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I. Su■aary. 

NK TESTS (1> 

The objects of this investigation are : 

1 / To derive the exact power functions of Wilcoxon' s., van 
der Waerden•s and Terry's two-sample tests for small sample values 
against parametric shift alternatives of exponential and rectangular 
populations. 

2 / To compare the power functions of these tests. 

This is done for sample sizes of m = n = 3., 4., 5., 6 and various signi­
ficance levels. 

2o Introduction and literatnre. 

Assume there are given two independent random samples 

and 
• 

from two populations with continuous cumulative distribution functions 
F(x) = P [x < x] and G(y) = P [y < y) respectively. We wish to test 
the null-hypothesis : 

H 0 : F(x) = G(x) 

against the alternative hypothesis : 

____ ..., ___________ _,,__ 

(1) 

(1) Report S 331 of the Statistical Department of the Mathematical Centre., 
Amsterdam. 
Paper presented at the I. M. S. conference at Berne (14 th - 18 th Sep­
tember 1964). 

(2) Random variables will-be distinguished from numbers (e.g. from values 
they assume in an experiment) by italicizing their symbols. 
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H1 : F(x) ¢ G(x) (2) 

For this two-sample problem various distribution-free tests 
are proposed. In this paper we shall consider three of these• 
namely : 

1/ 
2/ 
3 

Two-sample test of Wilcoxon (Mann-Whitney) 1 

I f I I ,, 11 van der Waerden (X-test)., 

11 I I ,, 11 Terry (Fisher-Yates., Hoeffding). 

We shall only be interested in the power of• each of these 
three tests. For shifted Exponential and Rectangular alternatives 
we shall evaluate their power functions : 

• 

respectively• 
sample sizes 

with shift A 
(m =n = 3 4 5 

I • 

and ~T( /\. ; 0:) 

and significance level 
and 6). 

(3) 

a., for small 

In Savage (18] it is indicated that for the two-sample problem 
with such alternatives as slippage., there do not exist optimum non­
parametric tests. Dwass (6] has studied the locally best rank order 
statistic for testing Ho : 8 = 0 against H 1 : e ''close'' to zero., 
if the samples are drawn from populations with density functions 
f1 (x. 9) and f2 (y 1 9 ) (if 0 = 0 both density functions are identical). 
Under certain regularity conditions it is possible to determine the 
large sample power. 

Different investigations of the efficiencies and the powers of 
the three tests., mentioned above., and comparisons with Student's 
two-sample test have already been made. To get a rough idea of 
the relative powers we shall give a brief survey of the literature 
on this subject. We are mainly interested in the powers for small 
samples., so our references~ especially those to asymptotic result& 11 

will be far from complete. 

Pitman has proved in [ 17] that the Pitman asymptotic relative 
efficiency of Wilcoxon• s test against Student's test for the shifted 

. 3 
Normal distribution is equal to - • In (1 O]., Hodges and Lehmann 

1t 

proved that for all distributions the efficiency is greater than or 
equal to 0.864 for shift alternatives. Regarding the power efficiencies 
of Wilcoxon1s test for discrete populations relative to the most 

, , ' , 
' ,,. . 
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powerful tests available for such diatributlona there ie th,e illrtlc lo 
of Chanda [ 1]. In [ 34)., Witting derived a reneralized Pi.tman effi­
ciency {correction ter11·1s for finite sample sizes) for the Wilcoxon 
t~st relat~v~ to the Standard Normal and t-teat for nearby alterna­
tives. Efficiency values are given in the case of Normal a.nd Rec• 
tangular distributions for various sample ai:iee. 

Van der Vaart (24) found in 1950 that under Student•• cooditlon• 
for one- and two-sided testing with m + n ,s 5 and m + n .'.i I,, 
respectively., the difference in power of W:ll.coxon'e and Student•• 
tests is rather small in the neighbourhood c.f the null.•h ... · · b·••i• 
and an indication that for large sample ei:r;ee the difference le not 

great either : for two-sided testing he showa that p ''(o)/ p'' (o) la ! ~ 
W · It a 

where ~~ is the second derivative of the power function of Student'e 
test. In 1951 van Dantzig [3) o,btained a lower bound for the power 
of-Wilcoxon's test agajnst alternatives of the form P(.1' > r l > or 

- freo 

test of two-samples, due to Wilcoxon., Sut1drum [10] determined the 
power of the test against Normal and Rectanplar •hitt altomat!••• 
for large samples and compared this test with certain dietrlbut.ional 
tests. 

Numerical calculations with regard to the power ot Wilcoxon'• 
test for Normal alter11atives and for m • n • 3, 4, 5 ancl • · ·. 'ficanee 

1 1 1 
levels 

10 
• 

35
, 126 were made by Dixon [-&) in 1954 .. 

