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A NOTE ON UNDISCOUNTED DYNAT'lfIC PROGRA1'1Mll'l'G 1 

•l 

I~--i ....-\~JfOK :\I.·\I'l'l{.~-

1. Introduction. \\· .. (\ <·C)11si,lc:1· 4t sv~t{·111 ,,·it.11 ~1 fir1itc 11t1111llcr <>f ~t~1tc~ 
• 

1, :2, · · · , ... ). ()11c~c :l.. (l .. 1y, \V(~ <)l):-;(~1·v(~ t l1c <~t11·1•t)11t stttte s of the systen1 ar1ci ('.!loose~ 
:i11 ,lc:t i<>I1 a f1·0111 :t11 ~1.1·t)it,r~t1·_y,. :-:;c•t . .11 <)f ttctio11s . ..t\.s ,1, 1·e~ult, t\1v·r> thir1gs l1tt[)J)<•r1: 

(:l.) \\'C 1·t•<·c~ive (i11 i111111<~cli:Lte i11co111e •2:(s, a), :.1ncl (2) 1,l1c syst.c~111 moves to a ne,\· 
st.~t te s' \\·ith J)1·ob~1bili ty q ( s' j s, a). Assun1e t l1at the inco111es t11·e bot1nded, tl1~1t 
is, t.l1e1·(\ c.!xists r1 J)ositi,,e 11un1bc1· ;.11 sttch tl1,tt. ji(s, a) i < .1.11, s l, 2, · · · , S, 
a t.· _,1. '"l'l1t~ J)1·ol)lcn1 is to r11~txi111isc t.l1e ,1ve1·,1gc~ 1·ttte of ir1co111e ( tc) be defirlecl 
belo,v). • 

Denote by .F.., tl1e set, of all i~u11ctior1~ f 011 ~) ir1to .. ~1 .• .\ polz:cy 1r = lf1 , f2 , · · ·} 
is ~1, seqt1cr1(·c of f'unctio11s f n £ Ji.,_ ,..l"r1tts, to use i.1olicy 1r is to cl1oose the actio11 
fn(s) 011 tl1(~ ·1it}1 cl:.ty, if t,l·1e sy8t,c111 is ir1 st,1te s 011 tl1t1t d~t)1 • \Ve shall call a f)Olicy 
Tr = {J,.} statz~n,ia,·11 if J,, J, 1i = l, 2, · · · , arid <lc11otc it, by f<~>. . 

\Vitl1 et1,c!l1 f ,· fa..,, a,:3so<·i,1te ( 1) the S X 1 vector ,·(f), \Vrl08e stl1 coo1·di1·1ttte is 
i( s, j( s)) ,1.11cl ( 2) t,he ;..') X S stocJ1astic 111:1,t1·ix Q(j), ,vl10:-,e ( s, s') element is 
q( s' j s, f( s)). Hc11(~e, if we 11se the })Olicy 7r {f n}, the ri-step trt1.r1~ition matrix 
of the syste111 is Qn ( 7r) = I:-1 Q (Jk). In J)articular, if our policy is stationary, 
the systen1 beco1nes a disc1"ete t.i1ne-1)aramet.er :\1Iarl~ov chain \vitl1 stationary 
transitior1 probabilities. 

Give11 a policy 11, let us denote by }V n ( 1r) the S X 1 vector of incomes on the 
• 

nt,11 .d,1,y, \\7}1en the policy 1r is used. Set • 

x(-n-) 

\V}1enever tl10 li111it exists. Black,vell [1] has sho,vn that the limit exists whenever 
r is a stationary J)olicy. In the case of a statio11ary policy, x(Jtoo)) is the vector 
of average rat.es of income, ,vl1en the l)Olicy 1<00

) is used. 
\Ve shall say that a policy fo Coo> is optimal a111ong stationary policies if x (Jo (oo)) > 

x (j<00
)) for all f £ F ( f 01· any t,,,.o S X 1 vectors w1 and w2 , ,ve shall write w1 > W2 

if every coordi11ate of w1 is at least as large as the cor1·esponding coordinate of 
w2, a11d w1 > w2 if w1 > w2 and w1 ~ w2). 

Black,vell (lJ sho\ved that, if A is finite, the1"e exists an 01Jtimal policy among 
stationa1 .. y policies. \Vhen ... 4 is not finite, the1·e may 11ot exist an optimal policy. 
Consider, for inst.a11ce, a systen1 ,vith a single state and .4. = { 1, 2, • • •}. Choice 
of actio11 ·z~ b1·ings a11 inc'.0111c of 1 - 1/i dollars. It is cle:.ir that there is no op
ti111~11 st,:.1 tion~1·)-'' µolic~y. 

Tl1e 11111·1)osc of t,l1is 11otc is to f)1·ovc: 

rl"HEOI{}~:\I. Let A be a1·bit1·a1·y. G2:i1en € > 0, tlie1·e e:cists a stationary policy f. (oo) 
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::;ltt·I, tltlli :1..:(J'~ (cc)) > SUJ)J,r• x(j(oo)) 
01·<! i,i.citcs ·ittl 1:ty. 

