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1-9U.1i11JIAR Y. Let T be a me_1,suro p1•e3or\ri11.g t1·a.nsform,1,t,ion of a, probability space (n, fi, P) 

i11to it,self. '\Vo shall Sc1.y tl1i1t Tis a stable t,ransfo1-.m::1tiol1 if for every A, B efi, lim P(T-nAnB) exists. 
n➔co 

Stable trtinsform'l.tions are ir1ve3tigi1,to:l in t,his art,icle witli tho aid of Renyi's results on stable sequences 
c>f events. The concept of a stable t,rainsformn.tio11 generalises that of a mixing transformation. 

' 

1. INTRODUCTION 

Let (Q, fi., P) be a probability space. Let T be a measurable t1~ansformation 
(11ot necessa1~ily 011e to one) of Q into itself. Assume fl1rther that Tis measure pre
serving, that is P(T-1A)=P(A) for eve1"y A efi. Follo"'ing Renyi (1963), we shall say 
that Tis stable if for every .A.efi., {T-n A, n=I, 2, ... } is a stable sequence of events, 
that is, if fol" e'\:"el .. Y A., B € fi, lim P('l. 1 -n A n B) exists. Tl1e pl11~pose of this a1~ticle 

n➔<:0 

is to study such t1 .. ansformations. 

The ooncept of stability gener·alises that of mixing. A n1ixing t1"ansformation 
is, of cou1'"se, always stable. It will be shown that a stable t1·ansfor·n1ation T is mixing 
if and only if the u-field of i11va1'iant sets is trivial (a measl11·able set A is said to be in
variant if T-1 A = A). 

As the present investigation relies heavily on the results proved in Renyi 
( 1963 ), we shall for tl1e sake of complete11ess give a 1·.esu111e of these in Section 2. I11 
Section 3 the analogues of 1·esults for stable seqt1e11ces of events will be pro,red for 
stable transformations. Exan1ples of stable t1·t1nsf'o1~n1atio11s, inclltding a counter
example to disprove a reasonable conjeoture, \Vill be gi,re11 in Section.4. 

• 

• 
. , # 

2. RESUME OF RESULTS ON STABLE SEQUENCES OF EVENTS 

Let (Q, ✓i, P) be a p1~obability space and let {An, 1i = I, 2, ... } be a sequence 
of events. \\70 sl1all say that {.AJ is a stable s~quence of events if for every B efi 

Q(B) 

exists. 
. 

Theorem 2.1 :· If {An} is a stable sequence of events and Q is as above, then Q 
is a 7neas,ure on (Q, fi) and is absolutely co1iti1iuo,us with respect to P. 

' 

Denote by a the Radon-Nikodym derivative of Q with respect to P. a is said 
to be the local density of the stable sequence of events {An}· 
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A sequence of events {An, n = I, 2, ... } is said to be mixing if there exists 
/3, 0 < p < I, such that for every Be fi 

lim P(An n B) =·· /3 P(B). 
ti-+ Cl0 

/J is called the density of the mixing sequence{.A.n}· 

Corollary 2 .1 : If {An} is a stable sequence of events with local density et, then 
{An} is mixing if and only if a is a co,;istant almost surely. 

Theorem 2.2: The sequence of events {An, n = I, 2, ... } is stable if and only_ij 

lim P(Ak n An) = Q7c, k = I, 2, .. . 
n➔ c,:, 

exists. If, in addition, P(Ak) > 0, k = I, 2, ... , set qk = Qk/ P(A1), k = I, 2, ... , and 
q0 = lim P(An). Then {An} is mixing if and only if the qk's (k = 0, I, 2, ... ) are all 

n.➔ <lO 

equal .. 

The property of stability is prese1~ved if the underlying probability measure 
Pis replaced by a probability measure absolutely continuous with repeot to it. More 
explicitly we have the following theorom. 

Theo1"em 2.3 : Let {An, n = I, 2, ... , } be a stable sequence of events with local 
density a on the probability space (0, fi, P). Let P* be a probability measu1'"e on (Q, fi), 
absolutely continuous with respect to P. Then {.An} is "9table on (Q, fi, P*) with local 
density a. 

