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1. Introduction

In This paper qucueing situatlions are considered in which
re¢ fulfilled:

between Two succesgssive arrivals has

the following assumptions a

a) The interarrivaltime y*

the distributionfunction:
' DN
A(y) = 1 - ¢ Y, Y0 (1.1)

All v are mutually independent,

gyl

b) If the server is engaged, arriving customers line up in a
queue 1n order of arrival,

-
)
L/

c) At the moment a servicetime 1s finished, SCTVer e€xamines
the gueuclength, If the length is:
>ns Scrvice on the first n customers in the gqueue starts
1mmediate Ly

<N, buc>0: service on all customers waiting in the queuc
starts immediately;

O ¢ <©The Scerver interrupts service, resuming 1t on arrival
of' a customer,

d) The servicetime 8, which is the time to service a "batch" of
customers, does not depend on the size of this batch, A1l 8
arce mutually independent and also independent of the y. The
distribution function of 5 is B(s) = chggs},

B(s) =0 for s<0. The expectation of s is finite. We denote
by /5(?) the Laplace transform of B(s):

O

J@(?)fﬁl? Jf efﬁst B(es) ,

for Re(®) = 0.

We define:

#) Random variables will be denoted by underlined symbols. The
same symbols not underlined gtands for values taken on by

the random variables (e.g. observed values).

© (O



fDm)\S s
in whichvpis the usual traffic intensity. In the sequel A will
be taken equal to 1, which means that the timescale will bhe
chosen in such a way that the parameter in (1.1) = 1.

r

'he bulkservice situation we deal with can be used as a

baslis for the analysis of congestion problems connected with e.g,
clevators, locks that can lock through more than one ship at a
time, and small size ferries,

BAILEY [1], and DOWNTON |5|, |6], dealt with a similar bulk
service situation, However, they assumed the server To go on

serving, also 1if no custoners arce waiting. In the situation dealt
with 1in this paper, the server interrupts service in such a case,
An example of a bulk server of first type is a locomotive, col-
lecting Trucks at a factoryr-ilwaymarsholling yvard at more or

less 1rregular Time intervals. The fTrucks have been loaded or un-

locaded 1in the factory, and are waiting in the yard for the loco-

motive To come and take Them away, Tthough not more than a given

number at a Ttime. Ag a2 rule a locomotive will not wait 1f it does
not find any waiting trucks. BAILEY gave another example, wherc

this type of service can ve found, viz, hospital out-patients
departments.

ﬁ

2. The statlionary Stagg

We consider the instants, just before the server finishes the
service of a batch of customers, For these instants we can des-
cribe the state of the system completely by a single number, viz,
the number of customers waiting. We thus obtain a Markov chaln M

C
with a denumerable number of states, As every state off M can be

reachecd from cvery other one 1n a finite number of steps and as
M can remain in the same state after a single transition, the
chain is irreducible and apcriodic, Therefore it follows from
corrolary 1 of page 328 of FELLER [713 that a stationary distri-
bution of the qucuelength exists and is independent of the ini-

Tial probabillity distribution,

To prove that M 1is ergodic, we apply a Theorem by FOSThER-

MOUSTAFA |3, [12]:

Tnpjiapnillh

An irreducible aperiodic Markov chain with transitionmatriXx
(pij)’ (1, 3=0,154..) 18 ergodic 1f for some € > 0 and some Iinte-




ger 1_, a non-negative solution %yi} cxists of:

JZ Pys V& vy —€  for i>1_, (2.1)
and
.- R ,
% Piy V< o0 for 1&1_ (2.2)

In applying this theorem we take iomn and y egual to the number

ol customers walting at the instants for which M is defined.

Therefore %l pij yﬁ 18 The conditional expectation after one

STep of The number of waiting customers given y=i. Starting from

L

a state with number i< n, this conditional expectation is equal
to ja, In taking _

P < n (2.3)
we comply with (2.1) and (2.2). Therefore if p satisfies (2.3),
M 18 c¢rgodic,

In The following two sections the dqueue size distribution
and tThe waiting time distribution will be studied under the
assumption that the staticnary state has bceen reached,

I

'nhe gueuwe gize distrivbution

o derlve an expression for the gqueue size distribution, the

method of collective marks by D, VAN DANTZIG will be used. This
method, which has been described in [2), [3] end [ 4], has re-
cently been applied to a number of congestion problemsyezdg,[ﬁj]
and [ﬂfﬂﬁ leading in an elegant and simple way to the desired
results,

In order to apply this method, we introduce an event L,
which happens with probability 1-X, with 0 X 1, whenever a

customer arrives, for which e¢vents D. VAN DANTZIG usced the term

"catastrophes'", The events % are independent for all customers.