1~ Experimental comparisons between Student's and Wllcozon•• 
tests are made by Dixon and Teichroew [ 5) (AM aleo [Ill) and 
Hemelrijk (9]. They investigated for m•n•lO the power• of both 
tests for Normal alternatives. The results in ( 5] also coY·er other 
distribution - free tests and different sample .e,iae•. Hemelrijk made 
similar investigations for the Exponential distribution .. T'be alternative 
hypotheses were not chosen in the form of shift but of multtpllcation 

X 
factors G(x) = F k • 

Thompson [ 23) has constructed 91·0 ~ coafldence limits . of th• 
power of the Wilcoxon test for Normal! shift alternatives with :b• 
aid of Monte Carlo methods. This is done for m .- n ~ 5 illld 10 and 
rejection lirriits 35. 5 and 127. 5 respectively. 

In 1953 Lehmann [ 12 J has proposed to \Ase 
) tKt } I ( lll Lehmann alternatives of the form O(x: • F 1

\X .. n 

the ao.ealled 
one can flad 
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some numerical results for the power of Wilcoxon' s test for equal 
sample sizes of 4 and 6 and significance level 0. 1 (k = 2 and 3). 
Eisenberg [ 7] has computed exact power values of Wilcoxon' s test 

against Lehmann's 

2 i m .s: n ~ 10 and 

alternatives 

several significance levels. 

for sample • sizes 

The tests of van der Waerden and Terry are under Student's 
conditions asymptotically equivalent to the test of Studen-c. 

Some numerical calculations concerning van der Waerden's test 
are made by van der Waerden [26] for m = n = 3 and a Normal 
alternative. For m = 2 and n ➔ co he makes a comparison 
between Student's and van der Waerden1 s tests for a shifted Normal 
population. Van der Waerden [27) and [28] investigated the powers 
of Wilcoxon' s and van der Waerden' s tests when two samples with 
sizes 4 and 6 are drawn from populations with Rectangular distri­
bution functions with ranges (O, 1) and (0, 1 + µ) respectively 
(µ ~ 0). The powers of both tests tend to 1 if µ tends to infinity. 
He proved that the power of Student's test does not tend to 1 if µ 
tends to infinity. In a seperate paper [ 2 9) he gives an example 
where the power of Student's test can be rr1ade small., whereas the 
power of van der Waerden's test does not change. 

Noether (16] has given some examples where van der Waerden1 s 
and Terry's tests do not always lead to the same decision. However., 
when H0 is true., he proved that the correlation-coefficient between 
the two test statistics tends to 1 as m +n increases., and the 
two tests are equivalent. The asymptotic equivalence of van der 
Waerden's and Terry1s tests was established for a wide class of 
cases by Chernoff and Savage [ 2). They proved that the test for trans­
lation based on Terry's statistic is at least as efficient as the t­
test, and Pitman's efficiency is 1 only if the underlying distribution 
is Normal. 

In 1963 Jean D. Gibbons [ 8) investigated the powers of 
Wilcoxon1s and Terry's test for sample sizes m.,n.:S. 6 and alter­
natives of the form : F (x) = 1 - (1 - H(x))k and G(x) = H(x) k (k = 2., 3, 4) 
where H(x) is a continuous., but arbitrary., distribution function., 
and significance levels 0. 01., 0. 05 and 0. 10. She also gives some 
numerical results against Normal alternatives differing only in 
location .. 

Hodges and Lehmann [ 11] give the Pitman efficiencies of 
Wilcoxon1s test against the Normal Scores test (The two asymptotically 
equivalent versions of this test are van der Waerden's and Terry's 
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test) for various underlying distributions against shift alternatives . 
In particular they found for the Exponential and Rectangular distri­
butions that the efficiency is zero. They stated that for bell-shaped 
densities the efficiency of Wilcoxon's test relative to the Normal 
Scores test seems to increase as the tails of the underlying 
distribution grow heavier. This result was made precise by a 
theorem due to van Zwet [ 35). 

3. Determination of the power in general. 

Let x1 ., x 2 ., ••• .,x,.. and y1 ., y2 ., ••• ., Yn be two independent 
randon-1 samples from populations with continuous cumulative dis­
tribution functions F(x) = P [x < x] and G(y) = P[y < y] respectively. 
Null and alternative hypotheses will be of the form : 

H 0 : F(x) - G(x) and H 1 : F (x) = G(x- A) (4) 

respectively., where is the shift of the distribution function of x • 

Let x [i] denote the i th order statistic of the x-sample and 
Y (j] be the j th order statistic of the y-sample (i = 1 • 2., • • . ., 
m; j = 1.,2., ••. ., n). Furthermore let z .= (zuz2 ., ••• ., Zm+n) denote the 
order statistics of the combined sample (x1 .,x2 ., ••• ., Yn}. We define 
the random vector t = (t1 ., t2 ., ••• ., tm+n) where 

t. = 
1, 

0 

1 

if 

if 

z. 
1, belongs to the x-sample 

z. 
1, 

I I I I JI y- ' f 

Under the null-hypothesis every value of the vector t 
equally likely., under the alternative hypothesis they are not. 

