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A (~LA.. . OF TESTS FOR THE HY 

THAT K P1\R.t\METf~ 
(J 8 ·· 1, . ,. . , · k SATISFY THE 'INEQlJ1\LITIES 

hv ., 

I. l,N.TRl)DUCTI<)N 

THESIS 

In this 1>aper a dest·ription will l>e gi,~ti.11 of a c~la8~ of tests trt~att~<I in el·1a1lter 

4 of my tl1esis ( •t j. By r.11ea11s of tl1es(~~ tt"sts the l1y1>otl1t:~si8 11,:. tl1at k paran.1t11tt~rs 

fJ1, ... , 81c satisf)"" tl1e inequalities 

( 1.1) 

may he tested against tl1e alternati,,,.e hypotl1es·i8 tl1at at leaat one vali1e of i 
exists with 0;, > 8i+1.• 

In tl1e cl1apters 1-3 of my thesis a related llroblen1 is treated namely tl1e 
problem of estiinating k 11nknow11 parameters 01, ••• , (Jk, kno-wn to satisfy 

( 1.2) 
I. inequalities of the t.)''"(>e : 'Pa ( 0,) < rp 1 ( 0 J), 

2. inequalities of tl1e type : c., < 'Pi(. 0-t) < di, 

where, for each i = 1, ... , h~, 'Pi (_O,i) is a gi,Ten function of O,i, wl1ereas c. and d,;, 
are given numbers. ...~ special case of tl1is prol:,Ie:n:11 is t~.g. tl1e esti111ation of k 
parameters 8 1, ••• , ek, known to satisfy the equalities 81 <" ... ~ fJk. 

A description of this esti1nationprol>le111 and its solution has been given 
by J. HElIELRIJK [ 5 J. Tl1e proofs 11:aa,,. he found in [ 4]. 

A description of tl1e class of tests for tl1e hypothesis ( 1.1 ·) ,vill he given i11 

this paper in section 2. Section 3 contains the special <.~ases where 0 i is 

l. the paran1eter of an exponential distrihution'l 

2. the variance of a normal distributio11, 

3. the 1nean of a normal distriht1tion witl1 known varianl~t~, 

4. the length of tl1e inten"al of a rectane,rular distribution. 

( *) Report SP 65 of the Statistical Department of the Mathe-n1atical Centre. Amsterdam. 
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F11rther an analogous distributionfree test, based on WILCOXON's two 
sample test., will be described. 

In this paper no proofs will he given; these may he found in [ 4]. 

2. - DESCRIPTION OF THE TESTS 

The situation to be considered may be described as follows. Let ~1, •.• , ~k 1 ) 

he k independent random variables and let, for each i = I, ... , k, 
x, ... ( y = l, ... , n;,) be ni independent observations of ~-;,. Let further, for each ., 
i = l, ... , k, 0;, denote an unknown parameter of the distribution of ~i• 

The hypothesis 

(2.1) 

will be tested against tl1e alternative hypothesis 

(2.2) H : at least one value of i exists with () i > 0 i+1• 

This test is performed as follows. Let, for each i = I, ... , k - I, Ti denote a test 
for the hypothesis 

(2.3) 

against the alternative hypothesis 

(2.4) 

Let, for each i = I, ... , k - I, tt denote the test statistic and Zi the critical 
region of this test. Then ti is a function of Xi 1, ••• , Xi n.-, Xi+1 1 , ••• , Xi+1 n. and 

I , i , , i+l 

Ho,i is rejected if and only if t,;. e Zi. 
The test for the hypothesis Ho then consists of rejecting H 0 if and only if a 
Value of i exists with ti E Zi• 

Now suppose that the tests T 1 , ••• , Tk-1 possess the following properties. Let 

a-i ~•f P !i e zi I 0-i -= 81,+1 , 2 > 
(2.5) 

N· def n· + n· i i i+l 

and let, for each i = 1, ... , k - I, the ]irnit Ni > oo he taken under the con
ditions 

lim ni oo, 
N.➔CQ 

(2.6) 
'l-

lim ni+1 00 ' 
N.➔CQ 

'lo 

then we suppose that, for each i = 1, ... , k - I, 

1
) Random variables are distinguished from numbers ( e.g. from the values they take in an 

experiment) by underlining their symbols. 
2

) P A denotes the probability of event A. 
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2. Iim P !i e zi I 0i < 0i+1 

3. 

