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E~ac~, po~~r of some rank tests 
L &: :al W ■I L 7 C : I ; n 

1 e Surmnary 

The objects of this investigation are: 

1. To derive the exact power functions of WILCOXON's, van der 

WAERDEN's and TERRY's two-sample tests for small sample values 

against parametric shift alternatives 0£ exponential and 

rectangular populationso 

2. To compare the power functions o:f these tests. 

This is done for sample sizes of m=n=3g4,5,6 and various significance 

levels. 

2o Introduction and literature 

Assume • • there are given two independent random sa:rnples 

and .l.1 ~ y 2 , <ll O • 0 0 , .Zn 
1 ) 

from two populations with continuous ci1mulative distribution functions 
•. 
' '• ' ' 

F(x) 

null-hypothesis: 

and G(y) - < y respectively. We wish to test the 

Ii : F ( X ) = G ( X ) 
0 

against the alternative hypothesis: 

G(x) e 

( 1 ) 

(2) 

For this two-sa.mple problem various distribution-free tests are 

proposede In this paper we shall consider three of these, namely: 

1~ Two-sample test of WILCOXON ( 

'' '' '' '' van der WAERDEN (X-test) 

'' '' '' 
,, TERRY (FISHER-YATES, HOEFFDING) 

1) Random variables will be distinguished from nuinbers (eog. from 

values they assume in an experiment) by underlining their symbolse 
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We shall onlv be interested in the power of each of these three tests.~ 
"" 

Exr,cr1ential and Rectangular alternatives we s11all e~valuate 

'I ana 

respectively, 1i1rith shift A and significance level a, for small sample 

sizes (m=n=3,4,5 and 6). 
indicated that for the two-sample probleM 

• • • with such alternatives as slippage, there do not exist opt1murn n1:,n-

J:iara'netric tests. D\1lASf=1 [6J has studied the locally best rank order 

· · · .. e o .. H e '' 1 '' t statistic ~ 

are draw'T, 

(if 6=0 both density functions are identical). Under certain regularity 

conditions it is possible to detei·rnine the large sample power" 

Different investigations of the efficiencies and the powers of the 

three tests, mentioned above, and comparisons with STUDENT's two-sample 

test have already been made. To get a rough idea of the relative powers 

we shall give a brief surveJ" of the literature on this subject~ We are 

rnainly interested in the powers for small samples, so our references, 

especially those to asymptotic 

Pin,1A11 r1as proved in _17] 
results, will be far from complete~ 

that the PITI,WJ asymptotic relative 

efficiency of l,/ILCOXOII 's test against STUDEilT' s test for the "' shifted 

rJoI-rnal distri~ution is equal to 3 • In 1 o· , !!ODGES and LE ............. l'J}I 
1f 

proved that for all distributions the efficiency is greater than or 

equal to 0.864 for shift alternativeso Regarding the power efficiencies 

of WILCOXOI'l's test for discrete populations relative to the most power

ful tests available for such distributions there is the article of 

PITt-1JJ,I e ffi c i enc"; ., 

(correction terrns for finite sample sizes) for the \tlILCOXOIJ test 

relative to the Standard rrormal and t-test for nearby alternatives~·. 

Efficiency values are given in the case of ~Jot--rnal and Rectangular 

distributions for various sample sizes • ... 

Van der VAAR1· _24_ found in 1950 that under STUDENT's conditions 

for one- and two-sided testing with m + n < 5 and m + n -~ 6, 
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respectiveJ .. y ;iJ the difference in power of WILCOXON° s and STUDENT 11 s tests 

is rather small in the neighbourhood of the null-hypothesis and an in

dication that for large sarn.ple sizes the difference-is not great either~ 

second derivative of" the power f'unction of STUDE!JT~ s test a In 1951 van 

DANTZIG 3 obtained a lower bound for the power of WILCOXON's test 

against alternatives of the form P x > ~>or <~Q Using PITMAN's formula 

for the variance of a distribution - free test of two~samples, due to 

vJILCOXON, SUNDRill-·1 [20. determined the power o:f the test against Norrnal 

and Rectangular shift alternatives for large samples and compared this 
0 0 C e ♦ 

