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ASHOK t-1:AITRJ\ .. 

SUlllm;aryc Let T be a measure preserving trar1sfo1·ma.tion 01"' !' .. 

·probability space (n,d(.,P) into itself., 

We will say that Tis a stable transform~tion 

A, B•6( lim P(T-n AnB) existso 

• 1.f' for every 

Stable transfOI"lllations a1 ... e investigated in this a.rt icle with the 
• 
aid of R~nyi's results on stable sequences of eventsa The concept 

of a stable tra.nsf'onnation generalises that o:f a mixing transfo1·mt1.tiono 

1 o Introduction 

Let (C2""9P-) be a probability spa.ceo 

Let T be a measurable transformation (not necessari1y one to one) of 

.~nto itselfc Assume further that Tis measure preserving, that is, 

P(T- 1 A) = P(A) for every A6tJ/.o FoJ.lowing Renyi we will say tl1at T 

is stable if for every A,«» {T-n A, n = 1,2,ooo} is a stable sequence 

of sets 1 that is, for every A, Ba."" lim P(T-n A l\B) exists" 

The purpose of this article is to stu~ such transfo1tta.tions· .i 

The concept of stability generalises that of m.ixingv It will. be 
' 

shown that a stable transf'ormat,ion T is mixing i:f a,nd only i:f tl1e o-field 

of invariant sets is trivial. A measurable set A is said to be invariant 
. -1 
if T A= A e 

' 

As tl1e present investigation relies heavily on the 
• resu.l ts proved 1.r1 

[5], we will for the sake of completeness give a resume of these in section 
, -

2. In section 3 the ana.logues of results for stable sequences of sets will 
• 

be proved for stable transformations. Examples of stable transformations 

will be given in section 4 • 

• 

• 
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Let (n 0 "9P) be 

sequence of events~ 

if for every B 4f& Dt. 

• exists. 

a proba.bilitJ-r spa.ce m1d let {A I n = 1 9 2, o o o} be a n 
We will say that \A} is a stable sequ.ence of events n 

lim P(A (\ B) = 
n 

Q(B) 
n,,•00 

J',h,e,,o,;:7~ _? .. 1.o If {An} j.
0
s ~ s!r,.~b,l~, 27 ~9,uence ;>f e_Y,e~~~=·, ,2:q=9: Q :is., ,8_;~ •• aq_ov,e,, 

then Q is a measure on ( n.«) a.n,d ,is -~bs,olltttef-l con:ti??OUS ~i:th, .r.e;3pect, ,t-9 P • 
• Denote by a the Radon-Nikodym derivative of Q with respect to Pa a is 

said to be. the ,lc;,~al ~en~ity of the st1able sequence o'£ sets {An} o 

A sequence of events {An, n = 1,2,oo~} is said to be ~ix~n~ if 

there exists $, 0 < B < 1 such the.t for every B • (Jjlt(, - -

S is 

lim P(A (\B) = S P(B) c n n ·> co 

called the densitz 0£ the 
a 

• • mixing sequence {.4. } ., 
n 

,9,?ro.lle,r;t .. ,2,o 1 o If {A.
0

} -~s s~ab,le ;vi,thr: J,.o,ca.-?:- d.~nsj,.t:{ .a, 

is, 0D:1ixi~t:a ,if. a.nd, on,ll if' a. i,~ a .c~;gst
2
~,t= ~~ost surelyc 

then {.~ } 
n 

Theorem 2., 2 Q _:1_'.h-~-· _.s_e_9:u_,e~.~.e .. ,of ~v,ent s, 
• • .. ~.f- a1:_9-,, .,only ,,,1 f 

{A , n 
n 

k = 1,2, e <) t)·, and 4c) = lim P(An)" Tl1en {An} is mixi
1
n§

11 
i,f and 

P~.lY, izf the qk' s (k = 6 :1. 2 t I; Q. ) are all ,e9.u~;i;.. 