8.. SOME GENERAL THEOREMS ON ST.ADLE TRANSFORMATIONS 

We shall now prove son1e tl1eorems abo11t sta.ble transfo1~mations. 

Theorem 3.1: Let T be a stable meas·ure preserving transforrnation on (0 1fi,P). 
Then 

for every A, B efi. 
lity uj A given ..9. 

lim P(T-n .A n B) = f P(A/J)dP 
n➔ «> B 

Here J is the i1ivc1triant <J'-field and P(A / J) is the conditio11,al progabi-
-

Proof: By definition, the sequence {T-1
i .A, n = I, 2, ... }, whe1 .. e A efi, is 

stable. Hence lim P(T-n AnB) exists for every Be../(.. But by the Individ11al Ergodic 
1i ➔ cJ:J 

1 n-1 
Theorem, we have : - ~ IT-k.A. conv-erges almost s11rely to P(.A/J), where 10 is t,he 

n k-=1 

1 n-1 
indicator of the set 0. Hence, if Be A, - LJ I:r-k.A.. IB conve1·ges almost sl11·ely to 

n k=O 

P(A/..P) JB. Apply the Dominated Converge11ce Thec)t~t:~1n. \\1e geti 

= f P(A/J)dP 
B 

I",. 

that is, the sequence {P(T-n AnB)} is Cesaro-s11n11nable. to f P(A/..J) dP. The result 
B 

now fc)llows from the rem_ar·k made at the beginni11g of the p1'0<)f. 
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Remark: De11ote by a...4.. the local density of the stable sequence {T-4'1A}, 
Ae . What we have l)roved then is that f aAdP = f P(A/J) dP for every Befi. 

· B B 

Bt1t a.A. and P(A/..J) are fi-measurable functions. Hence a...4. = P(A/J) almost 
surely. Therefore the local density of {T-n A.} is simply P(A/J). 

In order to check if a measure preserving transformation T is stable, it is in 
fact sufficient to verify that lim P(T-nA n B) exists for A = Befi. 

n➔ oo 

Theorem 3.2 : A measure preserving transformation Tis stable if and only· if 
lim P(T-nA n A) exists for every Aefi. 
n➔ oo 

Proof: The ''only if'' part is trivial. Consider now the sequence 
{T-n A, n= I, 2, ... }, Aefi. We want to show that {T-n A} is stable. Note that since T 
is measure prese1 .. ving, P(T-kA n p-n A) = P(T-k (T-('ft-k)A n A)) = P(T-(~-Jc) A n A), 

where n > k. But by hypothesis, lim P(T-<n-kJA n A) exists and so lim 
n ➔ ~ n➔~ 

P(T-kA n p-nA) exists, k = I, 2, ... . Hence, by Theorem 2.2, {T-nA} is stable. 
This completes the ''if'' part of the proof. 

A measure preserving transformation T is mixing if for every Aefi, the . 
sequence of events {T-nA, n = I, 2, ... } is mixing with density P(A), that is, if for 
every A, Befi 

lim P(T-n .A.nB) = P(A.). P(B). 
n➔~ • 

Clearly a mixing transformation is stable. \Vhen is the converse true 1 
. 

Corollary 3.1: In order that a stable transformation T be mixing, it is necessary 
and sufficient that J, the u- field of invariant sets, be trivial under P. 

Proof: Suppose that .JI is trivial under P, that is, if AeJ, then P(A) = 0 
or I. By Theorem 3.1, since Tis stable, we have 

lim P(T-nAnB) = f P(A/J)dP 
n➔oo B 

for every A, B efi. But as ...Pis trivial, P(A/J) = P(.A) almost surely for every .Aefi. 

Hence lim P(T-nAnB) = P(A). P(B) for every A, B efi, so that T is mixing. Con-
n➔c:i, 

ver·sely assume that T is mixing. Let A e J. Then p-n A = .A for n = I, 2, .... 