test with certain distributional testso 

I'l"umerical calculations with regard to the power of WILCOXOT~ vs test 

for Normal alternatives and for 
1 1 

Experimental comparisons between STUDENT 9 s and WILCOXON 8 s tests are 

made by DIXON and TEICHROEW 5- (see also 21_) and HEMELRIJK ~9 o They 

investigated for m=n=10 the powers of both tests for Normal alternativeso 

The results in [5_ also cover other distribution - free tests and dif-
• 

ferent sample sizes,) HE:MF:LRIJK made similar investigations for the Ex-
' . 

0 • • Q Q • ponential distributiono The alternative hypotheses were not chosen in the 

THOMPSON 23_ has constructed 90% confidence limits of the power of 

the WILCOXON test for normall shift alternatives with the aid of MONTE 
• I 

CARLO methodsa This is done ~or m=n=5 and 10 and rejection limits 35o5 

and 12705 respectivelyo 

In 1953 LEHr, N 12 has proposed to use the so-called LEH ~N alter-

natives o:f the form G(x) 12 one can :find some numerical 

results :for the power o:f WILCOXON~s test :for equal sample sizes of 4 and 6 

and significance level Oo1 (k=2 and 3)o EISENBERG ~7 has computed exact 

power values o:f WILCOXONes test against u~·~N's alternatives (k=~~ooo,4) 

for sample sizes 2 < m < n < 10 and several significance levelso 

The tests of van der WAERDEN and TERRY are under STUDENT's conditions 

asymptotically equivalent to the test of STUDENTo 
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Some numerical calculations concerning van der WAERDENt's test are 

made by van der WAERDEI~ ,:26::J for m=n=3 and a l'Jorrna.l a.lternat;iveo For m=2 

and n-+«> he makes a comparison between STUDENT O s and van a.er WAERDEN \, s -
tests :for a shift.ed Norma.l popula-ti.ono Van der· WAERDEN 1"'211 and J,=:2a··~ 

" Xzi * ~, U.-.:) ...... 

investigat,ed t.he powers of WILCOXON°s and van der WAERDEN 6 s t,est.s when t.wo 

samples with siz,es L. and 6 are drawn from popuJ ... ations wit.h Recta.ngul.ar 

distribution funct.ions with ranges ( 0, 1.) and ( 0 ~ j +µ) respecti ,.rely ( t~>O) c, 
,::,,r 

The powers o.f both tests tend to ] i:f µ tends t,o inf'inityoHe proved that 

the power of STUDENT 0 s test does not tend to 1 ifµ tends to infinityo 

In a se:perate paper [2~1 he gives an exa-rnple where the power of' STUDENT 11 s 

test can be made sroa.1.1 i wherea.s the power o:f van der WAERDEN vs test does 

not changeo 

Noether has gi.ven some exa.rnple~s where van der WAERDEN vs and TER-

RY 11 s tests do not always lead to the same decision.:. Howe"\rer~ when H 
0 

• 
1S 

true~ he proved that the correlation-coefficient between the two test 

statistics tends t,o 1 as m+n increases t and the two tests are eq1iivalent a 

The asymptotic equi val.ence of van der WAERDEN 1? s and TERRY 11 s test.s was 

established for a wide class of cases by CHERNOFF and SAVAGE [?J o'rhey proved 

that the test f'or t.ranslation based on TERRY~ s statistic is at .least as 

efficient as the t-test, and PIT 0 s efficiency is 1 only if the underlying 

distribution i.s Normalo 
r'-= M 

In 1963 JEAN Do GIBBONS 8 investigated the powers of WILCOXON°s and 

TERRY's test 

=1-( 1._H(x) )k 

for saxnple sizes msn<6 and alternatives of t.he form~ F(x) = 
e, ¥7 

arbitrarysdistribution functioniand significance levels 0001 9 0005 and Oo10o 

She also gives some numerical results against Normal alternatives differing 

only in locationo 

HODGES and LEH efficiencies of WILCOXON°s 

test against the Normal Scores test (The two asymptotically equivalent 

versions of this test are van de.r WAERDEN 11 s and TERRY~ s test) :for vario1..1s 
" 