N.➔00 
'l, 

lim P !i e Z i I 0 i > 0 i+1 

N.➔00 
1, 

5 

=== 0, 

= 1. 

Now it may easily be proved (cf. [4]) that the test for the hypothesis 
Ho possesses the following properties. Let a 0 denote the size of the critical 
region of the test for H 0 (i.e. let a 0 denote the probability, if H 0 is true, 
of rejecting H0 ), let 

k 
(2.8) n def ~ n 

~ i 

and let the limit n > oo he taken under the conditions 

(2.9) oo for each i = 1, ... , k, 

then we have 

(2.10) 

k-1 

1. ao ¾ l a-i, 
i=l 

2. the probability of rejecting H 0 , under the hypothesis 
81 < ... < 0k, tends to zero for n ·>co, 

3. the probability of rejecting H 0 , under the hypothesis H, tends 
to I :for n > oo • 

If, moreover, we suppose that, for each pair of values (i,j) with i < j 

(2.11) P !i e Z,;, and !J e Z1 0i = 8i+1, 81 == 01+1 < 
<P 

then we have also (cf. [3] and [4]) 

t · e z. I 0. = 0 •+1 _i 1, 1, ~ . P !J e Z; I (J; = fJ f +1 , 

the probability of rejecting H 0 , under the hypothesis 
(2.12) 

k-1 k-1 

• • • Bk, is > l ai - ½ ~ a1 2 
• 

i=l i=l 

k-1 
Thus if we take e.g. l ai = 0,05 then we have 

i=1 

I. the probability of rejecting H 0 , if H O is trne, is ¾ 0,05, 

2. the probability of rejecting H 0, tinder the hypothesis 

• • • fJk, is > 0,05 - ½ ( 0,05) 2 = 0,04875. 

Tests Ti satisfying the conditions (2.7) and (2.11) will he described in section 3. 
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E"'X"'A1."PLE .... 3. --~ ,., · lJJ. . S 

3.1 .. - .411 tl~t,.t,:tn,,ntial distril-,itti,>n tl.~itlz. J>aranzeter (Ji 

• 
~· If~ f ir~t ('(:)[l8i<lc:-r tht~ cast~ t.l1at -! I 1)088(:'SSCS, r or eacl1 

11t~r1tial «ii~tril,11tion 1''it.l1 Jlara111ett~r O ,, i. e. 

' --

'' •.} ' "' 
} I . -, . ¾ .:.'t ==·· ... ... - e • 

def l 
- -- -- ...-._-1! ~r j ,,,.i,...,_ - • r ., r 0;,.,,... ~ 

t 3.1 .. 4) 

'o· (x ~, ). 

= a .. 
11, 

1, ... , k, an t~x1>0-

-
Xclw 1 3.1. l) t~ntails that. for eacl1 i ·-·· 1, ... , k, 20 ·&ni~i possesses a x2-distrihution 
witl1 2n.i degrees of freedon1., thus !t 1>ossesses., for each i · I, ... , k -- I, 11nder 

the l1J+f.>ot.hesis /Ji - 8, .. 1 , an F-distrihution witl1 2ni+i, and 2ni degrees of 
free(lon1. Thus the critical values t. mav be found from a table of the F-

' O! .; 

distri h ution. 
. ' 

i 

It may easily be proved (cf. [4]) that these tests T 1, ••• , Tk-1 satisfy the 
conditions ( 2. 7 ) and 2.11 ) . . . ' 

3 C) 4 1 d · "b . . h . 0 ·"'· -- • n.<,rma 1,stri z1.t1on U.'lt . 'L'arzance i 

Now let, for eacl1 i = 1, ... , k, ,!i possess a norn1al distribution ,vith 
unk.n<>wn 111ean /.{, i and variance 0 i• Then, if 

1ll, 
' 
1 

( 3.2.1) 