• 1.s stable 

~ 

The property of stability is preserved if the underlying probability 
• 

measure Pis replaced by a probability measure absolutely continuous with 
• 

respect to Po l-1ore explicitly, we have 

Theorem 2" 3 0 Let {1-1.n. n = 1 , ~ II ;, "' V } ,b=e ca, s t,a,£l~ .. ·gs,~q~ense or ev:ents wi,;trp 
.lt,f,, 

,~99a
2

~ •• ~~P;s,.~ty et ,9n .,tl1,e .. 12ro_bi3:,bi,l,i!-,y space (n,"',P)o Let i:.....,. be .. a _p.ropa:bilit;t; 
~ • , I , 2 

measilre on (n,«.), ,~J? .. s~;L,ut,e.1,y;.,Q~o .. n~ .. i_nu9~1s, .. 1r~d,..t
1
l:,,.i:-~.sl?,€;.~,t11 _,~o_ P., Then \An} is 

* '. stable on (rt,4.,P ) wi·tl1 local densit;;: a" 
w , a; ; :;. v ;; a r. c r 1a, g c: .: • 
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Let T be a stable tra.nsforit>ation on ( n,.6'P), that is, T is measure 

preserving and lim P(T-n .AIIB) exists for every A, Ba«.. The limit is 
• easy to findQ 

Theorem 3o1o Let T be a stable transformationa Th.en 

lim P(T-n A /IE) = ( P(A/ j-) dP 
n "QO B 

~or ey~n;: A, B4'dt:'!!:i:e J is the inva.ria.nt a-;fie.1,g.. §E4 P(A/J) 

conditional probability of A given Jo 

• 1s the 

• • • Proofo By definition, the sequence {T-n A, n = 11 2,eoo}a where 

stableo Hence lim P(T-n AIIB) exists • 
l.S 

• 

for every Bedttv But by the 

Individual·Ergodig•Theorem, we have~ 
n-1 

n k=O 
surely to P(A/J), -where IC is the indicator 

n-1 
of' the set Cu Hence if Be"L., 

n k=O . 
converges almost surely to 

P (A/J ) CD. IE o. App.1.;.y· tl:i.e DiJllllrla.ted Convergence '.rheorem. We get. : 
n-1 

ljm 1 }: P(T-k A OB) = 
n n k=O 

P(A/J) dP, that is, the sequence {P(T-n A"B)} 
B 

is Cesaro-summable to P(A/J,) d.Po The result now follows from the 
:e • 

remark made at the beginning of the proofo 

Remarko Denote by aA the local density of the stable sequence lT-n A}. 
A4i~ What we have proved then is that a dP = 

. B A B 
P(A/J) dP for every 

B•4'L But a.A and P(A/J) a.re «.-mea.sttrbale functions o Hence a.A = P(A/$) 

almost surelyo Therefore the local density of \T-n A} is simply P(A/J). 

In order to check if a mes11re preserving transforrna.tion T is stable, 

it is in fact sufficient to verify tl:1at lim P(T-n A(\B) exists for A= Badlta 
n· ➔ 00 

Theorem 3v2o f,. me~=s,:,l.re Rr=e~=';!r;v.i~gl t,r.~;1.s,flofrms.,tion 

onlz Iii~ lim P(T-n AflA) ~xi,slts. ~f=or. ev.e,;;y A6t/L 
n-►-co 

Proof o The '' only 

{T-n A, n = 1,2 1 oo~}, 
• 

if'' part 

Acr:dt." We 

is trivia.lo Consider now the sequence 
J -n } . want to show that 1T A is stableo Note 

that since Tis measure preserving, P(T-k AOT-n A) = P(T-k(T-(n-k) AnA)) 

-3-



= P(T-(n-k) A(lA), ,-1here n > ko But by the hYJ)othesis, 
· . ( -k -n ) . exists and so 11m P T AOT A exists,. k = 1 ~2, o o I) 

n ;:00 
o Hence, by Theorem 

2. 2Q, l'r-n A} !~00 

ste.bleo This completes the ''if'' pa,x·t of the proof o 

A measure preserving transformation T is ;F1i~~
1
n5. if for every Af:. 04 the 

sequence of even~s lT-n A, n = 1,2,~.o} is mixing with density P(A). that is, 
• 

if f'or everJ A, B <ii Ot 

lim P(T-n A OB) = P(A) 0 P(B) Q 

Clearly a mixing transformation is stableo When is the converse true? 

the a-field of inva.riant sets I be 
IP i .• 2 D 1 a t ., L I I ill I 22 [ Ill 9 Cl I • 

trivial ur1der P., • • 

Proof., Suppose that is trivial under P, that is, if A,j then 
• 

P(A) = 0 or 1., By Tlleorem 3 u 1 ... , since T is. s·table I we have· 
• • 

lim P(T-n At\ B) - . - P(A/J) dP 
n •= B 

for every A, B4ii tlio But as J is trivial, P(A/J) = P(A) almost surely :for 

every Ali"l Hence lim P(T-n AflB) = P(A)oP(B) f'or ever;,r A, Be."4 so that 

T is mixingo Conve~~:ly, asst1me that T is mixingo Let A&J o Then T-n A = A 
J -n for n = 1 1 2~~on ~ But 1T A> n every 

