si and s; :s si] :5: P [si :5: si] · P[s1 :5: s;]. 

So we can apply our approximation method of section 2 for obtaining 
slippage tests for s1 , ... , sk. Because the marginal distributions of 
the si are all equal 11nder H 0 , the test statisti.c for the test against slippage 
to the right, is max s,1, and for testing against slippage to the left min si . 

• 

The critical values are determined by tl1e smallest integer Sex. satisfying 

( 7. 4) P [ Si 2 S .x] ~ tX / k 
• 

and tl1e largest integer Bex satisfying 

(7.5) P[si < Sa] 5:. oc/k, 

respectively. 

1 ) _Parts I and II in lr1dagat,iones Mathematicae, 2'0, 38-55 (1958) and Proc. 
Kon. Ned. Ak. van Wetensch., 61, Series A, 38-55 (1958). 

. ~ .• 
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Tl1e distr·ibut,ion of si is easily seen to be syn1metric witl1 respect to 
t,l1e mean vall1e }m(k~ -f- I), so we have 

(7.6) Sex= m(k+l)-S(X, .. 

:r r1. sectio11 8 it will be showr1 that the distributio11 of si, u11der H 0, 1~eads 

oo m 
P [s,; - n] = ' L ~ .£. n-kx-m x 

(7.7) · re=O 

n - kx - I ( - 1 )m k-m' 
m-1 

' 
(i = 1, ... , k ; m ~ n s;. km) 2 ) 

wher·e 111 is defined by 

(7 .8) 
I 11 -- O if y < O, 

' 

( / 11 · 1 if y 2 0. 

Tl1e tables of critical values Ba, pr·esented i11 section 11, are based 011 

this formula. 

8. Proofs of the 1"esults of section 7 

:Ei'irst we shall prove' tl1eorem 7 .1. We suppose that both si and s; a1·e 
lying betwee11 rri and krri, because otherwise (7.3) obviot1sly holds with 
the equality sign. For m= 1 we have 

I 

(8.1) 
Bi = k' 

} 

s; P [ s; ~ s, Im -- I] = k , 

&,;, s; n1in ( s,;,, s1) 
= k(k-1) ' 

so in that case (7.3) is true .. Now let us suppose that (7.3) is true for 
m observers, then we have 

L P[si ~si-a ands; <s;-blm] •P[tl1ei-thobjecthas rank 
a=1:b a and the j-th object rank b 

in the ( m + 1 )-st ranking] 

-- ! P[si < si-a and s1 < s1 -

(8.2) 
a=t:b 

I 
< .zP[si<si-alm]•P[s1 <s1 -

a=1:b 

k 

-arm] · L P[si ~8;-blm] + 
b==l 

2
) We owe this formula to Mr. A. BENARD, Statistical Department of the 

Mathematical Centre. 
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k 

(8.2) 
L P[s,; ::5:: 81, --bl ·r1i] 

P[si ~si-ajm]-b ---1---k-,.--- • 

k 
L P[s;::; s; -bl r1i] 

• < -

So theoren1 7 .1 is proved by inductio11. 
Formula 7. 7 can be proved in the following way: 

kmP[si==nlm]==the 11umbe1· of partitio11s of ri int<) rri JJositive ir1tegers, 
no one being larger· than k~ ( diffe1"e11t J)er·n1l1t.atio11s of tl1e 
same i11tegers are counted as diffe1--e11t Ilartit1ions). 

,-fhus 

kmP[si == n jm] = coefficient of zn i11 (z + z2 + ... -1-z1()m == coefficient of zn-m 

. 1 - zk m ffi . f 
Ill -- == COe Clent O zn-tn i11 

I -- z 

00 

2 m (-
0 X x-

CX) 

~- 2 ln-k:r-m m 
X x==O 

,vl1icl1 p1"oves (7. 7). 

1n - -l 

9. A distribution free k-sample slippage test 

We consider the independent variates 

(9.1) 

which have, under H 0 , the same continuo11s distribt1tio11 f1111ctio11. Fro1l'.1 
the i th population we have ti independent, observatio11s uii (j --- 1, ... , ti). 
We wa11t to test H 0 against the alternatives 

(9.2) 
ti u1 (j =I, ... , i - I, i + 1, ... , k) follow the same clistributio11, 

for one unknown val11e of i ancl 

(9.3) 
P[ui > u;] < ½ (j =I=- i), 

H2i 
u1 (i - 1, ... , i -1, i + 1, ... , k) follow the same distributio11. 

