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bxact power of some rank test

1. Summary
The objects of this i1nvestigation are:

1. To derive the exact power functions of WILCOXON's, van der

WAERDEN's and TERRY's two-sample tests for small sample values
agalnst parametric shift alternatives of exponential and
rectangular populations.

2. To compare the power functions of these tests.

This 1s done for sample sizes of m=n=3,4,5,6 and various significance

levels.

2. Introduction and literature

Assume there are given two independent random samples

1)

X X o0 o 6 X and 6000 o
—_—1? P2 3 m -24’*12 3° ’~Xn

from two populations with continuous cumulative distribution functions
F(x) = Plx < x| and G(y) = Ply < y] respectively. We wish to test the
null-hypothesis:

H : F(x) G(x) (1)

O

(i

against the alternative hypothesis:

H F(x) # G(x). (2)

For this two-sample problem various distribution-free tests are

proposed. In this paper we shall consider three of these; namely:

1. Two-sample test of WILCOXON (MANN-WHITNEY)
2, " " " yan der WAERDEN (X~test)
3. " " " TERRY (FISHER-YATES, HOEFFDING)

1) Random variables will be distinguished from numbers (e.g. from

values they assume in an experiment) by underlining their symbols.



we shall only be interested in the power of each of these three tests.
Tor shifted IFxronential and Rectangular alternatives we shall evaluatle

thelir power functions:

‘ X{A;a} and BT(A;Q} (3

respectively, with shift A and significance level a, for small sample
(m=n=3,4,5 and 6).

In SAVAGE [18] it is indicated that for the two-sa

nple problen

with such alternatives as slippage, there do not exist optimum non-

6] has studied the locally best rank order

parametric tests. DWADSES

5"

statistic for testing H :8=0 against H_:6"close’ to zero, 1f the samples

are drawn from papuﬁ_atizns with densit;’ functions f1(x,8) and fgfyge}
(if 6=0 both density functions are identical). Under certalin regularity
conditions 1t 1s possible to determine the large sample power.

Different investigaticns of the efficiencies and the powers of the
three tests, mentioned above, and comparisons with STUDENT's two-sample
test have already been made. To get a rough idea of the relative powers
we shall give a brief survey of the literature on this subject. We are
mainly interested in the powers for small samples, so our references,
especially those to asymptotic results, will be far from complete.

PITMAN has proved in [17] that the PITMAN asymptotic relative
efficiency of WILCOXOll's test against STUDENT's test for the shifted
Normal distribution 1s equal to 3 » In D 0] , HODGES and LEHMAT

m
proved that for all distributions the efficiency 1s greater than or

equal to 0.864 for shift alternatives. Regarding the power efficiencies
of WILCOXON's test for discrete populations relative to the most power-
ful tests available for such distributions there 1s the article of
CHANDA E:ﬂ . In [334} s WITTING derived a generalized PITMAN efficiency
(correction terms for finite sample sizes) for the WILCOXON test
relative to the Standard llormal and t-test for nearby alternatives.

Efficiency values are given in the case of Normal and Rectangular

distributions for various sample sizes.

Van der VAART @h} found in 1950 that under STUDENT's conditions

for one- and two-sided testing withm + n <5 andm + n < 6,



respectively, the difference in power of WILCOXON's and STUDENT's tests
is rather small in the neighbourhocd of the null-hypothesis and an in-
dication that for large sample sizes the difference 1s not great either:
for two-sided testing he shows that Ba(o)/agt(o) ~ %3 where B'S't 1s the
second derivative of the power function of STUDENT's test., In 1951 wvan
DANTZIG [3] obtained a lower bound for the power of WILCOXON's test
against alternatives of the form P[5_>1z1> or <3, Using PITMAN's formula
for the variance of a distribution - free test of two-samples, due to
WILCOXON, SUNDRUM [QQ] determined the power of the test against Normal
and Rectangular shift alternatives for large samples and compared this
test with certain distributional testso

Numerical calculations with regard to the power of WILCOXON's test
for Normal alternatives and for m=n=3,4,5 and signifilcance levels-%--a-9
%g-yeég- were made by DIXON [ﬂ] in 195L,