B ti 6'{, P ( A I\ B ) = . P ( A ) e P ( B ) 
111 

that 

= 1 1 2,~oo} is mixingo Hence for 

is, P(A) = 0 or 1v Therefore, j is trivial, 

which concludes the proo:fu 

Let us now turn to the functional fo?·m of' stability .. Let/ 2 (n,Ol',P) 

be the class of complex-valued random variables f on (n.~P) such that 

zero., Then£ 2 is a Hilbert space over the field of complex n11mbers with 

inner-product (r ,g) = f "ii dP (here x is the complex-conjugate of x) a,nd 

no1'!ll 11 rl I = ( I rl 2 d.P) ~ .. If T is a measure preserving transformation of 
• 

o into itself' we can ~efine a transf'o1111ation ~ of i, 2 into itself as follows: 

. transformation such that I Ju:rl I = r lrl I :for every f~ (see page 14)0 
• 

Denote by Un the n-th iterate of V e 

Call a function f4,f 2 invarianr. if Vf .= f o Denote 

-4-
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on the closed subspace of invariant 

stability of T as fol1owsu 

• functions in i.2 o ~le can now characteris 

ProofQ The proof depends on the remark that the conditional expectation 
• 

o:f t." given J is almost surely equal to "E f" If" f' and g a.re indicators of 
0 

sets F a.nd G respectively• then the functional form simply reduces to the 

set-theoretic definition of stabilityQ, To go the other way, use a double 

·approximation proce~s as follows: let g be a fixed indicator in/;2 v The 

result holds for ~imple functions :r E and so by t_2- approximation 

holds for functions f4:f2 o Now let f be a fixed function in l 2 and a. 
simj lar arg12me.nt about g yields the result. · . 

I~ the· case or· mixing• J is trivial so that all invariant :f\mctions 

in 2 are constants o Hence E
0 

f = ( f 9 1 ) 1 for every f fi 

for the function whic~ is equal to one everywhere. 

~, where 1 stands 

• 

• 

,9oro1Ja:r.z 3
2
020 A mea;s1.1r.e, ~res~,~v:.in~ ~:.~,n~fq

1
~:,¥l;,~ion T .. is Jn.i:tip~ ·if 

~d op.ly .i.t: lim (Un f, g) = ((f,1)1,g) = (r,1)·(1,g) ~0
1
,; ev~_ry f 9 g 

n- ➔ oo 

We may add here that if T is stable, then Un converges to E in the 
" 0 

• 

strong operator topology only in a rather trivial and uninteresting case. 

to E in the·strong operator topology if and only 
0 . 

n 
In fact• U converges 

if every furlction i.n 2 is invariant o To prove this state:\]lent, note that 

since u0 converge_s· weakly to E
0 

• Un will ~onverge strongly to E
0 

if and 

only if lim I Iv° rt I = l IE :rl I for each :fa. .-.o But I 11.1° ti I = l ltl (. 
0 

if E
0 

f = f for each f 1ti.2 o This completes the· proo:r. 

The property of stability is preserved if the underlying measure i~ 
"• . 

replaced by a·measure absolutely continuous with respect to ito Explicitly· 

we have: • 

Theorem 3~4o Let T be a stable tra.nsfox,na.tion on {n,4_P)o Let Q be' 
• 

'° 
2
;pz:09

1
abi;ti ;tY meast1re

2 
01:_ ( n,cJI) such that '1 is absql'!-1-~e.ly c1?nt.~

1
p:uious ;wi;th . . . . 

. ,t':1espec~ -t..o p O ASSlJme further that Q ,i.s R:.e,si:u:r;Y.~d. ::,bz~ T <, Then 'X is sta.bl~ . 
' .. . .,, • • 

• -5-
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on (O,CQ) e,nd fo,r, eve,r,y Af:#4 P(A/J) = Q(A/3) aJ,ID:os;t, sµrell [Q] o 

Proof' o Consider the seq11ence of sets {T-n A, n = 1,2, Q o o} 1 A Go~ 

Since Q is absolutely continuous with respect to P, by Theorem 2o3o, 
-n . : 

{T A} is stable witl1 respect to Q. Hence T is stable on (n,4raQ). 