In The sequel we only consider the vrobability that E does not
occur, the¢refore 1t is immaterial to be more definite about B.
The generating function of the queue~gize distribution in

Th stationary state is:

3D
P(X) L Z o, xt (3.71)
1=0 -

Obviously this is the probablility that the queuelength i=1, mul-
tlplied by the probability tha with respect to none of the 1

walting customers E happened, summed over 1. Therefore P(X) is



M

the probability that with respect to none of the customers wait-
ing at the instant just before the server finishes serving a
croup of customers, E happened,

The probability that j customers arrive 1n a servicetime and

with respect To none L happened, 1s €asily secen To D&

- J 3
J[e Sf%r}?]dB(s) . (3.2)
0

Thercfore
ja(q”x) 3 (3:3)

which is obtained from (3.2) by summing over J, 1is equal To tne

probability that with respect to none of the customers arriving

in & servicetime B happens,
If at the end of a servicetime the queue size 1is {n, no

customers remain waiting after the service on the next batch ol

the customers has started, If the queue size 1 edquals i>n, 1-n
customers remain waiting after the start of the next servicetime.

nu"l-,

We obtain therefore as the probability that no E happens with

regpect to any customers rcecmaining in the gueue after the service

onn the next bateh of customers started:

, . -~ 11
1=0 1=n+"

The probability that E happens neither with respect to any of tThe

customers remaining in the gueue after the beginning of a scrvice-
time, nor to any of the customers arriving during this servicetime
can, becausc of the independence of The events, be found from

(3.,3) and (3.4) as:
N O/
(2. p. * 2 D,

" kA . T
1=0 1=+

i B1-x) (3.5)

From the interpretation it is clear that (3.5) is equal to the
probability P(X) that with respect to none of the customers

waiting a2t the end of a servicetime I happened,

Therefore n OO
i-n
> (X) xﬁ(’W*X)(Z p, + 2o by X
1=0 1=n+"
oY ¢ -] . o
P1-x)( 20 py (X7 = X7))
P — 1=0 6
(X) = (3.6)




>

This cxpression has been derived for 0 X 1. However, by ana-
lytic continuation the domain of X may bc extended to |X|g1. As
P(X) 1s a generating function, it has to be regular in this do-
main, As we shall show, the denominator has n roots within or on
the unit ¢ircle, if j3<:n. By choosing the n unknown probabili-
ties PoseeesP_ 4o in such a way that the n roots of the denomi-
nator coinclde with roots of the nominator, we can meet the re-

gularity requirements for P(X).
In order to prove that the denominator of (3.6) has n roots
with |X| £ 1, we consider:

- de N
(X)) == A(1-x)-(1+ 3y ¥ £3.7)
On the unit circle:
d n} ]
and oo A
o< Sl lanare [ antoreer
O ®

5 ¢ .
SO according to Rouche's theorem fv(x) has exactly n zero's with-
in The unit circle. We note that it has no zero's on the unit

clircle.
According to a tTheorem by HURWITZ ([9]5 vol.I, p.269) the
zero's of f(x) = }I}Liﬁn; ""‘v(}c) are the accumulation points of the
Y <

zero's of f (x) for ¥—+oco. In order to apply the theorem, we
'irst note that fv(x) nhas one root on the rcal axis between O
and 1, as both (1+ QQXH and }B(ﬂmX) are increasing functions of
X, while for X=0 JB(1~X)>~O and for X= j%(ﬂwX)mﬂ.For‘vwa»oo
the limitpoints of fthis zero is X=1, The zero at X=1 is a simple

one; in case This were notv tTruc:

n x27 j%} (1-X)
would have a zero for X=1, which would mean j}mn¢ This case has
been excluded by hypothesis.,

Summarlzing: fv(X) has exactly n roots within the unit'=
circle; for v-=» o0 one of thesgse tends to X=1. Moreover as can be
seen from (3.7) for Y<L oo and v =00 there are no other roots
with YX]mﬂg therefore in goling to Tthe l1imit for »—=—c0, no roots
can cross the unit circle. From this it follows that f£(X) has
n-71 roots within the unitcircle and one at X=1.