,x,; def , .. X ., ....... """' i,Y 
'{'c: l (i = 1, ... , k) 

we take, as a test statistic for tl1e hypothesis Ho, i 
., 

( 3.2.2) 
Sa, -

t., = ----(i = 1, ... , k- 1). . ' 
S": 

't +1 

·N· (n:g-l},!t2 

J. · ow ------ possesses, for each i = I, ... , k., a x2-distrihution with ni - l 
(} i 

degrees of freedon1 ; thus, for each i = I, .... , k - l, !i possesses, 11nder the 
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hyJ)tltl1e,i1 Bi == Oi.i, an F~ ... distril>t1tion witl1 ni --· 1 and ni+i ---- l <l«~grees of 
fr·,·~""tl<)rt1. \\~t~ aj&?a.in tak,· t~ritit~:tl rt'•gions <>f tlit'.l> fc.)rr11 t 1 '.:;;~~ l1,,.r .. \\-·11«:-rt• t·i,:tti n1a)' 

lie fo1.1n<i f r<)n1 a table of tl1e F~-tii1tril>utior1 .. 
Tht"' 1~ro,,r~ of ( 2. 7 ~ a11d ~ 2.11' arc~ i<lt~nti<"al with tlJ(.)8(,~ of tilt~ fc>reg<)ing 

exan1rlle. 

l n 
i 

l),,. ...,,,. d@f - ~ ' \ ., h 
J .:: i -..:: - ---· ...;. \ x · v - µ, , • ... w ere tl.. ._i,. • ~ 

1 - ' ,. ), l 

degrees of freedom. 

\lr e now consider the case tl1at . ., for eacl1 i - I., ... ., k, ,!1 JlOsst-asst~s a :r1orn1al 

,!istribution with inean 0 1 and k11own variance u,;. 2
• Let, for each i = l, ... , k, 

I 

then we take 

t l 

"'I,h · t· d th h th · n = n,. .... , a norn1al d1· st.r1"bt1t1·on . ,~ s·tat1s 1c !i possesses., un er e ypo es1s u 1, u •• ~ . 

w·ith zero n1ean and variance 
2 

O' 
j 

, 3 .. 3.3) =---+--- li-·- I, ... ,k-1). 
ni ni+t 

We take a critical region of the form t. > t. ; then 
ii, i,a. 

""·l1ere i,'l is defined hv ~- . 

t 3.3.5 :; 
I 

2 
(T. 

l 

oc 

i 

, 

,,fhus t t ,,l·, may he found hy n1ea11s of a table of the normal clistrihution. It 

may easily he seen that this test satisfies (2.7 ). Further !·i and !J are, for 
j > i + I, independently distributed, i.e. (2.11) holds for each pair of "o/alues 

( i, j • with j > i + I .. For j = i + 1., !i and !J possess a two-dimensional normal 
distribution with negative correlationcoefficient and it may easily be proved 

( el. f 2) ) tl1at (2.11) holds in this case. 

3 .. 4 .. - A rectangular distrib1ttio,1. between. 0 and (Ji 

Finally, let, for each i = l, ... , k, f i possess 
between O and 8 i > 0. Let, for each i = 1, .... , k, 

a rectangular distribution 
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( :J .... t. l ) Z:t '!!!_ 111ax Xi ,"Y, 
l (;y<ni 

". "ll '"'.. • ,,. • <"' ,, ak ,.,,. f o r ; :::..-::: 1 k - 1, '" c:s.~·,,, VY ~ l 'L-,: •· ' ' Ii Ill • , 

t ;j, = ----

I 
ni n· 

if 
' 

1, 

ni+l ai 
Ni 

, 
Niai " C ' 

t 3.,,t.3) t, ·-·--
i, ,., 

l'I I-~ ' 

1, 

Ni l 
if > 

ni 
(1 a i) at • 

N-ni+l ni 1, 

:J.5. ·--- .~f ,1 antil,lgot,s clistributionfree test 

111 tl1is s(.~ction an analogous distriht1tionfree test based on WILCOXON's 
t "'tl san11>1e test will he described. Let ,!1, ••• , ~k be independent random 
, ari,11,lel'il~ r~ossc~gsing (•011tin11ous probability distributions. Let further, for 
c:~it{·l1 i ::.= l., ... ., k, x., 1 , ••• , x, ,", he independent observations of ~i and let 

l t~f. ! I J ~ 

n.. 
'& 

r,,•. def "\' w a-- -. 
y,:::: l 

I if z > O, 

0 if z · 0, 

-1 if z < 0. 