Experimental comparisons between STUDENT’s and WILCOXON's tests are
made by DIXON and TEICHROEW [5] (see also [21]) and HEMELRIJK [9]. They
investigated for m=n=10 the powers of both tests for Normal alternatives.
The results in [5| also cover other distribution - free tests and dif-
ferent sample sizes, HEMELRIJK made similar investigations for the Ex-
ponential‘disfribution; The alternative hypotheses were not chosen 1in the
form of shift butiof‘multiplication factors (G(x) = FQ§0)¢

THOMPSON [23] has constructed 90% confidence limits of the power of
the WILCOXON test for normall shift alternatives with the ai1d of MONTE
CARLO methods. This 1is done }or m=n=5 and 10 and rejection limits 35.5
and 127.5 respectively,

In 1953 LEHMANN [%2] has proposed to use the so-called LEHMANN alter-

Fk(x)a In {ﬁ2] one can find some numerical

i

natives of the form G(x)
results for the power of WILCOXON's test for equal sample sizes of 4 and 6
and significance level 0.1 (k=2 and 3) . EISENBERG [7] has computed exact
power values of WILCOXON's test against LEHMANN's alternatives (k=2 ;000 94)
for sample sizes 2 <m < n < 10 and several significance levels,

The tests of van der WAERDEN and TERRY are under STUDENT's condiltions
asymptotically equivalent to the test of STUDENT.



Some numerical calculations concerning van der WAERDEN's test are
made by van der WAERDEN L?é] for m=n=3 and a Normal alternative. For m==2
and n+~ he makes a comparison between STUDENT's and van der WAERDEN's
tests for a shified Normal population. Van der WAERDEN E??E and E}@ﬂ

-
§
i

1nvestigated the powers of WILCOXON's and van der WAERDEN's tests when TWO
samples with sizes 4 and 6 are drawn from populations with Rectangular
distribution functions with ranges (0,%) and (0,i+u) respectively (1u>0).
The pcwers of both tests tend to ! 1f u tends to infinity.He proved that
the power of STUDENT's test does not tend to 1 if u tends *to infinity,

In a seperate paper E?Q} he gives an example where the power of STUDENT's
test can be made small, whereas the power of wvan der WAERDEN's +est does
not change.

Noether Eﬁé} has given some examples where van der WAERDEN's and TER-
RY's tests do not always lead to the same decision. However, when HO 1s
true, he proved that the correlation-~coefficient between the two test
statistics tends to ' as m+n increases, and the two tests are equivalent.
The asymptotic equivalence of van der WAERDEN’s and TERRY's tests was
established for a wide class of cases by CHERNOFF and SAVAGE igluThey proved
that the test for translation based on TERRY's statistic is at least as
efficient as the t-test, and PITMAN's efficiency is 1 only if the underlying
distribution is Normal.

In 1963 JEAN D. GIBBONS [E] investigated the powers of WILCOXON's and
TERRY's test for sample sizes m,n<6 and alternatives of the form: F(x) =
=1_(!mH(x))k and G{x}=H(x)k (k=2,3,4) where H(x) is a continuous.but
arbitrary ,distribution function,and significance levels 0.017,0.05 and 0. 10,

She also gives some numerical results against Normal alternatives differing

only in location.

T

HODGES and LEHMANN |11] give the PITMAN efficiencies of WILCOXON's
test against the Normal Scores test (The two asymptotically egquivalent

versions of this test are van der WAERDEN's and TERRY's test) for various
underlying distributions against shift alternatives.In particular they found
for the Exponential and Rectangular distributions that the efficiency 1s zero.
They stated that for bell-shaped densities the efficiency of WILCOXON's test
relative to the Normal Scores test seems to increase as the tails of the under-

lying distribution grow heavier.This result was made precise by a theorem due
to van ZWET [:35} o



3. Determination of the power in general

Letxfigiéegomaglﬁm and‘zqsilegoegg Y. be two independent random

samples from populations with continuous cumulative distribution

functions F(x) = P|x < i] and G(y) P [; < xﬁ respectively. Null and

alternative hypotheses will be of the form:

H 3 F(x) = G(x) and H, F(x) = G(x=A) (4)

respectively, where X 1s the shift of the distribution function of x.
Let 3-{-*[1] denote the 1 th order statistic of the x=sample and l[:jﬂl

be the j th order statistic of the y-sample (1=1,2,000,m3 J=142500040)

Furthermore let z = (zth Z ) denote the order statistics of

— —13=22"" " *—m+n
the combined sample quiﬁe,ooogzn)o We define the random vector

t = (&

— =1 P

tegaaoi£m+n) where

{O if’zi belongs to the x-sample
L R A

“ ¥y 'R |
1 1t zi N

Under the null-hypothesis every value of the vector t 1s equally

likely, under the alternative hypothesis they are not.