Formula (3.6) is the same as found by BAILEY; in hils paper
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he proves for several spccial cases of j%(g) this to be a nonnull
solution of the queuve size distribution.

4, The waitingtime distribution

In This section we derive an expression for the Laplace
transform J”(f) of C(w), the distribution function in the sta-
tlonary state of the waitingtime w ol a customer,

The probablility that during the waltingtime of a customer
J customers arrive, with respect to whom E does not happen, 18
caslly seen to be equal To:

u/‘emw ﬁm-xj ac(w) . (4 .1)

Summing over j gives 4 (1-X). This quantity can therefore be
interpreted as the probability that during a waitingtime no
customers arrive with respect to whom E happens. The probability
that during a waiting and service time no customers arrive with

réespect to whom E happens is therefore

f(ﬂ-—-x)aja("’r-x) . (4.,2)

The customers waiting at the end of a servicetime have all
arrived during the waiting and servicetime of the last customer
in the batch on which service is about to be completed. The pro-
bability that no E happens to the customers arriving during the
walting and service time of a customer, under the condition that
this customer is the last one in a batch‘, 18 Therciore:

P(X) , (4.3)
viz., The probability that with respect to none of the customers
walting at the end of a servicetime E happens,

Conslder agalin the queuelength 1 at the end of a servicetime,
With probability P 1=0, In This case the next batch to be served
only consists of a first customer. The probability that with
respect to nelther him nor with respect to any customer arriving
in hils (zero-) waitingtime E happens is in this case equal to pOX.

The probabllity that one or more customers are walting at
the end of the servicetime, and that with respect to none of these
E happens 1s equal tTo p(X)mpO. This agaln 1is the probability that
nelther with respect to the first customer in the batch nor to any
of the customers arrived in his waitingtime E happened., From this




we gather that

(P(X) - py + pX) [o(1-X) (4. 4)

can be interpreted as the probability tThat under the conditlon
that a customer in the first one 1s a batch, neither to him nor
To many of the customers arriving in his wailting + service time
I happens.,

We shall now consider two customers entering the system con-
secutively., For definiteness we shall label them as customer r
and r+1 respectively and denote the Laplace transforms of their
waltingtime distribution by a/r(s") and J/r%—’](?) and the Laplace
transforms of their scrvicetimes by ﬁr(f’) and r+’1($}) respect-
ively. The servicetime of customer r+4+1 may or may not be the same
as the one during which r will be served, We denote the probabi-
1ity that two consecutive customers are not served in the same
batch by C, C will be determined later, If customers r and r+-
are not served 1in Tthe same batch, customer r necessarlly is a
last customer in a batch and customer r+1 a first one in the next
batech., It follows from the definition of C and from (4,3) that
the probability that customer r is the last one in a batch and
that with respect to none of the customers arriving in his wait-
ing and service time E happens is equal to

CP(X) . (4.5)
Comparing the interpretation of (4.5) with those of (4,2) we find
/v (4mx)f3r(1~}<.) — CP(X) (4.6)

to be egual To the prcobability that customer r is not the last one
in a batch and with respect to none of the customers arriving in
his walting and service time E happens,

The probablility that customer r4+1 is the first one in the
batch, that E does not happen either with respect to himself or

to any customer arriving during his waiting and service time,
follows from the definition of C and of (4.4) as:

C 3 R(X) = b (1-X)E o (4-x) (4.7)
Therefore
A frmq(ﬂmX)ﬁr+4(ﬁ~X) — C{P(X)“po(ﬂﬂ}{)} (4.8)

can be interpreted as (cf, (4.2)) the probability that customer
r+1 1s not a riret one in a batch, and that E happens neither with
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respect to himself nor to any of the customers arriving in his
walting and service time. From the interpretation of (4.6) and
(4,8) in terms of probabllities, it follows that both express-
ions are equal. Under the assumption that the stationary state
nas been reached, the subscripts may be dropped, leading to:

§(1-X) B(1-X) = CP(X) = X/(1-X) Pla-x) - cﬁ(nmx){‘?(x) mpg(’lm}()}

: [y(q-x) = C [P/]i:ﬁ% {mm’l} +p0} (4.9)

Substituting X=1 gives:
P ™o

As C is a probability we {ind f{rom (4.10)

As has been shown in seéction 2, the stationary state will be
reached 1f p<n., For 1¢ pgn (4.11) does not contain any new in-
formation, as P s being a probablillity 1itself, will always be =0,
For p< 1 (4.11) gives a non trivial bound for p,. It can be found

from (4.9) that the probability of a zero-waiting time is equal
to:

P
Plw =0} = S, - (4.12)
PP
In case n=1, all formulae reduce to The well-kKknown results
for M/G/1, where P, = 1 mfb.