lo tlit~ se,.Ju<::-l <)f tl1is section a test will he described for the hypothesis H:~ 

t l1at :! 1., ••• o\ !t llOssess the san1e probability distriht1tion. This test is based on 
ir· ,, ... ., il'',i,. 1 and i8 Jlerfor·111ed as follows. Let, for i =l., ... , k -1, H' . denote 

o. i 
tl1t11 li)-fit_)tllt:•sis tliat ~ 1 and ,:! i.-t 1 l)<>ssess the same probahilit,y distribution and 
let z,i <lt·note a c·ritica·l region of tl1e form ff' i ~ W • where 

,a. 
t, 

i 3.5.:J) = p Jf' > w. I H' ,l 

i i,a. o.-• 
$ 

1
) If iri. is tl1e ft"'st statistic of \VILCOXON's two sample test, according to H.B. MANN 

i\llti L1.R, \vfHITNE)" { 6] then \V,i · - 2Ui - ft,;,fli+l· 
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Then the hypothesis H~ is rejected if and only if a value of i exists ,\Tith 

w. e z~. 
i 'l, 

For small values of n.i and ni+i the critical values Wi oe. may he found from a 
, l 

table of the exact probability distribution of W i under the hypotl1esis H' . 
0, l 

(cf. e.g. [6] and [7]). For large values of ni and ni+i Wi is under the 
hypothesis H' . approxin1ately nor1nally distributed with zero n1ean an<l 

0, I, 
• variance 

(3.5.4) 

Thus in this case an approxin1ation to W ·i,ai may be found from a table of the 

nor1nal distribution. 
Now let a 0 denote the size of the critical region of the test for H~, i.e. let 

(3.5.5) ao def P W i sZ~ for at least on value of i I H: 

then it may he proved (cf. [ 4] ) that 

k-1 
(3.5.6) 

• 1=1 • i=l 

L 
Further the test for the hypothesis H' possesses the following properties. 

et 0 

(3.5.7) (;) , def p X· > X· i = _i _1,+1 (i=l, ... ,k-1), 

let the limit n ➔ oo be taken under the conditions 

(3.5.8) for each i = I, ... , k 

and let H', H' 
1 2 

H' denote the hypotheses 
3 

(3.5.9) 

1. H' 
1 

: for each value of i : 0'. < ¼· 
'l, ... 

2. H~ : at least one value of i exists with 0'i > i, 

3. H' . a • for each values of i : 0~ < i, 
i 

at least one values of i exists with 0~ = i-
i 

Then we have, (cf. [4] ), for n > oo 

(3.5.10) 

I. the probability of rejecting H~ under the hypothesis H~ tends 

to zero, 

2. the probability of rejecting 

to 1, 
H' under 

0 
tl1e hypothesis H' tends 

• •• -

3. if ai is sufficiently small for each value of i witl1 0~ = ½, tl1e 

probability of rejecting H~ under the hypothesis H~ tends to 

a limit < I. 
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RESUME 

l)t:'S t1>sts 11,,t,r fhypothesf> 9 1 < ... < 0k concernant k J>aranietres 

01-. ... , 0k inco,inus. 

Stlient 91 • . , • Ot des parametres i11connus de k lois de distributions. Le probleme, 
,it)11r ur1e soit1t1011 est <.io11nee 1ci, est de tester l'hypothese 

ct111t1·e Ies l1}'f10thests alte1·nati\·es t1u'il y a att moins u11 pair ( fJ i, tJ 1) a\'ec i < j et 

0i > 0;. 

Le tt"St St" ct,1111rx)se d'une serie de tests de deux echantillons pour l'hypothese 8, < 8 -t+1 

( 1 == i, . k - l ) . I . ..e type de ces tests pour de11x echar1tillor1s depend de l' i11formatio11 

ti1sixln1ble sttr la ft1r111e des iois de dist:ributit.)n do11t les ecl1a11tillo11s ont ete preleves. 