In order to compute the power functions of the tests of WILCCXON,
van der WAERDEN and TERRY for shift alternatives, one has to compute

the probabilities under H. of orderings z lying 1n the critical

1
regions of each test. It 1s therefore sufficient to compute i1integrals

of the form:

- 50000 A ;
Mo Ilo f f j iﬁ‘l d- H(Zis ti) (5)
- m(z’i(zze{oaeac}(z’m-'.ﬁw
where
PTzi) 1f t. = i
H(z, t.) = (6)
G(z.) if t. =0



The sums of the probabilities under H,i of those orderings which

lie 1n each test's rejection region are the power functions of the three

tests., If the underlying distribution function is exponential or homo-

geneous, 1t 1s possible to evaluate the integrals of form (5) and hence,

also the power functions.

Let
Flx) = 1 - ey cx <o (0 <A <) (7)
= 0 X < A
and G(y) = 1 = e v 0 <y < e (8)
= Q y < O

If x 1s a exponentially distributed random variable then we know

that

P[g < x + c[ X > Q] = Plx < xj (9)

where ¢ 1s a positive constant. Hence it is easy to see that we can

draw the following conclusion:

1 9}“293 0 © g;tﬂl'i'n) with tj:tema o c}xtkmm

and tk+1:! have equal probabilities (m > 13 k=091,aaggnﬁﬁ)o

Conclusion 1 Random vectors t = (¢

. m+n
Mo e f j@%ﬂf Il dH{z.; t.) =
i=1 ool
mm<z‘§¢:z2 < 0 e Q(zm-}-n(m
kK m+n
mind [ jeosf Rl dG(yr{])dF(x[ﬁq) I dH(z.3t.) =
1= ' « j:k+2 J J



m Il
k -(Z X+ L.y .2 ) m n
0 44 ¢ (mm% )A fﬁ;aa H dG( T oo )dF( ) 2 g‘l‘ﬂ k+‘g ‘J‘j I d. 11 d
MoNles€ dJ f 5-:? } [;l] X[‘z] < 2 xEljk.}."i y[J]

441
~(Exrt ok v

(i:29399 o @ gmg j:k+1 9 k+2s°° a an)s S0 the Order Of the XB'] S #nd y['J]

The form e 1s a symmetric function of x i] and y j]

in the seqguence z <o ooy does not matter, which proves the

<
k+2 zk+3 m+n
assertion. It is clear that this conclusion gives a substantial reduction

of the computations,

b. Homcgeneousdistribution

Let
F(x) =0 X < A (0 < x < 1) (10)
= X = A A< x <A+ 1
= 1 A+ 1 < x
and G(y) = O y <O (11)
=y O <y <1
= 1 1 < vy

From the fact that the density functions are constants,; 1t 1s easy to

see that we can draw the following two conclusions:

Conclusion 2 Random vectors
and tk+qm19 . ‘
tmﬂ-nml=O and t’n'1+r1---l+‘i:Jcmp-i-r:v-«-ZL+2mm;”“""”‘:’:Jtz:n..-é-nﬂ‘!
have equal probabilities

(km‘ogﬁggoaagnﬂzg lmos‘sgaaoamm2)¢

a...... (t,! ,“2500 > "'ﬂl""‘n) Wlth t,!“tg eaa*‘tk O

Proof P[x=t] =

g i?j f mrn ( )
Molls ceo J§ di{z.:t.) =
Jeeo I 3t
w0 7 L7 <« o007 < QO

1 C m+n

Mo najfﬁﬂﬁfﬁ dx[l] dyEJJ

G



where the domain of integration G 1s defined by:

- - 5 QY o = €Y o s “0 00y L&Y~y <X <oo o< <A+
CEA0<y Py =7 Y 3 X T P2 Pmrna -1 Y 0] M me141] *[m] M

The integrand 1s 1, so the order of the x[ij“s and y[i]gs (1=2,3,000 gm=13

<nos<Z does not

j=k+1, k+2,..0.,n=1) 1in the sequence Ze 402143 el =1

matter, which proves the assertion.

For reasons of symmetry the next conclusion 1s clear.