But {T-nA, n = I, 2, ... } is mixing .. Hence for every Be ..P, P(AnB) = P(A). P(B), 
that is P(A) = 0 or I. Therefore, ..; is trivial, which concludes the proof. 

Let us now turn to the functional form of stability. Let c/!2(0,fi,P) be the 
class of complex-valued 1~andom variables f on (Q, fi, P) such that f 1/1 2dP < co. 
Identify a]l functions af!2 which differ on a set of measure zero. Then of:2 is a Hilbert 
space over the field of complex numbers with inner product (f, g) = ff gdP (here re 
is the complex conjugate of x) and norm 11/11 = (f lf j 2 dP)1• If Tis a measure preserv-
ing transformation of Q into itself, we can define a transformation U of of!a into itself_ 
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as_follows: UJ = f•T, fe £ 2. Then U is an isometry, that is, U is a bounded lineal" 

t1·a1isformation sucl1 that II Ufll = 11/11 for eve1·y j e ce2 (see Halmos, 1956, p. 14). 
Denote by un the n-th ite1"ate of U. 

. 

Call a ft1nctionf £ c/!2 invar·iant if Uj · f. Denote by E 0 the projection on the 
clqsed ~ubspace of invariant. f u11ctions in ,£2. ,v e can no'Y characterise stability 
of T as follows. 

Tl1eo1·em 3. 3 : .A 1nerlS·lire prese,1•,v,irig transformation T is stable if a·nd only 
ij·Iirn ( unj, g) = (E0f, g) fo1· eve·i·y J, g e £ 2 , that is, un conve1Ages to E 0 in t}ie weak operator 
n➔00 

topology. 

Proof ; Straightforward. 

Remark : Let {/;, j e J} be a complete orthonor1nal set for c:f!2 • Then a 1nea
sure p1~eserving t1·a11sfo1·matio11 T is stable if a11d only if lim ( U 1'fi, f;) = (E0 /;,, JJ) for 

· n➔ro 

alJ i, j e J. Tl1is follows dit·{~ctly fr·om the linearity and conti11uity of U. 

In the case of mixing, ..J is trivial so that all invariant functions in cl:2 are 
constants. He11ce E 0 f = (j, I )1 for every f e of!2 , where I stands for the function 
whioh is equal to 011e eve1'"ywhe1~e. 

if lim 
Corollary 3.2 : A measure preserving transformation T is mixi1ig if and only 
(Unj, g) == ((j, 1) 1, g) = (/, 1)(1, g) for every J, g e af!2 • 

\Ve may add here tl1,1,t if T is a stable measure preserving transformation, then 
un co11,re1·ges to E 0 in the st1·011g 01)e1·ator topology only i11 a rather trivial and uninter
esti11g case. In fact, un conve1·ges to E 0 if ancl only if U is the identity. To prove 

" ,., . 
• 

this statement, 11ote that since un co11,re1·ges weakly to E 0 , un will converge 

strongly to E 0 if and only if lin1 II U1ifll = IIE0 fll for each f e of!2 • But II unfll " 11111 for 
n ➔ co 

n = I, 2, . . . . Note also that for· a11y j e L 2 , llfll2 = IIE0 fll 2+11/-E0fll2 by the Decom
position Theore1n. Hence 11/11 = IIE0 fll if and only if E 0 j = J. It follo,vs that un 
converges strongly to E0 if and 011ly if U f = J for each f 6 ct:2 • 

' 

The property of stability is preserved if the unde1 .. lying measure is replaced 
by a measure absolutely continuous with respect to it. Mo1 .. e explicitly, we have 

. . 

the following theorem. 
• 

' 

Theorem 3.4 : Let T be a st(ible 1neas,itre p1··esei·vi,ng t1·a·,isfor·r12,atic)·12, 01·l, (Q, fi, P). 
Let Q be a probal,ility measic,14e 01·i (Q,fi) absol·1l,tely co·nti:nitoiis 11,1:th respect to P oii .JJ. 
Ass·ztme furthe11 tliat Q is p,·ese,·ved by T. The11. T i:s stable on (O,fi,Q) a1id for eve1·y 

A efi, P(A/-..P) = Q(A/.J) alniost s1irely [Q]. 