Now the following test p1"ocedure is proposed. If all obse1·vatio11s 
uii ( i = 1, ... , k; j =I, ... , ti) a1·e ranked, we denote by Ti tl1e sum of the 
ranks of the observations ui; (j == 1, ... , ti). As Ti is a linear fu11ctio1:1 of 
W1LcoxoN's test statistic applied to the i th sample and the othe1" k-1 



Mr111·))~l! t,(~~!'~ther, it18 c:liatril:,,it,i<>ll f11.r1otion t111der H0 is k.now11 ( cf. H .. B. 
~l,\NN r1.r1«i I.>. It .. \\1 111TNBY ( 1947)). 8<) for ~awh set of ,,.al11es '11

1, ... , Tk 

N«.)\\', ,11ht,tt t,t,.stirig 111 agSz.i11st 111,~ 1/0 is rejt,ct~d wher1 mi.n q, ~ ,x/k. 
,.:\ t-4ir11il1,r 1,t~(>(~~,ll<(:la1n:" is f"'(lll<>Wf,<1 ft)r sliJJf)&ge to the left,. Ir1 the 11ext 

Mf\.ctit)ll \\'e si111,ll 11r~,ve t/he ir1e<1u.alit,y 

s<l t,t·,,. li111its; lM,t1\\ret,11 ,vtticl1 t.he lt,vel of signifio&11oe m&j" vary, are 
kn<>w·1i al8<> ir1 this c~&,se. 

I,.(l!t r1t>Vt7 for t,\·e:ru fixecl i tl1e l1v:flX)thesis H 1 " be 
& J ~ r' c, ~ 

f l>f u, ::,. u,) :;;, t (j ~ i), 

\ u, (j 0,0, l, ... 
1 
i ·- 1, i + l, ... , k),, follow tt1e sarne distribt1tio11. 

P[T,,I H0 ] fhf J>[T, ~ T,I H 0]. 

"fhis JlrOt)&hility tSt,il} deJ>ell(IB on t1, ..• , tt. 
l 11 tl1t, sa111t:, w&j' as iri eectio11a 3 &ncl 5 we Ctlnsider tihe deoisio11 

pr()(}t,<i u re ,, : 
I>t,t:,ic:le tll&t, flt, is t,rue if 

1~7t1i(ie tt1&t Ji 1• '.I is t,1•t1t, if j is tlli~ am&llest integer such that 

1"' 11 e <> re rn !l. l. If ll 1• 1 is t,~ti,e, the probabiluy of a c&rrect decision with 
tht1 1woceci ttrf: (1 te1tdcS t<·, l if t1 --► •Xi, .•. , t1 ·➔ oo such, that 

l.in1 ·r ,, (.> 1n .. ~ > • 
. t, 

(I Iii-ii• l, ... , k). 

..'..\.11c·►tl1t!cr test f 0.1· tt1e k-s&n1ple slippage problem was proposed by 
I•' . .Yl{>STEI .. I_.F:R (11t48) (cf. a.ls!> F. }{oSTEI .. LER &r1d tT. W. TUKEY (1960)) 
wli<) uses as t,t,st, st,atistic the 11umber •of' ob.se1·vations of the sample with 
th£~ l&rg,est ol)se:r·v~at,ion \vhicl1 exoood all observations of all other samples . 
... .\ cort1J)a1·isor1 ()f. tr1e r}ower of both test,s ,, .. ith respect to some alternatives 
of" 1>ractic~t1.l int1(,r~est- set~tns desir&l)le. 

1 (}. J'roo/ of tkf.1 ·i1~q'Mality (9 .. 5) and of theore,n 9. l 8 ) 

.Fo1· clefir1iteneJtl8 we take in (9.5) i-1, j=2. \Ve also take k · 8. This 

1 ) Th$ pr0t,f's in th• section were found by Mr. H. K ·. . , then working in 
t}1t) Statwueal Departmea:l.t 0£' the M&t,hematioa.il Centre. 
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is no restriction on the generality as pooli11g of the 31·(,l, 4th, ... and ktl1 
sample does not affect 

P[T1 jH0 ], P[T2 IH0 ] or P[T1,T2 /H0 ] def P[T1 2 T 1 a11d T2 ~ T 2 jH0]. 