Conclusion 3 If two random vectors t. = Qgiﬁziggaaost ) (1=1,2) are

-1 —1 ,m+n
known to satisfys

ti? = ti2 = s00 = T

ti9m+nms(i)

;o = and t©. 7 = 1

i%rxl) 191"\1)"“5

T . =,00=1%. =

=0 and t. “ =
1 1 ,m+n-s(1i)+2 i ,m+n

9m+nms(i}+?2
where r(1)=s(2)=k and r(2)=s{1)=1, then they are equally
likely.,

(If m=n: RK=0,7 4000 oM=2 3 1=O$1390;9n~2

" m>n: k=0,150009n=13 1=0,1,000yn=2

" m<ng kmOQ‘EBGUQ%mmg; l=093§0309mﬂv1)5

5. Results

We have determined the power functions for one and two sided testing
with exact significance levels a in the neigbourhood of 0,01 and 0,05
and sample sizes of m=n=3,4.5 and 6., It turned out that only for m=n=6
in the case of one=-sided testing with significance level in the
neighbourhood of 0.05 the power function of WILCOXON differs from that
of van der WAERDEN and TERRY, whose power functions are the same 1n
this case too. To make a comparison between the tests possible we
determined the power functiocn of WILCOXON at exact significance level

of « =t§%%- & 0,0L65) and the power function of van der WAERDEN

(and TERRY) at exact significance levels of «o =“§%§’ (% 0,0L55) and
of a “'E%%‘ ® 0,0519), while randomization was used to get the same
significance level as for WILCOXON's test., Sometimes we denote the

tests of WILCOXON, van der WAERDEN and TERRY by W, X and T respectively,



The common power function of van der WAERDEN's and TERRY's test are

denoted by SXQTQ

a. Exponential distribution

el - AT P

The power functilions are given as functions of A, the shift para-

meter. (0 < A < «)

One~sided

=3 A
e
Twousided‘ 0
O
Table 1. Power functions; m=n=3,
% — - —
BW“,Q) BX&”TLAN!
. One-=sided 1 0
100
| i ; T - N N
’ t%{WWe K)Be k+ig{ﬁme A)Qe cA+=%§{1me )e 3
iy 1 emhx
L 35
Two-si1ided
PN TR T =Ay 3 =A 2 =12 =2) L —A, =3A
ol | o - e +
-S-S(,e 1~e +5(’zle ) e +35( e e
+*im-emhx
35

Tabie 2., Power functionsj; m=n=4 |



Two-=s1ded

One-sided

Two-sided

1
126

Z e 5T e "+ 5-8'(1”6 +
e e
L (1=e"M)54 _%(1_ “Ayho-a, %(_19_(1 -—13.2A, -,-";_(1%“")28'3’4
. %—%(we")‘)e“h"# %_eusx
Table 3. Power functions; m=n=5 .
. 8(; = B,T(;) ‘
(1~e“A)6+~§%(1we"A)5e"l+-%%{1uewk)ue“2k+-%(1~euk‘3e”3k+
+-%{1wemx)2e“h*+-%T(lmemk)emsx+-T%5;eT6A

See Table 5,

T [ 21
+-${1menk)2e“hl+c%7(1memk)emsk+i§§7-e"6k
(1,,6“7")64. -3%(1~.e”*)5e”*+ 54:5(-(1_e“)‘)1‘e“2)‘+ -8--?-(1-6“)\)3 =32,
+*${7~EMA 26“"“1]'}t '%%(1~eml)e”SA+.%%§.e“6l

Table 4., Power functions; m=n=6.



Test

fPower functién
W T (?me“l)6*6( ewR)5 ~Ay -éég(iweml) emgk 2%{* - K)3em3l+
3T¢+_o=M2=bA, b1, =xy _=5x, 43 -6a
L rae e gl e g
X and T i (?memx)6+6(?mewk)5emk+ﬂléé(ﬁme R)uem2k+=2%flmemk)3em3k+
37(1“_‘6“}\}29”& A .1-;:?{.5“ A}E%S?\+ %’5 emék
., '. A6 X5 -x, 285 =M L -2X 55,. —A,3 -3A
(’}lme ) (‘3“‘8 ) """“"‘8'( S +*=-=-'-;:f-( | = ) e +
N -;d%(‘ﬁme“k)ze“m %(he”:‘)e”ﬂ»{- %’? eméz
'R
(1-e7M)E46(1-e™) e 2B (1e e BN 323N
. j%( @me”’)‘)ge”m‘-}- %__ zjme“;‘}ems}w gg -6}

Table.p. Power functions; m=n=6, one sided testing.