P1·opj: ( 1) Fi1--st we 1)1·ove that Q is absolutely co11tinl1ous with respect to P 
on fi. Let A e Ji a11d P(.t.4.) = 0. Si11ce T p1>eser·ves P, P(Jin1 sup T-1'A) = O. 
But lim sup p-nA e ..J. Hence Q(lin1 st1p T-nA) = 0. It now follows f1 .. om the fact 
that Q is preserved by T and the Recu1 .. 1 .. ence Tl1eorem (Halmos, 1956, p. 10) that 
Q(A) . 0. _ , 

28 
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· (2) Now consider the sequence of events {T-nA, n = I, 2, ... }, A e fi. Since 
Q is abs(Jlutely contint1ous with respect to P on fi, by Theore1n 2.3, {T-"' A} is stable 
with 1 .. espect to Q. He11ce T is stable on (Q, fi, Q). Fu1~the1"mo1"e, by Theore1n 
2.3, lim Q(T-nAnB) === f P(A/J) dQ for every A, Be fi. Hence, by Theo1~em 

n➔c:o B 

3.1., we have J Q(A/ ..J)dQ = f P(A/.JJ)dQ for every A, Be fi. This p1~oves the second 
B B 

assertio11 of the theo1--e111. 

Co1·olla1·y 3.3 : Let P a·tid Q be probabil·ity 1rieasu1·e8 ori (Q, fi). Assur,ie 
tliat T is stable and rrieasure preserving with respect to both P and Q. Then, if P = Q 
on ..;, P = Q on _/l· 

Proof: Let µ(A) = ½P(.A)+½Q(A), A c fi. It is easy to verify that T is 
stable and 1neasur·e preservi1-ig '\\ith respect to /l,. Note that P, Q are absolutely 

• 

conti11uous with respect to µ. Furthe1~111ore, µ === P === Q 011 ...P. By Theo1·e111 3.4, 

µ(A/.J) = P(A/...9) al1nost sur·ely [P] for· e·ver·y A£ fi. Note that the exce1Jtio11al set 
above is J1-n1easm·able a11d so n1ust have µ-111easure zero as well. Again, as J:>(A/~) 

and µ(A/..J) a1·e ..J-measureble functions, we have 

µ(A)= = P(A) 

J ._9 
for every A e fi. Here µ , P denote the 1·est1"ictio11 of µ, P, 1~espectively to ._p. 
This proves the corollary. 

Corollary 3.4 ; Let T be a measure preserving mixing tra1isforniation 01i 

(0, fi, P). Let Q be a probability measure on (Q, fi). Ass'!i1,ie that Q is abt-solutely 
continuous u;•ith respect to Pon ...P an.d that it is preserved by T. Then P = Q. 

Proof: Follows directly fron1 Theore111 3.4. 

Corolla.ry 3.5 : Let T be meas11,,re preserving a.nd niixing with respect to pro-
• 

bability measures P and Q on (0, fi). The12. either P = Q or P and Q are mutually 
sing1tlar. · · 

Proof: · ·suppose P -=I= Q. Then, by Corollary 3.3., there exists a set A € ..J · 
such that P(A) =:}:. Q(A). But since Tis mixing for both P and Q, either P(A) = I 

and Q(A) = 0 or P(A) = 0 and Q(A) = 1. In eithe1~ case, P and Q are mutually 
singular. 

1·11 the 1·est of this sectio11, we shall investigate stable transformations which 

a1·e 11ot 11ecessarily measu1~e prese1·v·i11g. As bef<:>re, we sl1all say that a 111eas11rable 

, transfol"lllatio11 T on (.Q, ..,.;([, P) is stable if lim P(T-nA n B) exists for every A, Befi. 
n ➔ cc 

Under certain additional assumi)tio11s, we shall prove that stability of a tra11sformation 

makes it potentially measure preserving. Before making this last statement l)recise, 

we need a couple of definitions. · 

We shall say that a measu1·able t1·ansfo1~n1ation Ton (Q, fi, P) is 1ion-singular 
if P(A) = O implies P(T-1 A)= 0. We shall call T conse1··vative if A, T-1 A, T-2A, ... , 
(.A. e ), mutually disjoint implies P(A) = 0 . 