• 
1S 

In order to compute the 
Wilcoxon., van der Waerden and 
has to compute the probabilities 
in the critical regions of each 
compute integrals of the form : 

m+n 

m! n! • • • • TT d H(zi ; ti) 
i=1 

-~z1<z2< •... <zm+n<00 

where 

power functions of the tests of 
Terry for shift alternatives., one 
under H1 of orderings z lying 
test. It is the ref ore sufficient to 

(5) 

if t. = 1 
t 
• 

(6) 
if t. = 0 

1, 

The sums of the probabilities under H1 of those orderings 
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which lie in each test's rejection region are the power functions of 
the three tests. If the underlying distribution function is exponential 
or homogeneous, it is possible to evaluate the integrals of forrn (5) 
and hencea also the power functions. 

4. Some remarks on the probabilities of orderings. 

a. EXPONENTIAL DISTRIBUTION -

Let : 

and 

F(x) = 1 - e-<x->..> 

= 0 

G(y) = 1 - eY 

= 0 

AS.X<<D 

X < A. 

Os. y<oo 

y<O 

(O :s, A < oo) (7) 

(8) 

If x is a exponentially distributed randorr1 variable then we 
know that 

P [ x < x + c I x 2: c] = P [ x < x ) (9) 

where c is a positive constant. Hence it is easy to see that we 
can draw the following conclusion : 

CONCLUSION 1 : Random vectors t = (t11 t2 •• ••• tm+n> wt th t 1 = t 2 = ••• = tk = 0 
and tk+l = 1 have equal probabi lit tes {m > 1 ; k = 0 1 1, ... , n-1 ). 

ni+n 
Proof : P [ t = t] = m! n! • • • TT dH {zi ; t. ) = 

1. 

= m! n! 

i=l 
_m<z l <z2<• • • <zm +n< a:, 

• • • 

k . 

n dG(y(i]) dF(x (i]) 
i=l 

o<y {1] <. • • <y [k] <x [1] <z k+2 <. • "<zm+n <a, 

'A. <x (i] 

m+n 

n dH (z. ; 
j =k+2 J 

k 

m n 
-(Lx • + L y • ) Ill 

• • • TT 
i=l 

Y[i] x[1] e 2 

o<y [1]< ••• <y (k]<x [1]<zk+2< ••• <zm+n<oo 

t.) = 
J 

n 

' 
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m n 

-(Lx[i]·+ L Y[j]) 
The form e 2 k+l is a symmetric function of x(i] and 
Y[j] (i=2.,3., ... ., m; j=k+l., k+2., ... .,n)., so the order of the X[i]'s 

and y (j J I s in the sequence z k+ 2 < z k+3 < • • • < Zm+n does not mat­
ter., which proves the assertion. It is clear that this cone lusion 
gives a substantial reduction of the computations. 

b. HOMOGENEOUS DISTRIBUTION -

Let 

and 

F(x) = 0 

= X - A. 

= 1 

G(y) = 0 

= y 

= 1 

X < 

A< X < -
A + 1 < x -

y<O 

O.::;y<l 

1 5. y 

(0 ~ A ~ 1) (10) 

+ 1 

( 11) 

From the fact that the density functions are constants, it is easy 
• 

to see that we can draw the following two conclusions : 

CONCLUSION 2 : Random vectors 
t = 1 

with t =t = • • • = tk=O l 2 
and k+l. ., 

and · · . = t = 1 m+n 

have equal probabi l i t·tes 

(k=0.,1., ... .,n-2; l =0.,1,. ••. ., m-2). 

Proof : 

P[ t = t] 
. ' 

= m! n! ••• 
i=l 

m! n! • • • 
G 

IA 

Jl dx[i] 
i.=l 

n 

where the domain of integration G is defined by : 

; A< X[ 1] ., Y ( n J < 1} • 

• 
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m - Z ; j = k + 1., k+ 2., •.. ., n -1) in the sequence zk+2 < z k+.3< ••• < zm+n-Z-l 

does not matter., which proves the assertion. 

For reasons of symmetry the next conclusion is clear. 

