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On the combination of ~ .. 0.~~,E_eri~-~."0-.t ... tyvo sample tests of 

1. Introduction 

corrected version 

by 

Ph.van Elteren 

·----

In statistical practice often the situation is met with, that 

one wants to draw conclusions from data, which have not all been 

gathered under the same conditions. When these conditions may af

fect the observed quantities, the data must be divided into groups 
that are homogeneous with respect to the conditions and the ef

fects under consideration have to be tested within each group. 

The groups seperately often are too small to draw a conclusion. 

Then it is tried to draw an over-all-conclusioh, applying a com

bi~ation technique on the results of the individual tests. A 

well knoi\Jn technique is that of R .A. FISHER 1932 based on the 

probability integral transformation. The underlying idea of 

Fisher's technique is to use the logarithm of the product of the 

tailerrors or probabilities of exceedance of the individual 

tests as a test statistic. This statistic multiplied by-~ has 
a of freedom, k being the number 

of the tests, provided the hypothesis tested is true for all com

bined tests. This simple technique can be applied f~r a large 

nurr:ber of tes<~s but has the following disadvantages: 

1. It is only exact, if the statistics of the combined tests have 

continuous di8tributions cf. W.A. WALLIS 1942 • 

2. Attemps to change the weights of the individual tests make the 

techniques much more complicated. 

For., these reasons, the stat is tic al department of the ·Mathema

tical Centre often used an~ther easy combination method. It is 

based on a linear combination of the statistics of the individu-
_. _.. w I :a .... II • tZfl .__ 91$ OJ II ti 4 ._ 1ili4 .. U1Ja tr Fl 

1 Report SP 68 of the statistical Department of the Mathematical 

Centre, Amsterdam. Head of the Department is Prof. Dr D. van 

Dantzig. 
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al tests. The obtained over-all statistic is in most cases appro

ximately normally distributed under the hypothesis tested, as 

either the individual statistics have approximately normal distri

butions or the number of the combined tests is so large, that the 

Central Limit Theorem applies. The method can be used for many 

tests with symmetrically distributed statistics, and has a one
sided and a two-sided version. By an adequate choice of the com

bination coefficients the method can obtain special consistency 

or effeciency properties. 
In the present paper the qualities of this combination method 

will be illustrated on Wilcoxon's two sample test. Wilcoxon him

self has recommended the use of the sum of the statistics if a 

conclusion has to be drawn on k pairs of samples cf. F. WILCOXON 

• 

1946 . Two linear combinations~ in certain special cases equi

valent with the sum, will be treated here. One of them yields a 

test, with a region of consistency that is independent of the pro

portion of the sample sizes and the other has in an important spe

cial case the largest efficiency. 

Notation and definitions 
lllllllli 11 7111 tcta, I ; ,.1 I / •• MIFF "Ill •• z •. 1££4 :uu 7 r ildJI ; JJtT 11M JU \l'lllill IN .... IT?S 1(7111 lR •• , rrt•a nwa 41 

Wilcoxon 1 s two sample 

random variables x and y 

D.R. WHITNEY 1947 • In 

test can be applied on samples of two 

cf. F. WILCOXON 1945, H.B. MAN}l and 

the present paper k pairs of random vari-

i=1, 2, ••• ., k 

tions denoted and 

dent observations of these 

are considered with distribution func-

respectively. Samples 

variables are assumed to be 

of j.ndepen

available. 

The sample sizes will be denoted by m. for x 4 l ..1.. 

and n. for 
l 

The hypothesis H to be 
0 

1=1,2, •• ,k. 

the s 

sgn z be defined by 

tested 

-1 if z<O 

sgn z 

then Wilcoxonts 

function of 

def 0 if Z=O 

+1 if z > 0 

· ··· G i X for 

pair of samples is a linear 
• 
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2.2 
r=1 S=1 

cf. D. VAN DANTZIG and J. HEMELRIJK 1953 
As mentioned in section 

are of the type: 
1, the statistics considered in this paper 

k 

2.3 -
i-~1 

The numbers c. are cal led the ''weights'' • They have to be re al and 
l 

can depend on the sample sizes. 

Only the right-sided test will be considered here, where hypo~ 

thesis H is rejected if the observed value of Wis equal tow~ 
0 

or larger. W~ is defined as the smallest value that can be at-
tained by W for which: 

I\ UY • 

2.4 H < <X 
0 -.....: J 

where oc! is the level of significance. 

If the distribution of Wunder hypothesis H is symmetric with 
,err,, 0 

1=1,2, ••• ,k are continuous, then the corresponding left sided 

test will have a critical region: W~ -w~ and the two-sided test 

Cl.. The properties of· these tests can easily be derived fron1 the 

properties of the right sided test treated below. 