• 
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We are now in a position to state our theorem. 

Tl1eorem 3.5 : Let T be a stable, ,ion-singular, oonservative transfor1ndtio·n o·n 
(0, fi, P). Then the·re exists a probability measure Q on (Q, ·) with the following 
properties : 

(i) P and Q agree on .J, 

(ii) T is a stable, nieasu1·e prese,1·ving t1·ansjormation on (Q, fi, Q), 

(iii) P and Q are equivalent, i.e. they ·va·nish on the same sets, 

(iv) lim P(T-nA n B) = f Q(A/~) dP for every A, Be fi. 
n➔ ~ B 

P1·ooj: Define Q(A) = li111 P(T-nA), A e fi. The existence of the limit is 
n➔ ~ 

guaranteed by the stability of T. It follows from the Vitali-Hahn--Saks Theorem 
(Haln1os, 1950, p. 170) that Q is a probability measure. (i) is obvious. Clearly, 
Q(A) = Q(T-1 A) for every A e fi. Furthermore, non-singularity of T (with respect 
to P) implies that Q is absolutely oontinuous with respect to P. Now we can use 
Theorem 2.3. to conclude that T is stable with 1espeot to Q. Thus (ii). 

Now let 'Q(A) = 0. Since Q is preserved by T, Q(lim sup p-nA) = 0. But 
li1n sup p-n .A e ....P, so that P (lim sup p-n A) = 0 by (i). Since T is oonse1·vative 
we can invoke the Recurrence 1,heorem for conservative transformations (Suoheston, 
1957, p. 445) and conclude that P(A) = 0. We have already shown that P(A) = 0 
implies Q(A) = 0. Hence (iii). 

(iv) now follows from (iii), Theorem 2.3. and the remark following Theorem 
3.1. This completes the proof of Theorem 3.5. 

Remark .. · Conservativeness of T was used to prove that P is absolutely conti
nuous with respect to Q. If Tis invertible and both ways measurable, then the assump .. 
tion of conservativeness can be dropped from the preceeding theorem. For now 
~ 

U T 11 .A plays the role of lim sup p-n A. ' 

n- oo 

4. EXAMPLES OF STABLE TRANSFORMATIONS 

Example 1 : Let T be the identity transformation on a probability space 
(Q, fi, P). Then T is· a stable measure preserving transformation. If fi is non
trivial, we get a11 example of a stable transformation that is not mixing. 

Example 2 : Let (00, fi.0 ) be a measurable space and let (Qn, fin)= 
0::, 

(00, fi.0), n = l, 2, .... Let (Q, fi) = TI (Qn,-fin). Denote by u>n (n = I, 2, ... ) the 
n-1 

n-th coordinate of a point w in Q. We shall use the following notation for finite 
(i1 ) (in) 

dimensional rectangles : 0 E , ... , E , where i1 < < i 2 < ... <· in, is the set 
1 n 

of all Co such that eu, e E1e, k = I, ... , n. If i1 = k, k = I, ... , n,. we shall write 
k 

30,, 
,/, 'rt. 
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• 

0(~1 .... , En). ~et T be the shift operator on !l, thait is, T cu = © 1, where 
(J)~.,-·. e.u

11
+1 , 1i =. I, 2, . . . . Consider a symmetric probability measure Pon (Q fi,), 

that is, P satisfies the following condition : 

P O E
(i1) E{in) 
1 ' ... ' ff, 

P G E
(i1) E(jn) 

= ~1 , · · ·, n 
• 

for all n = 1, 2, ... , all E 1, .•. , En e fio and all sequences of positive integers i 1, ..• , in 
andj1 , ... , j,,. (i's all distinct and j's all distjnct) . 