The following table gives some values of the power functions of
WILCOXON's, van der WAERDEN's and TERRY's test, if we use randomization

to get the same significance level.

Table 6. Some power values.
One=gsided testing, m=n=6,
(randomization is used)
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L

If we fix the significance level at e.g. 0,05 (two-sided) we get
different power functions because of the discrete character of the

distribution functions of the test statistics:

_ -
BW(AaGOS) - 8w<}‘s ‘gﬁ'é')a

a - S5 V(4. a=A5, 5.4 =Xk =A 50 ~Ay3 =2
BXaT(l,a05) = BXQTCK,“TEEJ*(ﬂme )7+ 5(1-e ) e T+ 5(1-e )"e T+
25, =A\2 =3X. 25,. Ay =i, 5 _52
*agli-e e T qpgli-e e e q5p e T

Some numerical values may be found in the next table,

329 [.536|.696 | .808

o242

;' 026}4 |

Table 7. Some power values by two=sided
testing with fixed significance level of .05,

b. Homogeneous distribution

The power functions are given as functions of A, the shift para-

meter (0-< A < 1)

. 1
One-=sided 'TBE-O

o4 3 3_,5_21_,6
50 204-,20)\4"{:)\ + A m'H')\ o A s A

Table 8. Power functions: m=n=3.
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2 20.3 S.4 5 ) 6 10007 295 8

=
]

+""""';.?"}\ “§A“102 ~T0X + ﬂm,k m““?“"A +
260 9 5 10
e maR
5b_ 207 _ 59
21 €3
h 5 80,7
+ SA7 - 6A - 5T

Table 10. Power functions; m=n=5,



5 7T 15,8 5,9
T ST SEA = AT=0) -6th—=5- A7
05.10 3967. 11, 1 T.12
-+ m?l - ""“‘“""""‘"7 X + "9""2 Il A

b2, 30k 125 _ 6 487 409 916,11 51,12
- -7

Two-si1ded 3 — ﬂ;-r-). + m;(-)x - m,?k + 2X) - “-f:.?)\ 5 7
18,2 10,3, 90,k 156 6 228,7, 255,8_
“7/\w = + = _m7)\+2k------7 +...._..........2
_2980,9, LkL.10_ 654,11 5 12
A e T

Table 11. Power functions; m=n=6.

'« | Power function ” -

_ , 39,, 31,2, 853 754 1745 ..,6 6.7 2%5.8
, +77}\+-_B~H-)\+m§f!-)\-§=8-)\mwfmk+21)\-7)\+-z'8'—)\-

3725,9, 2139,10_ 4531 11 7771,12

R O S -

1065 .8

40 . 16 2 30.3 L5 1 S JRPRN S

7224— 7)\ + MT}\ o 'TIIA - 24 2\7+10X7+2L A + T‘)\ -
1640,9, 1594 .10 7610,11, 2527.12

— A~ + = A 7 A ;+ 1. A . -
46,,19.2 303 754 2045, 6 972 7 1380.8
7?)\*’ 7)\+M..?-K~»Tgmf7)\+hl+m7l- 7}\"'

450,9, 397,10 385k ,11 1723 ,12

T - 55"

" I‘and o

L3 | 43 L1 = 33,2
ER En s A Sl SR e

_ 3875,9, 2789,10 698l 11, 2393.12

30,3

% T A

T 155

lable 12. Power functions; m=n=6, one-sided testing.
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The following table gives some values of the power functions of
WILCOXON's, van der WAERDEN's and TERRY's test , if we use randomization

to get the same level of significance.

Table 13. Some power values. One=sided testing.

(randomization is used)

If we fix the significance level at e.g. 0.05(two-sided)we get different

power functions because of the discrete character of the distribution
functions of the test statistics:

2
B (A3 .05) = BWU; 'g““)

- L 5 _ 100,7
XT(A,QOS) BX T(l '-Zg) m—g '-T' +5A - 817 - 219\ +

25.8 340.9 1 10
+--=--= WT)\m@g)\

Some numericsl values may be found in the next table,

O aTO

686 850

Table 14. Some power values by two=sided testing with

fixed significance level of .05,
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