Put 110w 

( I 0.1) 

and define 

t deft + t + t 
1 2 3 

pn1.n2.ns[Ti] def P[TilHo] if t1--n1,t2=n,2,t3 -n3. 

P defp l n1.na.na[Ti, 1] == [Ti :2::: Ti and the largest eleme11t belongs to sa111p e 
number 1 I H0 ] if t1 = n1 , t2 = n 2 , t3 = n3• 

Pn
1
.'/¼,ns[Ti I l] def the co11ditional probability of Ti~ Ti under H 0 , give11 

that tl1e largest elen1ent belo11gs to sa1nple 11un1be1· 1 

if t1 = n1 , t2 = n 2, t3 = n3 . 

In the same way we define 

p n1. n2, na [Ti, T;] , P n1. n1.nu [Ti,, Ti, I] and P n1. na. ,ia [T-i, T; I I] 

for the events { Ti ~ T1, a11d T1 ~ T1}. 

We shall prove (9.5) by i11duction witl1 respect to ni +n2 --/-n3 • So we 
have to prove 

( I 0.2) 

Clearly ( 10.2) 11.olds for n,_ + n 2 + na= 2 (we take T,;, = 0 with pr·obability 
I when ti=O). Now suppose (10.2) holds if ni+n2 +ns:S:t-l. We have 

( 10.3) 

'iJ, 

For the first term of the sum in the right hand member we get 

Pt1 ,t2 ,tg[T1,T2I I] = pti-l.½.ta[T1-t,T2] ~ 
( 10.4) (according to our assumption) 

::;:pt1-l,ta.ts[T1-t] .pt1-l,ts,t,[T2] = Pti.ts.ta[T1l l] • pt1,t2.t,[T2!I]. 

In the same way, it can be derived that 

( I 0.5) 

Further· 

(10.6) 
' 

pt1,ta,ta[T1,T2l3] = pt1,ta,t~-1[T1,T2] < pt1.t1,t_-1[T1] .pt1,ts,ta-1[T2] = 
= pt1,½,¼ [T 1 I 3] . pt1,t:, ta [T2I 3] .. 

So, combining 
subscripts 

(10.7) 

(10.3), (10.4), (10.5) and (10.6) we find, di--opping the 

8 

I P[T1li] -P[T2,i]. 
i-1 



\Ve l1ave 

( I(). 8) 

(l().!)) 

Iii 

· {P[T2, l] + P[T2 , 2 or :3J}. 

:B..,1·c)r11 (1().7), (1().8) arid (l(_).9) we see tl1at1 it is Sl1fficie11t to prove 

r . 3' 

z P[T1 jiJ -P[T2 ,'i] =P[T1 1 l] -P[T2 , l] +P[T1 j2] -P[T2 , 2 or· 3] ~ 
(l(}.10) \i=l 

\ 

()t· its equivale1·1t, 

(I() .1 I) ;;; 0. 

(10.12) 

l1olds as can be see11 in the following way. (10.12) is equivalent to 

(10.13) 

Co11sider r1ow a ranking which gives T 1 a11d 2 (i.e. the largest element 
belongs to tl1e 2nd sample and T1 ~T1) and interchange the last element 
with every element of the first sample. This gives t1 different 1--anki11gs 
vvitl1 T1 a11d 1. I11 this way we get each 1 .. anking with T 1 and 1 at most 
t2 times, because in a 1·anking witl1 T1 a11d 1 the last ele1nent can be 
ir1tercha11ged with at most t2 different elements of the seco11d sample. 
This proves (10.13) and thus (10.12). Inte1·changing 1 a11d 2 i11 (10.12) 
we find 

(10.14) 

(1().11) and thus (10.2) is a11 immediate cor1seque11ce of' (10.12) and (10.14). 
This completes the JJroof of (9.5). 

y\T e no,v turn to the p1·oof of tl1eo1·en1 9 .1. Let H 1 , 1 be true. If ti .. ► CX) 

(i= l, ... , k) such tl1at 
k 

lim inf t 
k 

1 > 0 and 
L ti --tl 

> 0, 
~~ 

i=l 

we know that Wilcoxon's test con1paring sample 1 ,vith the other samples 
pooled is consistent. This means 

(10.15) 
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01· tl1e exceeda11ce pr·o bability f 011!1cl i11 tl1e fir·st san1ple cor1 verges to 0 
in probability (cf. D. VAN l)ANTZIG (1951)). 