• 
. 

1.1hen '1.1 is a stable, n1easure preserving transfo1~r11ation on (0, fi, P). Clearly 
T is measure preser·ving. Let B be a measurable {I, ... , m}-cylinder, that is, 

tn 

B = F X nm+l X nm+2 X ... , wl\ere F is a measurable subset of fI n.l:. Let Bk = p-k B, 
k==l 

k = I, 2, . . . . It is clear that Bk = 01 X ... X Qk X F X nk+m+l X nk+m+2 X ... ' 
that is, Bk is a {k+l, ... , k+m}-oylinder with base F. Hence, as Pis a symmetric 
measure, for all large n and fixed k, P(B1c n Bn) = P(D), where Dis the {l, ... , 2m}
cylinder, F X F X !l2m+i X 0 2m+2 X . . . . The.1--efo1·e, lim P(Bk n Bn) exists for every 

n➔o0 

k = I, 2, .... Consequently, the sequence of events {T-k B, Jc = I, 2, ... } is stable by 
,rirtue of Theorem 2.2. Now any set A e fi can be approxi111ated arbitrarily closely 
by a measurable {I, ... , m}-oylinder B (for some m-), from which it follow~ that 
{T-n A, n = I, 2, ... } is a stable sequence of events for every A e .,,1·</. This proves 

that T is a stable transformation. 

In particular, let P be a p1~oduct measure with identical components. The 
arguments of the last paragraph show that Tis mixing. Conversely, assume that T 
is mixing for a sy1nmetric measure P. Let A = O(E1, ... , Em) be a measurable finite 

dimensional rectangle. It is easy to see that 

lim P(T-"An:11-n A) = P(O(E1 , ... , Em, E 1 , ... , Em)), k = l, 2, .... 
n➔r:£> 

The limit is independent of k. Eut the sequence {T-1"A} is mixing. Hence, by 
Theo1~em 2.2. we must ha,,e 

P(O(E1 , ••• , Em, E 1 , ... , Em)) = P 2(0(E1 , •.• , Em)). 

As T is mixing, this last relation ho.Ids for all measu1·able finite-dimensional. rectangles. 
Hence, by Theorems 5.2 .. and 5.3 in Hewitt and Savage ( 1955, pp. 477-78), P must 

-~ 
be a product meas11re with identical components. We have thµs p1·oved : 

. Theorem 4.1 : Let P be a .symmetric probability on (Q, fi)~ Then T is a 
• 

stable measu1·e preserving transfo·rmatio,;1, on (Q, fi, P) and T is mixing if and on,ly if 
P il'J a, prod1-ict measu,re 11.,ith ident1-:ca,l compone,nts. 

E.xample 3 : Let {x.,t, n = (), 1, ... } be a stationary, aperiodio Mar·kov chain 
with countable state space J. Elements of I will be denoted by i with or without 
subscripts. Assume th~t the Marko,,.. chain is defined on the appropriate (unilateral) 
sequence space (0, fi) and let T be the shift operator on (Q, fi). If P is the relevant 
probability measure 01'1 (!l, fi), T is a stable measure preserving transformation. on 

(Q,~ fi, P) .. 



• 
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To see that T is stable, let us note that it is sufficient to demonstrate stability 
of seq11enoes of events {T-n A, 'n, = 1, 2, ... }, where A is a finite-dimensional rectangle 
of the forn1 (x0 = ·i0 , ••. , Xm. == inz), the i's bei11g ergodio states belonging to the same 
class. v\Te have for fixed k and large n 

P(T-kA nT-nA) - WWW p p p p<,i-m-k),n p 
· i i i · · · i i ,; i ri i · · · i i , o o 1 m-1 m m o o 1 tn-1 nl 

whe1·e Pi de11otes the stfttiona1·y dist1·ib11tic)r1, Pii the one-step t1·ansition probability and 
p~3> the ii-step tr·a11sition pr~obability. 