CONCLUSION 3 : If two random vectors t.;, = ( tii• t;, 2 ., - •• ., t 1, m+n ) (i = 1., 2) are 
known to satisfy 

and t = 1 i,rti>+l 

ti,m+n-sli) = 0 and t -t - -t =1 i,m+n-s( i )+l - i,m+n-s( i J+2 - • • • - i, m+n 

where r(l} = s(2) = k and r(2) = s(l) = l., then they are equally l ik.ely. 

(If m = n : k = 0., 1 ., • . • ., m - 2 ; 

,, m > n : k = 0., 1., ... ., n - 1 ; 

= 0.,1., ••. , n - 2 

=0.,1., .•. .,n-2 

, 1 m < n : k = 0., 1 ., . . . ., m - 2 ; Z = 0., 1 ., • • . ., rr1 - 1 ) • 

5. Results. 

We have determined the power functions for one and two 
sided testing with exact significance levels a in the neigbourhood 
of 0. 01 and 0. 05 and sample sizes of m = n = 3., 4., 5 and 6. It 
turned out that only for m =n = 6 in the case of one-sided testing 
with significance level in the neighbourhood of 0. 05 the power 
function of Wilcoxon differs from that of van der Waerden arid 
Terry., whose power functions are the same in this case too. 
To make a comparison between the tests possible we determined 
the power function of Wilcoxon at exact significance level of 

. 43 ( ) o: = 
924 

~ 0. 0465 and the power function of van der Waerden (and 

Terry) at exact significance levels of 
42 

o: = 924 (~ 0. 0455) and of 

significance level as for Wilcoxon's test. Sometimes we denote the 
tests of Wilcoxon. van der Waerden and Terry by w. X and T 
respectively. The common power function of van der Waerden's and 
Terry's test are denoted by ~ r. x, 

a. EXPONENTIAL DISTRIBUTION -

The power functions are given as functions of A. the shift 
parameter. (O s A < oo). 



One-sided 

Two-sided 

. 

One-sided 

Two-sided 

a 

1 
100 

1 
20 

1 
100 

1 
20 

a 

1 
100 

1 
35 

1 
100 

1 
35 
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Table 1 

Power functions ; m = n = 3. 

~w (A; a) - ~x T ( A ; 0::) - , 

0 

(1-e-")3 + 3 
4 

(1 - e_}.)2 e-A + 3 (1-e_,._) e-2:>... + 1 e3:>... 
10 20 

0 

0 

Table 2 

Power functions ; m = n = 4. 

f3w (A ; o: ) = ~x r ( "- ; a: ) , 

0 

0 

( 1 - e-:>... ) ~ + 4 ( 1 - ~:>... ) 3 
5 

e-:>... + 2 
5 

1 e-"!11. 
35 ______ .._ ___________________________ _J 
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Table 3 

Power functions ; m = n = 5 . 

a ~w (A; a ) - ~x. T( A; O'.. ) -
1 5 20 e-2A + 5 ( l _ e-X )2 e-3A+ One -sided (1-e-" )5 + - (1-e-" )4 e-" + (1-e-" )3 

126 3 21 14 
5 1 e-5},. 

+ 63 (1-e-") e-4?. + 
126 

1 (l-e-")5 + 25 30 3 e-3"- + ( 1 -e-"- )4 e-" + ( 1-e-" ) e-211. 
21 6 7 

+ 10 (l-e-"-) e_4;.. + 1 e-;" 
21 21 

1 5 10 (l-e-"-)3 e- 2 ).. + 5 e-3A + Two-sided ( 1 -e-" ) 5 + - ( 1-e-A) 4 e-A + ( 1-e->.. )2 

126 6 21 28 

+ S ( -A) -4A l 
126 l-e e + 126 e-5A 

2 5 40 (l-e-"-) 3 e- 2A + 5 
( 1 -e-" )2 e -3"- + (l-e-1') 5 + - (1-e-")4 e-A + -63 7 2 21 

, 

10 2 ).. + (1-e-A) e-4A+ e-5 
63 63 

Table 4 

Power functions ; m = n = 6. 

a ~w ( "- ; a) = ~ x. T ( /\.; o:) 

One -sided 
1 ( 1 -e-"- ) 6 + 2 4 ( 1-e-A )5 e-"' e-2A + 5 ( 1-e- :>,, )3 e-3"- + -132 3 7 

+ .!.. 
2 

(1-e_;,, )2 e-4i.. + 1 
11 

(1-e-X) e-5A + 1 
132 

e-6A 

43 
924 See Table 5. 