In this paper each test based on a statistic of the type 2.3, 

with critical region defined by~~ w~ will be called a W-test. 

In this and the next section the following assumptions are as

sumed to be valid. 
A .1 

dent. 

and are continuous 

i•-1,2.,, ••• ,k • 

Assumption A 3.2 is not necessary for all results to be treated, 

but it is introduced for convenience in order to avoid the compli

cations due to ties. 
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Well known properties of Wilcoxon's statistic in the case of 
one pair of samples yield 

def 
immediately the following results: 

3.1 
0 

0 
H 

0 

_,.. 

w -·· ~ 

1 k 
.,,, ; 

3 .. 
1.= 

cf. H.B. MANN and D.R. WHITNEY 1947 
hypotheses: 

3.3 
def k 

i=1 

where 

2 

2 

C ,, m " ll .. bi 
l l l 

+co 

-c.o 

and under alternative 

- .., . 

For the variance~ of W a more complicated expression in the dis-

tribution x and G~ x is found cf. D. VAN DANTZIG 
l 

"1951 • 

If the sample • sizes i··-1,2, ••• ,k are large, the dis-

tribution of W will be approximately normal. This can be concluded 

from a limit theorem by E.L. LEHMANN 1951 for the case of large 

sample sizes and from the Central Limit Theorem for the case of 

large k. These theorems are valid under very general conditions, 

not only under hypothesis H, but also under alternative hypo-o 
theses if the b. are smaller than 1. 

l 
It follows that the critical value W~, defined in section 2, 

is approximately equal to 

where u is given by 
ltlll( 

u{>( 

c 1 m .. n,, 
l 1 

dx ... c.( • 

The power of the W-test with respect to 

set of distribution functions 

equal to 

, 

a given alternative given 
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F ,-l .. ,u " 
l l 

, 

where x denotes the distribution function of a N 0,1 -variable. 

Consistency; designfree W-test 
• 

A test is consistent against an alternative hypothesis Hand 

with respect to a parameter N if the power of the test against 

hypothesis H tends to 1 for rJ ,->oo. In this section the classes 

of alternatives, against which the W-test 1s consistent, are in-

creasing functions of a natural number N that tends to infinity. 

The dependence on N is denoted, i.f necessary, by writing k N, 
m1 N, n1 N, N etc. 

The following special cases will be cr)nsidered: 

Case I: k N =k for each N, and 

for }J---.+a.o but m .. N 
l 

a positive number. 

m,. rJ and n.. rJ 
l l 

tend to infinity 

N remain bounded and larger than 

Case II: k J\l tends to infinity for 1·,,T ---1>-700 and m.. tJ 
l 

and n 1 N re

k 1'J =N and that main bounded. For convenience it is assumed that 

are constants mi N 
An argument similar to that given by D. VAN DANTZIG 1951 

shows that the 

This yields the following theorem: 

Theorem 4 G) 1 

The W-test is consistent with respect to N against all alter- . - -
native hypotheses for which - ' 

3 k ....... 

). 

2 2 -·2-
N }J Ci .. 

1 i ~ _..-1 
l-- I 

if N · ·>"00 

in case I and 

N N 

1. 
N if N · ;,CO 

1=1 i=1 

in case II. 

In both cases the test is for sufficiently small ol not consis-



-
be made consistent by an appropriate choice of 

This can be avoided by a special choice of the 

4.1 
C , 

6 

C" N 
l 

the test can 

the sample sizes. 

weights: 

• 

is positive the test will be consistent against all alternatives 

for which: 
1 

N~ 

and 
l -N 2 

k 

i='1 

N 

1--1 

b · "'>Co i 
for N ... v,:; co in case I 

for N · ➔ oo in case II 

and, for sufficiently small o<., against no other alternatives. 

As the consistency conditions of the W-test based on 4.1 do 

not depend on the sample design 
it will be called the 1'designfree \tJ-test''. The use of designfree 

J'):11 n11 : : 1 'lllltJ$111 1111111:0 110:se I ,u,11•101rt Ill .llfl a 

tests has been recommended by C. VAN EEDEN and J. HEMELRIJK 1955 • 
The statistic of the designfree W-test is equal to the sum of 

from a population of such pairs. Alternative hypotheses with this 

property \"Jill be called ''randomized alternatives 11 
.. If a randomized 

alternative 1s true the b. are observations of a random variable be 
:L 

• 

It can be shown that the W-test with positive weights 1s in case II 

consistent against all randomized alternatives for which 
aitive. In case I the situation is more complicated. 

In this section not only the numbers of observations 
the distribution functions F.(x 

l 

This will be denoted by 

Further the following assurr1ption is made: 

'-ll b is po-

but also 

quantities 

'1'Jr1 ting 
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