Remembering that lim p~J) =- 1rii for j ergodio, we obtain 
12.➔ cJ:J • 

Hence, by Thec)rem 2.2, p-n A is st,able. Thi~ proves the assertion. 

Exa1riple 4 : Let Q be a co111pact Abelian group, fi the a--field of Borel 
s11bsets of Q and P nor·malised Haa1· meas11re on (Q, fi). Let T be a continuous 
auton1.or·phis1n of n. Then Tis 1nea&l1re 1J1·eser·ving with respect to P (Halmos, 1956, 

p. 7). ,. 

Let O be the characte1· group of Q, that is, 0 is the set of all conti1111ous homo
morphisms of O into the circle group. Denote by U the unitary operator on 

· r:1!2(0,fi, P) induced by T. U rest1icted to O is a11 auto1norphism of the group 0. If/ e 0, 
by the orbit off under U, we shall mea11 the set {Un j, n = 0, ±1,±2, ... }. If the orbit 
is fi.11.ite, the least positive integer· m such that umj = f will be called the order of the 

orbit. The order of the orbit of an i11variant char·acter f (~.~- J = U j) under U is · 
clearly 1. We remark for later use that O forms a complete 01·thonormal set in 
c/!2(0, fi, P). (These facts may be found in Halmos (1956, p. 53)). 

We want to cha1·acterise continuous automorphisms of Q which are stable. 

Theorem 4.2 : A continuoUrS autornorphism T of a cornpact Abelian group 
0 is stable if and only if the induced a1btomorphism U on the clia1·acter group O h.as no 
finite orbits of order in, > I . 

Proof: Assume that T is stable and that there is a j e O such that the orbit 
of J under U is finite and of order m > I. Then, it is clear that li1n sup ( U nf, j) = 1 

n➔«i 

and Jim inf ( un f, f) = 0, so that lim (Un.f, f) does riot exist. We ha,r(1 thus arr·ived 
n➔ co n➔co · 

at a contradiction. 

Conve1·sely, st1ppose that Uhas only finite orbits of order 1 or infinite orbits. 
If j e o· is such that U J = J, then it is easy to see that f 01· every g 6 0, lim ( unj, g) = (j, g) 

n➔ ec 

0 or 1 acco1·ding as g i= J or. g = f. If the 01 .. bit f eO under U is infinite, 
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then clearly lim ( un j, g) = 0 f OI' every g e O. Hence, in either case, lim ( un f, g) 
n➔ c0 n➔ c0 

= (E0f, g) for every J, g 6 0, where E 0 is the projection on the closed subspace of in-
variant functions in ce2(Q, ✓<l, P). It now follows from the fact that O forms a romplete 
01·tho1101,.mal set and the r·emark made after Theorem 3.3 that T is stable. This 
completes the proof of Theo1·em 4.2. 

• 

Since a stable transformation T is mixing if' and only if eve1·y invariant function 

i11 c/!2 is a co11stant, we can now characterise continuous automorphisms which are 
n1ixing as follows : . . 

Corollary 4.1 : A. continuous automorphis1n T of a compact .Abelian group 

n is mixing if and only if the induced automorphism U on the character group O has only 
i1ifinite 01·bits, other than the trivial orbit {I} (here I stands for the Junction where value is 
one everywhere on 0). 

Example 5 : It is known that, 11nder suitable assumptions on the measure 
space, a measure prese1·ving t1~ansformation can be expressed as a direct st1111 (direct 
integral) of ergodic transformations (see, for instance, Halmos {1941)). 

• 

The question then naturally arises whether a stable measure preserving trans-
•· 

formation is always a direct sum of mixing transformations. We give an example 
. below which answers the question in the negative. (The reade1· is :referred to Halmos 
(1941) for a precise definition of the concept of d.irect sum). 

Let X = Y · ,- .. circumference of the unit circle, fi1 = fi2 = u-field of Borel 
• 

subsets of X = Y,· and P 1 = P 2 = normalised Lebesgue measure on fi1 = fi2 • Let 
. 