underlying distributions against shift alternativesain particular they found 

for the Exponential and Rectangular distributions that the ef":fi,ciency is zero e 

They stated that for bell-shaped densities the effi,ciency of WILCOXON 8 s test 

relative to the Normal Scores test seems to increase as the tails of the under

lying distribution grow heavieraThis resu].t was made precise by a theorem due 
-

to van ZWET 35 o 
·= ~-
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3o Determination of the Eower in general 
F ;:; ' : 7 l 6 M-.0 Ii ►Nl+J' NI rec ;::1111 ;A ::1 

Let x.
1 

i x 2 , o o ;J si 3m and y_1 9 z.,2 , o o o ~ Zn be two independent random 

samples from populations_with continuous curnulative distribution 

functions F(x) = P x < x respectivelyo Null and 

alternative hypotheses will be of the form~ 

H g F(x) =: G(x) 
0 

and II 1 : F(x) ~ G(x-~) 
' ' 

(4) 

respectively, where A is the shift of the distribution function of Xo 

Let X -Q -
-1 

denote the i th order statistic of the x-sarnple and y .. -
.....=J 

be the j th order 

Furthermore let z 

the 

t = 

0 
1 

statistic o:f the y-sample ( i= 1 ~2 ~ o o o 9 m~;· j=1 ~2 ~ o o o ,n. o 

if z. belongs 
if z ~ ti 

to the 
ft VI 

1. 

" " the order statistics of 

x-sample 
y- rt 

Under the null-hypothesis every value of the vector tis equally 

likely, under the alternative hypothesis they are noto 
• 

In order to compute the power functions of the tests of WILCOXJN, 
~ a 

van der WAERDEN and TERRY for shift alternatives~ one has to compute 

the probabilities under 1r1 of orderings z lying in the ,critical 

regions of each testo It is therefore sufricient to compute integrals 

o:f the :forin~ 

0 0 0 0 0 (5) 
- oo<z <z <oOoQo<z <oo 

1 2 m+n 

where 

if t ,, - ·1 -
1. (6) 

if tu - 0 -
1. 
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The sums of the probabilities under H1 of tho~- orderings which 

lie in each test 9 s rejection region are the power functions of the three 

testso If the underlying distribution function is exponential or homo

geneous~ it is possible to evaluate the integrals of fo!·n1 (5) and }1ence~ 
0 also the power functionso 

ac Exponen,tia,l 

Let~ 

distribution 
p I i Ill 

and 

F(x) -(x-A) 
1 - e 

0 

G(y) - 1 

- 0 

- e 
-y 

A < X < 00 (0 <A< oo) 
• 

(7) 

X < 

0 < y < 00 (8) 

y < 0 

If xis a exponentially distributed random variable then we know 

that 

,,,,... 
• 

X > C -- < X (9) 

where c V O Q 

is a positive constanto Hence it is easy to see that we can 

draw the following conclusion~ 

Conclusion 1 
- p - - - - ~ ~. - ,,. .... 

Proo:f Pt.= t 
- -· - - -

• 

J 

O<y . 
i--1 

@ a o 

m+n 
II 

i=1 

k 

dl-I ( z ~ , t .. ) = 
1 l 

II dG(y r .-
i=1 L,l 

m+n 
II 

j=k+2 

<,:,oo<yk ·-<x-,,,, <z <ooo<z <oo 
1 k+2 m+n ..... 