Furthermore,. by Theorem 2 .. 30 11 lim Q(T-n Af\B) = P(A/3) dQ f'or every 
Il ► CXl 

A, B6c."'lo Hence by Theorem 3 .. 1 1..re have: 
B 

B 
Q(A/J) dQ = 

B 
P ( A/3) dQ :for 

every A., B ~,; Tl1is proves the second assertion of tl1e theoremo 

c .. P.~,01.,1:,ary 3 ... 3,u Le~ p and Q~e pr_o~~bi_li_~lws-P~as_uare,sa 0~ (Q,- C 

Assiune that T is stable for both P and Q_, :r~en 1 i,~, P = ·Q on J , P = Q 
L 

on~ 

Proof''-' Let lJ (A) = ~ P(A)· + ~ Q(A), A-.d>t It is easy to verify that 
• 

Tis stable for JJ., Note that P, Qare absolutely continuous with respect 

to \J_, Fu.rthe1·n1.ore, µ = P = Q on8. By Theorem 3(114 9 µ(A/J) = P(A/~) almost 

surely [PJ :f'or every AE«... !1ote tl1at the exceptional set above isJ -
• 

meas11rable and so must have u-meas1Jre zero as wello Again, as P(A/J), 

µ(A/J) are I -measurable functions, we have: 

µ (A) = µ (A/8) dJJB = P(A/J) dPI = P(A) 

f'or every A d: dL Here J, P
1 denote the ·restrictions of µ, P, respectively 

toJ o This proves the corollary11 

• 

a pr0Rzab,ili,t1s ~se.as.~e, 9?,, ( n ,,¥.). Assume that Q ,~:~qpe~b~?a~ uate,13: ,c,ont;~P,!30UF':_ 

w,i_tp. ;I:~.s;ee,ct to P and thi\Lt it is preserved by T. Then P = Qo 
I JIiii ill I J Zill 

Proore Follows directly from Theorem 3o4• 
• 

• • 
Let P and Q b,e prpbab1.l1 t:, pie,l{J-su.,r.es on ( n.4') for which 

I • 

T i,s. ~' ,mi?CiD£i I .t~ansformationm~, T}l~n, ,either p = Q or P and Qare mu~ually 
• • ,s,,1nfiula,r o 

Proo:r o Suppose P ,- Qo Then by Corollary 3o3 1 there exists a set A63 
• 

such that P(A}; Q(A)o But, since Tis mixing.for both P and Q, either 
• 

P(A) = 1 and Q(A) = 0 or P(A) = 0 and Q(A) = 1 a In either case. P and Q 
• are mutua.11y s ingu.lar o 

• 

-6- • 



Ao tet T be the identity transform~tion on a probability space 

(n,""P), +hat is, T w = w., w_6r2.., ThenJ =(Jt, and Tis stableo If/J(_,is 

non-trivial, we get an example of a stable transf'br1na.tion that is not 
• 

• • m1.x1.ngo 

Bo Let (n 1 dr) be a countably j_nfir1ite product of a. measura.ble space 

• 

(n ,111 ) ~ Denote ·by w (n = 1,2, u o ") the n-th coo.r·dinate of a point w in Sto o -ao n 
We will use the following notation for finite dimensional rectangles~ 

(i,) (i ) 
C(E, , oQu 1 E n) is the set of . . n all w such that w. 6 Ek, 

lk 
k= 1, "o•, n. 

• 
• If ik = k, k = 11 OQM, n. we will write C(E 1 , E )" Let T n 

be the shift 
. 1 1 . 

operation on n, that 1s, T w = w • where w = 
n tun+ 1 , n = 1 ., 2 , 

( n,OIQ » that is 

0 0 C 0 

Consider a sy1titi1etric probability :measure P on 

. ( i ) 
1 P(C(E 1 , 0 (I O t 

( i ) . 
E n ) ) = 

n • 0 •• 

for aJ.l n = 1,2, .. ""• all E 1 , E2 , OQ.,) 11 En4it'l.
0 

and all sequences of positive 

integers i 1, o~o, in and j 1, •o•• jn (i's all distinct and j's all distinct). 

Then T is a stable transfo1·mation on ( n ,«,P). To see this, :first note 

that T is meas1.1re preserving .. }Iow let B be a meas1Jrable l i • o'" o, m}-cylinder 1 

• that is B =Ax Q 
0 

:,,,, n )( OCl<J 

0 

n x n 
0 0 

where Bk 

X ,; u ., X St (m 
-k o 

= T B k = , 
times) 11 

wl1ere A is a measurable subset of 

Consider the sequence or 

o It is clear that Bk is 

sets {Bk,~= 11 2, ••• } 

a {k+1. oo•a k+m}-
• cylinder with base Ba Hcnce 9 

• • as P 1s a sy·1nmetr1c meas11re, for n large 

P(B1;:flBn) ~ P(C), wl1ere C is the \1 9 c;••• 2m}-c~ .. linder Bx 

Hence lim P(Bk n Bn) exists for 1..: = 1 11 2, • .," u Therefore, by 

B 'l( n x n 
0 0 

Theorem 2o2, 
-k n-►~ 

T B is stableo But for evecy set Af:dland £ > 0, there exists 

cylinder B (for some m) such that P(A 6 B) < £G It is easy to see 

stability of the sequence lT-n A} follows from that of {T-n B}~ 

This proves that T is a stable transfo?"toa,tiono 

that the 

In particular, let P be a product measure witl1 identical components .. 