' 

In a sin1ilar· ·wa}r as in D. VAN DANTZIG (1951) we fi11d, if 

defp I P= [u1 >~ ui H1.1J > ½ 
( l O. 16) E ( T1 / HO) ;;::::; ½ t1( z ti -- ti) -t- ½ tj( tj + 1 ) 

a11d 

(10.17) E(T1)H1•1 ) = ½t1(lti-t1-t1)+(l-JJ)t1 t1 +½t1(t1+1) < E(T1jH0 ). 

Fur--ther~ 

(10.18) 

F1~om (10.15) we have 

(10.19) lim P[P[T1] s P[T1] H 1. 1] ~ lin1 P[P[T1] s 17jH1•1] 
t. "00 t. >00 
i i 

for eve1~y 17(0 ~'Y) < 1). 
. . T · --- E T · H 

mean O and unit v"'"ariance (10.19) leads tio 

( 10.20) 

< li1n P 
t. ►00 
1, 

where ~ n is defined by 
00 

1 a:,'l. 

V2J; e-2dx=17. 
2n ~,, 

• 

( 10.20) is valid for every 'YJ(O S:.'YJ <;, l) and as ~
17 

·· >- oo (11 • > 0) (10.19) 
combined with (10.20) gives 

( 10.21) 

If H 1. 1 is true tihe probability of correct decisio11 is 

(10.22) k 

- I P[P[T1] ~ P[T1] IH1.1]. 
1=2 

(10.15) and (10.21) show that the probability of a correct decision 
converges to 1, which proves theorem 9.1. 

11. Tables of critical values for the Poisson distribution and for the 
method of m rankings 

Table 11.1 gives critical values for the test for Poisson variates against 
slippage to the right if H0 is: p1=p2= ... =Pk· The critical values for· 



445 

max zi as test statistic ar'e given for· the values 0.05 (the 11pper 
numbers) and 0.01 (the lower· numbers) of a. Owing to the disco11tinuous 
characte1· of the binomial distribt1tion tl1e true level of significance will 
ge11erally be less, a11d very ofte11 conside1 .. ably less, tl1ar1 lX. Therefo1·e 
app1·oxin1ated tr·ue levels of significance (i.e. ex,' cf. (2.17)) ar·e shown also. 
'l,he exact vall1es satisfy inequality (2.13). The table ,vas co11structed 
witl1 tl1e l1elp of a t,able of the binomial distribution. This can also be 
done for critical values for the test agai11st slippage to the left. 

Table 11.2 gives critical values for s1)ecified IX for the method of m 
r·ankings, wl1en testi11g against slippage to t,}1e left with 1nin si as test 
statistic. If this critical value is equal to 1, the critical value r at tl1e 
same level of significance fo1· the test against slippage to the riglit is giver1 
by r=ni(k t- 1) ..... 1. As in table 11.1 the approximated true levels of 
significa11ce (~') are also give11. 

12. A ck·nowledge1nents 

Tl1e autl1ors are ve1·y much i11debted to J\!Ir. H. KESTEN 1) fo1-- the 
proofs given i11 sectio11 10 and fo1-- very l1elpful suggestions concerning 
other· parts of the paper. But for Mr. Kesten's efforts the results of section 
9 would not have been published here. 

·we are grateful to professor HEMELRIJK for helpful suggestions, 
pa1 .. ticula1·ly for the formulation in section 2 and to professor VAN DANTZIG, 

for by his help this paper got its final form. 
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TABLE 11.1 
Critical values for the slippage test to the rigl1t, ir1 the PoisS()t1-cas(J with H 0 : µ 1 -- /t2 -- ... -- µk. 

Test statistic: max Zi- Appr()Xi1nate significar1ce level 0.05 (tl}Jf.>er \'alues) and 0.01 (lc)\ver va.l11es). 
The approximated trtie levt~l of significar1ce is writiten lJehind the critical valt1e. N11mber of 

observations k, su111 of the (_)bservations n 

n 
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I 
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8 

' 
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! 9 0.021 

! 
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j 
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; 
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j 
l 
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' 
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I 
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' 
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rrABLE 11.2 

Critical valt1es srx ot· the test st,at,ist1ic 111in si for the slip1)age test to the left f'or th<:1 rr1ethod of 
m, ra11l{ings. Level of' significance iX, number of' rankings m, ntimber of' ranl.:::ed objects k. The 
approximate<i tr·ue levels of significance are written behind the corresponding critical values 
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