2 18 "- 15 ).. 20 (1-e-"- )3 e-3'- + Two-sided (1-e-" Y, + (1-e-X )5 e- + ( 1-e- )'+ e-2i + 
231 7 7 21 

e-5A+ 2 e-6A 
231 

19 (1-e-A)6 + 36 (l-e-).)5 e-A +45 (1-e-"-) 4 e-2"-+ 80 
462 

( 1 -e-A) 3 e-3"- + 
7 7 21 

+~ ( 1-e-:>.. )2 e-llA. -;:>..·+ 19 e-6:>.. 
7 e 462 ... 
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Table 5 

Power functions ; m = n = 6., one sided testing . 

(l 

43 
924 

42 
924 

48 
924 

rand. 
43 

924 

• 

Power function 

(l-e-)..)6+6 (l-e-:>-.)5e-" +285 (1-e-}.)4 e-2).. + 50 (1-e-"- )3e-3A+ 
28 7 

+ 37 ( 1-e-" )2 e_q.,_ + 41 ( 1-e-}·) e-5>-. + 43 e-6).. 
14 77 924 

( 1 -e-"- )6 + 6 ( 1-e-" )5 e-A + 135 ( 1 -e-,._ )'i e-2't. + 50 (1-e-"' )3 e-3"-+ 
14 7 

+37 (l-e-A)2e_*,._ +41 (1-e-A) e-5"- + 1 e-6'J.. 
14 77 22 

+ 43 
14 

19 + - ( 1 -e--"- f e-4A 
7 

+ 6 
11 

• 

4 + -e-6J\ 
77 

305 ,3 +-- (1-e-A r e-3/1.+ 
42 

+ 43 
924 

The following table gives some values of the power functions 
of Wilcoxon1 s., van der Waerden's and Terry's test., if we use ran­
domization to get the same significance level. 

0.0 

. 43 , 
~w i\ . 0465 • 

1 924, ' 

!3X T 
' 43 ' A. • . 0465 , ' 924, ' 

Table 6 

Some power values. 
One-sided testing, m = n = 6. 

(randomization is used) 

A 

o. 1 0.2 0.4 0.6 0.8 1. 0 

• 0776 .120 .234 .368 .500 . 618 

• 0788 . 122 .235 .365 .495 . 610 

1.5 2.0 2.5 

. 825 . 927 . 971 

. 817 . 922 • 969 
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Figure 1. Power functions of van der WAERDEN's (and TERRY's) test. One-sided testing. 
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If we fix the significance level at e.g. O. 05 (two-sided) we 
get different power functions because of the discrete character of 
the distribution functions of the test statistics (m = n = 5) : 

2 
~w ( A ; • 05) = ~w . "'A ; 

6 3 • 

5 
~x' T ( A ; • 0 5 ) = ~x' T A ; 12 

2 5 ( l _ _,._ ) -~A + 
126 e e 

5 -5"-
126 e · 

Some numerical values may be found in the next table. 

Table 7 

Some power values by two-sided 
testing with fixed significance level of . 05 ; m = n = 5 . 

. 

A 

0.0 0.1 0.2 0.4 0.6 0.8 1. 0 1. 5 2.0 
... .. 

I 2 ' 
f3w A . 0317 . 0357 . 0475 . 0926 . 160 .242 . 32 9 • 536 . 696 • 

I 63 . 
.. 

, 5 ' 
. 0397 . 0446 .0588 . 182 .264 .349 . 548 . 702 f3x, T , A ; 12 6. . 110 

. 

b. HOMOGENEOUS DISTRIBUTION -

2.5 

. 808 

. 810 

The power functions are given as functions of A, the shift 
parameter (O ~ "'A ~ 1). 

One -sided 

Two-sided 

0: 

1 
100 

Table 8 

Power functions ; m = n = 3. 

;a: ) = ~x r ( A; a) , 

0 

----·------------------------
1 

20 

1 
100 

1 
20 

1 + 
20 

0 

0 

3 A+ 
10 

• 

a /\.2 + x _ 3 
4 4 

x - a t< -
10 
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Table 9 

Power functions ; m = n = 4. 

a f3w(A; a) - ~x T ( A; 0:) - , 

One-sided 
1 

0 
100 

1 1 + 8 A +4 /\.2 + 8 t< - B ~-4 6 8· "A.1 + 34 ~ 
A - 35 35 35 35 5 5 5 5 35 

• 
, 

Two-sided 
1 

0 
100 

1 1 
+ 4 "A.2 + 2 Att- - 8 A5 _ 8 A1 

35 35 5 5 35 

Table 10 

Power functions ; m = n = 5. 