I . tl (.• X 1 1.1ec/r)·1• 'Wit}i all ('.0-Ee, ·w l(;1·e e is ,ie "J 1, 

2. Proof of theorem. \'\re int1·oduce r1 disc;ot111t f~1ctor {J, O < f3 < I, so tl1at the 
v~1l11e of t1nit ir1con1e n days in the f utu1·c is 13n. l~l:1<·1~,v·ell [1] l1t1s sho,,,11 that the 
tot:.1.l CXJ)cctcd clisc-.ounted retu1·n f1·on1 a. l)Olic~y J<~> is givcr1 by tl1c S X 1 vector 

V,e(f(~)) = .___,;-o /3n[Q(J) ]nr(f) 

• 

\'\7ith e!.1ch f c F and each {3, 0 < °f3 < 1, let us associate the trar1sfo1,n1ation 
L~(j) ,vhich n1aps the S X 1 vector w into Lp(f)w = r(J) + f3Q(f)w. \Ve 11ote 
that IJp(f) is 111011otone, that is, w1 > w2 in1plies L 13 (j)w1 > L 13 (J)w2 . Note that 
T1p(f(r;t:;)) is tl1e fL"<ed point of Lp(f). 

Ir1 order to prove our theorem, we need a len1ma. 
LE:I\fMA. Let f 1 , f2 , • · • , fk E F (k > 2). Then there exists h ~ F such that 

V,B(h(co)) > V13(fi(oo)), i 1, 2, • • • , k 

for all {3 > so·,,ie /3o • -
PriooF. It suffices to prove the lemma for k = 2. The proof for general k then 

JJroceeds by induction. 
Denote by u11 the sth coordinate of the S X 1 vector· u. 
Consider lTp(f1<co)), and V13 (f2cco))s. Either Vp(f1'

00))a > Vp(f2<«:>))a for all /3 > 
son1.e /3

1 

or Vp(f1<0Q>)s < V~(f2c 00
')" for a sequence of (3's tending to 1. But fo1· each 

sand each f, V13(j<t:l".l) ). is a rational function of /3, as the representation Vt1(fc 00
') 

[I - f3Q(f)]-1r(f) shows. Consequently, either Vp(f1' 00
)). > Vp(f2<d;;>)a for all 

/3 > son1e /3
11 

or V p (f1 c~,). < V p(f2 too)). for all ~ > some fJ 1
'. Thus, for each s, 

there e..xists a /3. < 1 such that either l1p(f1'00
)). > 1'p(f,.c~)). for all /3 > f3a or ... 

V p(f 1 (oo)) .t < V fJ (!2 (eK:J)) s for all /3 > f3s . 

Let /Jo. max1~s~s/3s. For each f3 >/So, define u(f3)a = max (Vf3(f1<«>))a, 
V~(f2<=>)a). \Ve now define he Fas follows: 

h(s) = f1(s) if Vp(f1C«J))s > Vp(f2(«>)). for all /3 ~ /3o 

f2(s) if Vp(f1< 00>). < V13(f2<«>>). for all f) > f3o, l < s < S. 

Set u(/3) = (u(/3)1, u([,)2, · · • , u(f3)s). It is easy to check that LtJ(h)u(/3) > 
u(/3) for all {3 > f3o. Denoting by Le<n)(h) the nth it.erate of LtJ(h), ,ve see that 
Lp~N>(h)u(/3) > u(/3) for N = I, 2, · • • and all /3 > f3o. For fixed {3 > /30 , let 
N.,· -> oo. We get: V~(h(ClO)) ~ u(/3) for all /3 > f3o. This con1i,letes the proof of 
the lemn1.a. 

PROOF OF THEORE&f. Set x,* = SUPfcF (x(f(oo) ),) and x* (x1 *, x2*, • • • , Xs *) .. 
Let e > 0. For each.s, chooseJ.eF such that x(fs<~))s > xa* - E. Hence, for 

.. each s, there exists /3"1 < l such that (1 - {J)Vp(fs<00>), > x.* - E for all {3 > 

• 
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/3s'. Let {3
1 = lll4lX1 ~8 ~.') /3s 1

• Dtlt b}r t,1l(J })l'CCC(~clir1g le111n1"1.., tl-1cr·e exists Ii E F a11cl 
(3 11 < 1 SllC~ll tl1~tt 11.,.t,(li(c.o)) > Vt1(fs (c,:;)) fo1· 1 < s < s a11<l all /3 > (311

• Hence 
(1- {3)11r3(Ji(oo)) > x* - tCfo1·all,B > 111~1.X (/3 1 ,,811

). Let,8··-- ➔ 1. \Vcget:x(}1,(~)) > 
x* - EC. rl"'l1c 1)1·oc)f is co1111)letccl by t.ul~ir1g li = fe . 

111~:\11\. l{I{. I11 [21, I g:.1 vc ~111 exa1111)lc~ of a systc111 \vit11 COl111t~1.bly i11fi11 i t:c state 
s1)acc n,r1cl finite actio11 s1)~1.co .11, \\" l1c1·c t11c1·c exists 110 opti111ul policy a111011g 5ta
tionary l)olicies. It ,voulcl bo of i11t.e1·cst to l{:11ow if tl1e1·e exist E-01)tin1al policies 

' 

in this case. 
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