X =, 
..... r.1 

• 

dH( z C ;t ~) = 
J J 
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m n 

k 
TI 

-(l: x -.. 7 + l: Y .. , )m 
... i_l k+ 1 .. J.J II 

n 

.. • L .. 

)e 2 
2 

dx ~ TI dyl""" 
-

1
· k+ 1 

< o o o ·<y .... .. <X 
k 

-<z <ooo<z <oo 
1... k+2 m+n 

- -
m n 

-(I: X 0 + 1: ) 
k+1 2 J. .. • • of and The :for1n syrrrrnetr ic :function e - l.S a x-. y • Li .. J ... 

( i =2 9 3 j o o • im ; j=k+1~ k+2 , o o o , n), so the order of the X 's and y Y5 .. '. .. 
1 J 

<•~•<z does not matter, which proves the 
m+n 

assertiono It is clear that 

of the computationso 

this conclusion gives a substantial reduction 

bo Homc.geneousdistribution 

Let 

F(x) = 0 X < (0 < :\ < 1) ( 10) 

and 

= X - A 

= 1 

G(y) = 0 

= y 

- 1 ,, 

< X < 

A + 1 < x 

y < 0 

0 < y < 1 

1 < y 

+ 1 

From the fact that the density functions are constantsi it is easy to 
e o 

see that we can draw the following two conclusions: 

Conclusion 2 Random vectors t = 
0 

with t =t = o o o -t =O 
1 2 k 

and tk+ 1=1 \) 

t =O and t =t =ooo=t =1 m+n-1 . m+n-1+1 m+n-1+2 m+n 

Proof 

have equal probabilities 

(k=0,1,ooo,n-2; l-0,1, •• o,m-2)o 
' 

p 

f 

m~n~ Jo£io 
m+n 

IT dlI ( z . ; t .. ) = 
i-1 1 J. 

m 
o 0 o · n 
G i=1 

dx. 
1 

n 
II 

j 1 

, 

( 1 1 ) 
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where the domain of integr·ation G is defined by0 

• 

<ooo<x~-<A+1 
m -

• 

The integrand is 1~ 

j=k+1, k+2,ooo,n-1) 

so the order of the x~n vs and y-~ js (i=2,3~ooo,m-l; 
_1.--' J 

matter, which proves the assertion~ 
:0 •.-; 

For reasons of symxnetry the next conclusion 1.s clearo 

Conclusion 3 

5o Results 
~. ' - -- . -

If two random vectors tQ 
-·1 

known to satisfy~ 

1,m+n-s 1. 

( i=1 ,2) are 

- o· - . 1 

where r(1)=s(2)=k and r(2)-s(1)=l, then they are equally 

likelyo 

(If m=n~ k=0~1~~•JOgm=2; l=o,·1,Quo~n-2 

9¥ m·<n ~ k=O, 1 ~ o o o l#mG" 2, l=O ~ ·1 ~ o o o ~m-1 ) o 

=1 

We have determined the power functions ~or one and two sided testing 

with exact significance levels a in the neigbourhood of Oo01 and Oa05 

and sa,rnple sizes of m-n=3 s4 ~5 and 6,., It turned out that only :for m=n=6 

in the case of one-sided testing with significance level in the 

neighbourhood of Oo05 the power function of WILCOXON differs rrom that 

of van der WAERDEN and TERRY~ whose power functions are the srone in 

this case tooo To make a comparison between the tests possible we 

dete:t·1nined the power function of' WILCOXON at exact significance level 

(and TERRY) at 
48 

(;: 0~0519) 9 while randomiza·t.ion was used to get the sa.::rne 
0 O 0 

s1gn1.f1cance level as for WILCOXON~s testo Sometimes we denote the 

tests of WILCOXON~ van der WAERDEN and TERRY by W~ X and T respectivelyo 
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" The comrr1on power· function o:f van der WAERDEN 11 s and TERRY'' s "test are 

denoted by ax TV 
:i) 

The power functions are given as functions of A~ the shift para

metero (0 <A< 00 ) 

• 

.. 
One-sided 

• Two-sided 

One--sided 

.., 
Two-sided 

Ct 

1 
C 10 

100 

1 
• 

20 

1 
100 

1 
20 

1 
100 

·1 
• 

35 

... ·- ··- ... 