ex r3w(A ;a:)= ~x T(A. ;a:) , 

1 1 + 5 5 A,2 + 20 "K 5 /\.q. - 5 
* -

20 ;.._7 -One-sided A+ 14 +3 3 21 126 126 63 21 

5 As_ 5 A9 ·+ 12 5 ;.._l.O - 14 . 63 126 

1 1 + 10 A+ 25 'X + 20 i: 5 A'+ - 10 'I< - 10 A.6 + -21 21 21 14 7 3 

1000 'X 295 t + 260 -/! - 5 /\.10 

+ 21 - 7 21 14 

1 1 + 5 A2 + 5 "-it. 20 A.7 - 5 A 9 Two-sided -
126 126 14 3 21 63 

2 2 + 10 A
2 + 5 -t - 6 x _ 80 X. 610 A.9 - 16 "Ko 

+ 63 21 3 63 63 7 
• 
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Table 11 

Power functions ; m = n = 6. 

a ~w {A. ; o:) = ~x T ( A ; a ) , 

1 1 + 1 "- + 1 A.2 + p ')( + 7 5 A4- + 6 A 5 _ 5 J... 6 _ 6 /\.7 - 15 Ae_ One-sided 4 132 132 11 2 3 28 7 

_ 5 t,_ + 95 A.10 _ 3967 ,.:l + 14447 /\.l.2 

77 3 2 924 

43 
See Table 12 

924 

Two-sided 
2 2 + 4 "K + 30 4 12 r: +2 A.6 _ 48 A.7 _ 40 r: + 916 All_ A. -

231 231 7 7 7 7 21 77 
51 1.2 

A. - 7 
19 19 + 18 /\.2 _ 10 ")< +90 A.4 _ 156 :><+2A.6 _ 228 ,:Z +255 "t-

462 462 7 7 7 7 7 2 
2980 x + 444 /\.10 _ 654 t_J. - 5 'A.1.2 - 21 7 77 7 

Table 12 

Power functions ; m = n = 6., one-sided testing. 

Test ex Power function 

w 43 4 3 + 3 9 "- + 31 A 2 + 8 5 ->,} _ 7 5 "-14 _ 174 "-5 + 21 "-6 _ 6 i!., + 
• 

924 92 4 7 7 14 21 2 8 7 7 
+ 2145 A.a_ 3725 A9 + 2139 

28 21 14 
,.,_10 _ 4531 All 7771 -t2 

77 + 924 

X and T 
42 1 + 40 A+ 16 X + 30 A.3 _ 45 Alf. - 24 A. 5 +101 + 24 X. + 

924 22 77 7 7 14 
1065 f. 1640 A.9 1594 

+ 14 - 7 + 7 
A.10 _ 7 610 fl 2527 ')t2 

77 + 154 

48 4 + 4 6 A + 1 9 'it + 3 0 i< _ 7 5 A 4 _ 2 04 /\.Fj + 4 A. 6 + 97 2 /\.7 I I -924 77 77 7 7 14 7 7 
• 

1380 As + 450 /\.9 + 3 97 ,2-0 - 3854 ~l. + 1723 t-..i2 - 7 7 7 77 154 
• 

rand. 

I I 
43 4 3 _1 41 A+ 3 3 "A.2 + 3 0 /'! _ 2 5 -,.._4 _ 174 A! -+ 9 'Jt + 3 02 i!. + 

924 924 77 14 7 7 7 7 
+ 855 "A.a -

3875 t! + 2789 AJ.O -
6984 x_l-1 + 23 93 A,12 

28 21 14 77 154 .. 
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Figure 3. Power functions of va.n der WAERDEN's (and TERRY's) test. One-sided testing. 
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The following table gives some values of the power functions 
of Wilcoxon's, van der Waerden's and Terry's test., if we use ran­
domization to get the same level of significance. 

i 

/ 43' 
~w ' 

'},,_· 
924, J 

• 
' 43 ' 

~ x, T 'A ; 924 ' 

Table 13 

Some power values. One-sided testing. 
(randomization is used) 

A 

. 00 . 05 . 10 • 15 .20 .30 .40 .50 

. 0465 • 0779 . 123 . 183 .258 .442 . 641 . 812 
' 

. 0465 • 07 96 . 127 . 190 .269 .460 . 662 . 82 8 

.. 

.. 60 .70 
.. 

• 925 . 981 

• 935 • 984 

If we fix the significance level at e.g. 0. 05 (two-sided) we 
get different power functions because of the discrete character of 
the distribution functions of the test statistics (m = n = 5) : 

~x T ( A; •OS) = ~x T , , 

2 
A; 6 

5 
A; 12 -- 5 + 25 

126 14 

- 340 
63 

Some numerical values may be found in the next table. 

, 2· 
~w /\. • 

1 63, " 

J' 5 ' 
~ x, T /\. • 

1 126, \, 

Table 14 

Some power values by two-sided testing with 
fixed significance level of . 05 ; m = n = 5. 

"A. 