Then it is well known tl1at T is mixing ( see [6] , page 110) o Conversely, 
• 

assuJ'lle that T is mixing for a symmetric measure P., · Let A = C ( E1 , 0 o o ,Em) be 

a measurable :rinite-dimensional rectangleo It is easy to see that 

-7-



lim 

is independt:nt of k .. But the sequence 

by Theo:t·em 2_,2, we must hr.1ve 

As T is mixing, t,his last :relat.ion is true 

dimensional rectangles~ H~nce, by Theorems 

• • for aJ.l measurable f1ni te-

5 w 2 and 5o3 in t3] (see 

pages 477-li.78) 1; P must be a p1•oduct meas,.1.re with identical components,, 

Hence we have 

Theorem 4c. 1 "Let P be= ~ ,,SYtpn~;tri,r:: l?~9E.~~~J.itr,,D;,e,~s~J,;r~ .~rJ. ( n.~ o . 

Then T is stable and T ,is Il}ixipg .~,r at;d, 9P:3=:l ~r, P .. i~I ~ :e:r:oduc~ pieasur,e,. 
• 

• 

CQ Let \x, n=0,1,oo~} be a stationary aperiodic Markov chain with n 
countable state. space I. Elements of I wili be denoted by i with or 

without subscriptso Assume that the Markov chain is defined on the 
• 

appropriate (unilateral) sequence space (n,«) and 1et T be the shift 

operator on (n,~~ If Pis the relevant probability measure on {n,dl, 
Tis stable on (n,°'P)~ 

To prove this, let us note that it is sufficient to demonstrate 
. . l -n stability of sequer1ces of events T A, n .=· 1 ,. 2 1 Q Q g}, where A is a. 

finite-dimensional rectangle of the form (x = i ~~oo 1x = i ) 1 the i's • o o m m 
being ergodic sta.tes belonging ·to the same class 0 We have for large n 

P.: 
.J.. 

0 
P· . 

l. 1., o. 

where p. denotes the initial distribu.tion, p. . the one-step 
lJ 

n ~ 0:, 
... lJ 

n-step tran~ition 

n .. ~or j ergodic, 
l.J 

probability<> 
• 

lim P(T-k All T-n A) = P· 1 
Q O Q P· · n. · P· · 1 ,1 :t J. l. 1., m- m mo o 0 

p. . 
l. J. 
m-1 m 

• • transition 

0 Q " p. . t 
1. 1 

m-1 m 

~. 

Hence by Theorem 2Q2, {T-n A} is stablev This proves the assertion* 

-8-
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' 

D. We conclude with an example of a measure preserving transformation 

which is not stable. 

Let n = [o • 1J , 0£the a-field of· Borel subsets of n • P Lebesgue 

measure on «a Let T b~ an invertible, both ways measurabl.e ;measure 

preserving tran8fox·111a.tion of n onto n, which ha.s strict period m (m > 1) 

at almost all If] points or n. 

According to a result o'f' Hal mos ( see [2] 1 page 70) • there exists 

a set E •« such that P(E) = 1/m and E, T-1E, .. .., .., , T-(m-1 )E are 

pairwise disjoint.., It follows that limsup P(T-n E nE) = 1 /m a,od 

liminf P(T-n E/IE) = o. so that the Requence {T-n E. n = 1,2 ..... } 

ii•~ot stableo Hence Tis not stable. 
• 
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' 

Re8l~lll}eo Soit T unE: transf'ormation, conservan.t la mes,1re. d1 1.1n 
• 

espace de proba.bilit~ ( o,O,.·P) dan:s lui-memeo On dira que T est stable 

si, pour tout A, B«di, i1 existe lim P(T-n AnB)o L'investigation de& 

transfortnt1tions stables est fond~i •~ur des resul.tats de Renyi concer

nant les suites· stables d' ,venements .. La 'tlotion de tran8:to1-mation 

stable est une g~neralisation de celle de transforxaa,tion melang~eo 
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