--
. 

0 

? ·-A 3 --.X 2 =A 3 --A =2A 1 --3X u 

+ e 20 

0 

0 
-····•-···· ··--·. •-· . 

Table 1o Power functions; m=n=3c 

0 

1-e + --

1 ~4A 
·+ 35 e 

0 

·--------------------------------
1 
35 

4 , -~ =A 3 .,_,,). 
+-

Table 2 o Power f"unctions; m=n=4 c 

- -·· -

--4A 
+ 35 e 
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ex 

r------------------·-------------------

One-sided 

Two-sided 

One-sided 

1 
12 ::i 

1 
21 

1 
126 

2 

a 

1 
132 

1-e e + 

' -5:\ 
_3 e e + 12~ 

:> 7 e e 2 ~ e 

1 -5>i. + 21 1 -e e + 21-e 

2 ,,. 1-e e + 

5 ->i. -4A 1 ~-5A 
12 . 12 I 

1 -e + - 1-e e + -
2 

~3 e e + 8 -e 

Table 3o Power functio11s; m=n-5 

-- , 

-2 A 7 + 1 -e e + 

1 -). 2 a.4).. 1 ,_ ->.. -5>.. 

43 
924 See Table 5o 

t--------4-.:J,_'· ----------------------------~ 

Two-sided 2 
231 

7 e e 77 e e + 231 e 

7 7 21 

7 -e e + 77 -e e + "462 e 

Table 4o Power functions; m-n=6o 

-6). 

-6>i. 



Test 

w 

X and, T 

YI 

43 
QlfT 4 92 

rando 
43 

'924 

Power function 

ti-e 

--6A _, . - .. 

7 
1~e e 11 t~e e 9~4 e 

Tabl,e,,ri:~"° Power functions; m=n-6 ~ one sided testingo 

The :folJ.owing table gives some values of the power' f'unctions of 

WILCOXON 9 s~ van der WAERDEN°s and TERRYr,s test~ if we use randomization 

to get the same significance levelo 

OoO 
• 

43 00465 

· 43 
~~ t -

00465 
... ~ 

A 

0 ;) 1 0., 2 Oo4 006 0 () 8 
.. 

00776 0 120 0234 0368 0500 

00783 0122 v235 0365 0495 

Table 60 Some power valueso 
One~sided testing 9 m-n=6o 

{randomization is used) 
• 

• 

1 (J 0 'l1 ~ ,, v / 2o0 2o5 

0618 0825 ~927 o97~ 
+ 

0 6 '1! 0 0 817· 0922 0969 • 

• 
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If we fix the significance level at eogo Oo05 (two-sided) we get 

different power functions because of the discrete character of the 

distribution functions of the test statistics~ 

2 

5 . -A 5 - 2 1-e e + 21 1-e e + 
t 

5 -5A 
+ 2G 1-e e + ·126 1-e e + 126 e o 

• 0 

Some n1.1mer1cal values may be found in the next table 0 

~i•Ji,;' ·2 
' ' ... 

XtT ' 12 

A 

OaO Oo1 Oo2 Oo4 Oo6 Oo8 1o0 1 0 5 

00317 00357 00475 00926 0160 0242 0329 0536 

00397 00446 00588 0110 0182 0264 0349 0548 

Table 7~ Some power values by two~sided 
testing with fixed significance level of B05o 

bo Homogeneous distribution 

2o0 
.. 