. 00 . 05 .10 . 15 .20 . 30 .40 .50 

. 0317 . 0353 . 0465 . 0660 • 0949 . 186 • 323 .498 

. 0397 . 0442 . 0580 . 0818 . 117 .221 • 370 • 550 
' 

• 60 .70 

. 686 . 850 

.730 . 877 

' 
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6. Conclusions. 

In the case of m = n = 6 
43 

level of 
924 

~ . 0465) and the 

(or1e-sided testing \Vith significance 

Exponential distribution the (rando-

mized) power of both van der Waerden•s and Terry's test is 
better than that of Wilcoxon' s test in the neighbourhood of the null­
hypothesis. For the Rectangular distribution the (randomized) power 
of both van der Waerden1 s and Terry's test is constantly better than 
that of Wilcoxon 1s test. These results are in agreement with tne 
result of Hodges and Lehmann (11]. For the Exponential distribution 
the power of Wilcoxon 1 s test increases more rapidly for larger A, 
so that for A = • 5 the power is already slightly larger than that 
of van der Waerden's and Terry's test. If we use non-randomized 

• 

power of van der Waerden' s and Terry's test with significance 

levels in the neighbourhood of 

clusions. 

43 
924 

we would draw the same con-

As an illustration we give the fallowing two tables with first 
derivatives : 

EXPONENTIAL DISTRIBUTION 

X 

Table 15 

One-sided testing,. m = n = 6. 

Test 0: J3'(0;o:) 

w 43 
.253 924 

and T 42 
.260 924 

I I 
48 

.299 924 

rand. 
43 

.266 f I 
924 

HOMOGENEOUS DISTRIBUTION 

Table 16 

One-sided testing., m = n = 6. 

Test a ~'(O;a) 

w 43 
924 . 506 

X and T 
42 

. 519 924 

48 
I I • 597 924 

rand. 

11 
43 

.. 532 924 



EXACT POWER OF SOME RANK TESTS 231 

BIBLIOGRAPHY 

[ 1] CHANDA (K,. C.) : On the efficiency of two-sample Mann-Whitney 
test for discrete populations, A.H.S. 34 (1963)., 612-617. 

[2) CHERNOFF (H.} and SAVAGE (I. R.) : Asymptotic normality 
and efficiency of certain nonparametric test statistics., A.l{. s. 29 
( 195 8)., 97 2 - 9 94. 

[3] Va11 DANTZIG (D.) : On the consistency and the power of 
Wilcoxon's two-sample test., Proc. K.N .• A. van W. A54 (1951)., 
1 - 8. Ind. Hath • 13 ( 1 9 5 1 ) , 1 - 8 . 

(4) DIXON (W.J.): Power under normality of seve1'al non-parametric 
tests, A.H.S. 25 (1954), 610-614. 

(5] DIXON (W. J.) and TEICHROEW (D .. ) : Some sa1npling results en 
the power of non-parametric tests against normal alternatives . 
Abstract A.H. S. 25 (1954), 175. Report U.S.. Department of 
Commerce, National Bureau of Standards (1953). 

("6] DWASS (M.) : The large-sample power of rank orde1' tests in 
the two-sample problem. A.H. S. 27 (1956)., 352-374. 

[ 7] EISENBERG (H.B. ) ; Exact power values of the Wilcoxon two­
sample test against Lehmann' s alternatives., abstract A.H. S. 34 
(1963), 1119-1120. 

[ 8) GIBBONS JEAN (D. ) : On the power of rank tests on the equality 
of two distribution functions, Abstract A.H.S. 34. (1963)., 355. 

[ 9] HEMELRIJK (J.) : Experimental comparison of Student's and 
Wilcoxon's two-sample tests., Report SP 74 of the Stat. Depart­
ment of the Mathematical Centre., Amsterdam. Quantitative He­
th ods in Pharmacol O~IJ7 North Holland Publishing Co, Amsterdam 
(1961), 118-134 . 

• 

[10] HODGES (J. L.) Jr. and LEH1\1.ANN (E. L.) : The efficiency of 
some nonpararnetric competitors of the t-test., A.N. S. 27 (1956), 
324-335. 

[11] HODGES (J. L.) Jr. and LEHMANN (E. L.) : Comparison of the 
Normal Scores and Wilcoxon tests., Proc. of the 4 th Berkeley 
Symp. 1 (1961 ) 6 307-317. 

[12] LEHMANN (E. L.) : The power of rank tests., A.N. S. 24 (1953)., 
• 2~,' , •' 4·3· . . ,,_, ,; ,. 

:1 " • . '.,., 

i :' ~ >" ' . . . . ,' . , 

[ 13] M.A.N,:tN1 lli"' B .. ) and WHITNEY (D.R.) : On a test of whether one 
. 

or two random variables is stochastically larger than the 
other,. A./1.S., 18 (1947)., 50-60. 