(Q, fi, P) = (X, fi1 , P 1) X (·Y, fi2 , P 2 ). .Q is then a compact Abelian group, the 
group ope1·ation being coordinatervise m11ltiplication, fi is the u-field of Borel subsets 
of n and P is normalised Haar measure. We shall denote points of .Q by ordered pairs 
(x, y), where x e X, ye Y. We now define a tr·a11sformation T of Q onto n as follows : 
T(x, y) = (x, xy) e !l. In fact, T is a continuo1.1s automorphism of Q and is, conse-

quently, measure preserving with respect to P. Now the character group O of n is 
;\I 

easily seen to be the set of functions fm, n(m, n = 0, ±1, ±2, ... ), wherefm,.n(x, y) 
= xniyn, (x, y) e Q. It follows from a straightfo1·wa1·d application of Theorem 4.2 

that T is stable. Thus, we have proved that . T is a stable measure preserving trans-
formation. • 

• . . . . . 

. . . 

We assert that T is a direct sum of transformations, none. of .. which is mixing . 
• 

First note that the :invariant er-field J of T is the u-field of sets of the fot"m .A.·x Y, 
A e fi1 . The atoms of J are of the form {x} X Y, x e X. We shall de11ote ato1ns of 
..J by Yo:. Now, each Y0 being invariant, T induces a transfo1·mation, say Tm, on 
each Y 0 • In fact, T xY . xy for (x, y) e Y co· It is easy to see that T is a direct sum of 
these transformations T '°' x e X. Now T :» is a 1·otation on the circle group for. every 
x e X. · · Consequently, for each x e X, T ru is measure preserving with resp~ct to Lebesgue 
measttre (Ralmos, 1956, p. 7); furthermore, for all x, except for the co1.1ntable number 

.. 

of x's such that xn = I for some na,tural number n, T ro is ergodic (Halmos, 1956, p: 26). 
' 
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But for no xeX is T 00 mixing (Hal1nos, 1956, p. 37). Thus we have sl1own that·T 
is a direct sum of ergodic measure prese1"ving t1~ansforn1ations, none of which is mixing. 
It follows now, since· the transformation T ~ were defi11ed on the atoms of .JJ, that T 
cannot be expressed as a direct Slim of mixing transfo1·111ations. 

Exar,iple 6 : We conclt1cle with a11 example of a stable, 11on-singular traas-
f ormation which is 11ot measure preserving. , 

Let O = [O, l], fi the o--field of Bo1·el subsets of n and P Lebesgue measure 
on fi. . Define a transformation T of n onto itself as follows : 

2x if X 6 [ 0, 'f) 
Tx= 

X if Xe[½, l] 
Tis clearly measurable. 

Since for any set A efi, P(T-1 )A) < 2P(A.), Tis non-singular with respect to P. 
ForAefiandAC[O, ½),itisolearthat lim P(T-nA)=O,sothat lim P(T-11AnB).--• 0 

U-) CCI ~ «> 

·for every B 6 fi. ·· Hence {T-n A, n = I, 2, ... } is a stable sequence of events. 
If A 6 and AC[½, I), then p-nA is a non-decreasing sequence of sets. He11ce 

CCI 

lim ·P(T~n.A. n B)·= P LJ p-n.A.nB for every Befi. The1·efore {T-"A, 11,= 1, 2, ... } 
n )CO ~0 

is stable. It now follows that li1n P(T-n A n B) exists fo1"" every A, B efi. Thus T 
n ) CCI 

is a stable transformation. 

But Tis not measure preserving with respect to P; ind Tis not measm .. e 
preserving with respect to any finite measure equivalent to P. To plif)Ve this, it suffices 
to show that T is not conservative (Haln1os, 1956, p. 84). Consider B [¼, ½)
Then B, T-1 B, T-2B, ... are ml1tually disjoint and P(B) = ¼. Henoe Tis 11ot 0011ser

vative. 

This exa1nple shows that the assl1111ptio11 of conservativeness oa11not be dropped 
fron1 Theorem 3.5, if T is not invertible . 

• 
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