The gituation that has been studied In this report can be ex-
tended to the case where the server only starts, if m (> 1) or
more customers are waiting., The stationary conditionbf><;n.Pem
mains unchanged, and (3.6) 1s still valid.

I want to thank Prof. Dr D, van DANTZI1IG and J.Th. RUNNENBURG
ffor their continuous advice and stimulating criticism,



References
17 BAILEY, N,T.J., On dueuelng processes with bulk service,

J.R.S.5. B 0 (195%) 50-87.

2 VAN DANTZIG, D,, Kadercursus Statistiek, Stencilled notes of

lectures given at the University of Amster-

dam, ‘1947,

3 VAN DANTZIG, D., Sur la méthode des fonctions génératrices,

Collogues internationaux du Centre National
de la Recherche Scientifigue 13 (1948) 29-45,

4 VAN DANTZIG, D., Chatren de Mavkof dans les ensembles abstraits

5 DOWNTON,

5 DOWNTON,

O HURWITZ,

¢t applications aux processus avec régions ab-
sorbantes ¢t au probleéme des boucles,
Ann. de 1'Inst. H. Poincaré 14 (fasc.3) 1955,

/IL;5“1199 &

Fa, Waitine fimes in bulk service gqucues,
J..5.8. B 47 (1955) 256-261.

o On ~imitiiec dictributions arising in bulk

service queues,
J:RML} f;k}n ..i} /;8 (,‘1956) 3 265:

(  FELLER, W, An introduction to probability theory and 1tTS
applications, Ncw Yorlc 1950,
8 FOSTER, F.G., On t¥> tocn~Tic motrices associated with
cercain gucueing procasbas
AM.DS. E:?-m LI035 ﬁ55"’“.)03
A., Mathematische Werke, Basel 1932,
DeGas Stochestic procegses occuring in the tTheory

10 Kendall,

11 KESTEN,

12 MOUSTALIFA,

13  RUNNENBU

of cuces ara Their analysis by the method
of embedded Marikol chains,

- ~ ! ‘ N ” -
ADM.O. 2% (1953) 338-554,

&

L . W

H, and J.Th. RUNMNITYRURG, Priority in waiting line pro-

blems, _
Proceedin~s Kon. Ned., Akad.v.Wet. A 60, Inda-
cationes Mathematicae 79 (4057) 312 - 336

W 5} Ensemaly

MoDoy Input-outnuc Morkol procesSses, |
PTOC@QGLD@S ton. Ned., Akad.v.Wet. A 00, Inda-
cationes Mathematicae 19 (1957) 112-118.

RGy Jo Th.ﬁProbeb171 +* ~ dntervpretation of some formulae
in gueuelng TNHEOTY,
Report ap A 7 the Statloiical Department
of the Mathematical Centre.



10

4 ’
Resume

Dans cet article la situation est €tudide Ou des visiteurs,
qul seé présentent & un cuichet, sont servis par un employé, qui
peut traiter pendant d'une durée d'opération plus d'une, mais au
plus n, visiteurs en m€me temps. BAILEY ¢t DOWNTON ont ainsi
étudiée cette situation dans l1'hypothése que l'employé continuera
a servir, mfme quand il n'y a pas de visiteurs qul attendent pour
Etre servis. Quelquesfois cela ne sera pas conformément la situa-
tion gqu'on trouve dans les cas ou le mecandsme a un capacité de
plus d'un visilteur, comme par example: des ascenceurs, des Eclu-
ses par lesguelles on peut faire passer plus d'un bateau. Dans
ces cas l'employé qui venait dt!'étre libre, examine le nombre des
visiteurs dans la queue d'attente. S1 ce nombre est egal zéro,

“\

il atfend gu'un visiteur arrive, et puis il commence & le servir.,
S1 ce nombre est =1, mais g n, tous les visiteurs sont admis
pour €tre servis, Si ce nombre est >n, n visiteurs sont admis
pour Etre servis,

ILes fonctions de répartition du longueur de la gueue €T de
la délais d'attente sont dérivés par interpreter les fonctions

/ o . - o
génératrices et les fonctions caractéristiques comme probabill~
tés .