232 P. VAN DER LAAN 

[14] NEYMAN (J.) and PEARSON (E.S.) : On the problem of the 
most efficient tests of statistical hypotheses., Phil. Trans. 
Royal Soc. London A 231 (1933)., 289-337. 

(15) NEYMAN (J.) and TOKARSKA (B.): Errors of the second kind 
in testing ''Student1 s 11 hypothesis, J.A.S.A. 31 (1936)., 318-326. 

[16) NOETHER (G. E.) : Comparison of two rank order tests for 
the two-sample problem., Abstract A.K.S. 24 (1953)., 689. 

[17] PITlVIAN (E.J.G.) : Lecture notes on nonparametric statistical 
inference. Lectures given for the University of North Carolina~ 
Institute of Statistics, 1948. 

[18] SAVAGE (I. R.) : Contributions to the theory of rank order 
statistics - the two-sample case, A.K.S. 27 (1956) 590-615. 

(19] STREBEL (K. ) : Asymptotische Entwicklung einer Summe, die 
beim Problem der zwei Stichproben auftritt., Hath. Ann. 127 
(1954)., 4 01-405. 

(20] SUND RUM (R. M.) : The power of Wilcoxon• s 2-sample test, 
J.R. S.S. Series B, 15 (1953)., 246-252. 

[21] TEICHROEW (D.) : Empirical power functions for nonparametric 
two-sample tests for small samples, A.H. S. 26 (1955)., 340-344. 

(22] TERRY (M. E.) : Some rank order tests which are most powerful 
against specific parametric alternatives., A.H. S. 23 (1952), 
346-366. 

[23) THOMPSON (R.) : Normal shift Monte Carlo approximation of 
the power of the Wilcoxon (Mann-Whitney) statistic. Unpublished. 
San Diego State College (1964). 

(24] Van der VAART (H. R.) : Some remarks on the power of 
Wilcoxon•s test for two samples I, II, Proc. K.N.A. van 'Ii. A53 
( 1 9 5 0), 4 94 -5 2 0. Ind. Kath. 12 ( 1 9 5 0)., 14 6 -1 7 2 . 

[25] Van der VAART (H. R.) : An investigation on the power of 
Wilcoxon's two-sample test if the underlying distributions are 
not normal, Proc. K.N.A. van N. A 56 (1953)., 438-448. Ind. Hath. 
15 (1953)., 438-448. 

[26] Van der WAERDEN (B. L.) : Order tests 
problem and their power, Proc. K.N. A. van 
458. Ind Hath. 14 (1952), 453-458 . 
• 

for the two -sample 
W. A 55 (1952), 453-

(27], [28] Van der WAERDEN {B. L.) : Order tests for the two-
sample problem, Proc. K.N.A. van "fl. A 56 (1953)., 303-310 and 
3 11 -3 1 6. Ind. Hath. 15 ( 1 9 5 3 ) , 3 0 3 - 3 1 0 and 3 11 - 3 1 6. 

[29] Van der WA·ERDEN (B. L.) : Ein neuer Test fi.ir das Problem 
der zwei Stichproben, Hath. Annalen 126 (1953)., 93-107~ 



233 

[:30] Van der WAERDEN (B. L.) : The computation of the X-distri­
butit1n. Proc. thtrd Berltele11 Syap. Jlat h. Stat tst. and Pro·b. 1 
(1956). 207-208. 

[ 31.} Van der WAB.RDEN (B .. L.) und Z...1:EVERGELT (E.) : rareln zwa 
'•riletch ;i:-,41t11r St!ch.pro.,_,n •ft t•ls :r- teat und ·zetchantest 
SJll"inaer-Verlag. Berlin,. (1956) .. 

[ 32) Van der WA:SROBN (B. L .. ) : Mothemot.teeh• Stattattk. Springer­
Verla1_. Berlin,. (1957) .. 

[ 33:J WJl,£0XON (F .. ) : lndividua.l comparisons by rankiJ1g methods~ 
Bl~ trle .a I. (IMS)., 80-83 .. 

( 34) WITTING (H.) : A pnerallaed Pitman efficiency for nonpara­
m•trie teats. ,., .. s. 9l (1980) .. 405-414. 

~35) Van Z\t"ET (W.R.) : Convex traristormations of random va.­
rlablea ... M.athematical Centre Tracts 7,, Matbematisch Centrum •. 
A meterdam. 1 964. 

Stlcht!n, 
Nothe•at t sch C•n tra• 

:;Je Boerb.aalMtatraat 49 
Aas tfi. njaa., Pays--Baa 

Re~u le 24 Septembre 1964 