0696 

0702 

2o5 

0808 

0810 

The power functions are given as functions of A, the shift para

meter (O·< A< 1) 

Cl --

One-sided 1 
0 

100 .. 
1 1 + 3 A+ 3 A2 + A3 3 /\5 1 

-- 4 -20 20 10 4 10 . 20 
• 

• 

Two-sided 1 
0 

100 
' 

1 
0 

20 

Table 80 Power functions; m=n=3o 

• 

•• 
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,,;a -~ .,._...,,,..., _ __,_,.,, ~- -- -· 

-

0 (>.;o.) --
' J.. 

One-sided 
1 

0 
100 

- . -,-·---•-- " ,. . 

1 1 8 4 2 8)\3_ 8). 5 4 >-6 _ 8 "7 34 8 
+ l 

35 35 5 5 - 5 35 ~ 

Two-sided 
1 ' ' 

0 
100 

1 , 8A5 8 7 + - -35 35 5 5 

Table 9. Power functions; m=n=4. 

a --
' .. 
I 1 1 5 A+ 5 ).2+ ' - ,ne-s ided i 126 + 21 3 3 21 14 ..,,3 '12"6 1 -3 ,. I 

' 125 ). 10 
+ ·12b 

ii, 

i , 1 + 10).+ 25).2+ 
21 -_ - 7 A +I 21 21 1½' 7 3 21 

' 

' 260 9 5 ).10 
+ 21A - 1 

l 
a-sided 

1 1 5 A2+ _ 20A7 5 ).9 • + I .L ,·2b -12 1 3 21 3 i 

2 2 10).2 80).7 + + + o3 - [3 -o3 7 21 3 

Table 10. Power functions; m=n=5. 
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-a -

1 1 1 1 2 5 :X3+ 15A8 
+ · A+ A+ .One-sided 2~ 7 132 132 ·11 2 3 

+ 2 - 77 

43 See Table 12 '924 
2 2 

2·1 + Two-sided 23'! 231 7. 7 7 7 77 

Test 

vl 

'' 

'' 

• 

19 
4"6'2 462 7 7 7 7 7 2 

5 A 12 
2 1 + 7 77 7 

Table 110 Power functions; m=n=6o 

a Power function 

43 
92 924 77 1 21 2c 7 _,.... 7 ~a 

21 + 14 - 77 + 924 

48 
92 

rand 
43 

92"+ 

1 

4 
77 

~ 7 7 77 + 15~ 
' 

7 7 77 + 154 
I 

Table 120 Power functions; m=n=6. one-sided testingo 

.. 
5A9+ 
3 

51 A 12 
7 
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The f'ollowing table gives some values of the power functions o·:r 

WILCOXON's, van der WAERDEN's and TERRY's test ii~ we use randomization 

to get the same level of significanceo 

oOO 
• .. 

43 .0465 

- -· .4 3 00465 
- • 

Table 13. 

·1 co•-• za ... , . _._.._,, 711 

040 ' 005 0 10 o 15 !' G> 20 030 ' o5 ' 

. .. .. . . . ,111,..~--. 7W' • 

' 

.0779 .123 0 183 0258 0442 0 641" 081 

00796 .127 0190 0269 e46o 0662 08 
I 

lnrrsn•= 1 $SP? 15\:e- •• ' • IA - -•-• · - ,,,,._,,., ••--G'l"AG .... _ _,_,,, ♦ W 141""-1-

Some power valueso One-sided 

(randomization is used) 

.. 
testingo 

If we fix the significance level at eogo Oo05(two~sided)we get different 

power functions because of the discrete character of the distribution 

functions of the test statistics: 

, , 
- 5 
- 12b 

0 

Some nt1n1erical values may be :found in the next table o 

A 
-- tH::emn r r : r~· 

oOO .05 0 10 0 15 020 030 040 050 060 070 
.. - ■ err 

3 
.0317 00353 00465 00660 00949 o 186 0323 0498 0686 0850 

• •• 

.0397 00442 c0580 Q0818 0117 0221 0370 0550 0730 0877 

Table 14ci .. " 0 Some power values by two-sided testing with 

fixed significance level of o05o 
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