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S11mrn~rl_o Customers carrying goods of different types arrive at an un-
i ; i I 

loading station, at which the goods are unloaded into transit 

sl1eds (tanks) c The waiting time of tl:1e customers is discussed 

for one, two, or more infinite tankso 

,,, .,. . . .,;, 
Res1.1rneo Des usageurs portant des cargaisons de types dif:ferents, 

arrivent a un debarcadere OU ils debarquent les marchandises 

dans des depots (reservoirs). Le temps d'attente est discute 
. ""' . . . ~ pou:z· un ,deux ou plusieurs reservoirs 1.nf1.n1.s C, 

• 
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1~ The ~eneral model 
L ■-:;,; 1 5 C 

The queueing model to be described presently is not intended as the 

introduction to the formulation of a problem, but rat11er as a framework 

into which a number of simpler problems fit, some of which we will dis

cuss. 

Tl1e ar~i
1
;val ~r.ocess r1as the followine properties: 

~•" •••••"-• -•s 

custoners (ships, trucks, etce) arrive at a single service channel, called 

line, carryine loads (e~g. crude oils, ore) of varying sizes and 
: 

o:f m different types; however, each customer carries one type only; we 

sl1all use the term ''j-customer'' i:f the load is of type j. Tl1e customers 

of the various types arrive independently o~ all others, according to a 

1. The s 
J J J J 

of type j has an arbitrary distribution, which only depends on the type j: 

P s. < s = D. ( s) o 

J J 
( 1 ) 

Tl1e service consists of unloading the goods into one of a nttmber of' 

warehouses or tanks of given capacitieso Type j is unloaded at a rate T. 
J 

(units per units of time), wl1ereas the switch-over times from one unlo~ding 

operation to another are negligibleo There is only one unloading lineo A 

customer leaves the system when the unloading has been completedo 

. - -· -. -· . . - ~ ~ 

timeG When a tank containing type j is emptied, this occurs at a rate w .e 

J 
Only one tank can be emptied at a timee After a tank has been emptied, it 

can be used ~or another type& It is possible to si~ultaneously fill and 

empty a tanke It is also possible to start or to continue emptying a tank, 

before one has completely emptied the previous tank, hence we do not a 

priori exclude the possibility of preemptive res1Jm.e priori ties o 

a consistent distinction between unloading (of customers) 

and emptying (of tanks). 
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Figure 1 gives a schematic representation of the systeme 

"'-rr-i \/4'1..ls 
c"' sio rners + Io ()..c{ ~ 

u." oa.,{ in. · 
s l a. -t i <> n. 

Figure 1 

re\1¥\.o \I~ ls 

Although the situation is a very general one, it is clear that at 

some points q_uite arbitrary restrictions are made (like the ninnber o:f 

unloadine lines being 1)e 

A related model has been considered by GAVER • • 1 , the main difference 

being that his ''orientation times'' do not acc1~11nulate like our ''emptying 

times'' doo 

2o Some • S£ecial cases 
~---- .... .. ·- -· - - - ·~ -. - . .. . 

If the number of tanks is equal to (or even greater than) the number 

m of different types, and if moreover each tank has infinite capacity, 

then the problem is a well-known one, as far as the waiting-times of the 

customers and the queue length are concernedo For, in KENDALL's notation, 

this is the f-1/G/ 1 situation ( exponential interarri val times., general service 

times, one service channel), tl1e service times being the unloading times 

and the one service channel~ of course, the unloading lineo A less well

known problem arises when one gets interested in the process of the amounts 

in tl1e tanks (given a rule for emptying tr1em) '1) 

(one 

the 

Specializing :further still, by taking m - 1 in t11e preceding case 

co, one 
. ~ 

in:fini te da.rn (r-10RAN ,_3 , T.....a.~ CS 5 ) provided the rule f'or emptying 

the tank is~ '':Em.pty tl1e tank whenever :possible'' o 



3 

A special case in which the customers do exper·ience 
.. 

the influence 

of the tanks 
.. 

tr1e followine;; 
.. 

infinite 1S there 1S one tank, m > 1 " I 

' 
e 

> for all - In 
Q 

this will detailo 't " We J (J section 3 case be tre·ated in son1e 
J J 

In 
.. 4 and 5 will • sections some results be given for t,-10 or more 

. . ~ ... 
1.nf1.n1 te tanks, wli,1 l.e r .. = 00 for all j ~ 

J 
Before proceeding to t11e special cases, let us mention that t11e 

distributi.on of the duration of the 1-let periods (ioe(! the periods in 

v1hicl1 at least one of the tanks is not empty) , is known wl1en all tanks 

are infiniteo The following relation is given by 

P e < t 1 
= -

A 

t 1 
Pu< x(u) < u + du 

0 u 

where 0 is the length of a wet period, and 

oou + ~ ( ) \), u 

where v(u) has a Poisson distribution with parameter Au 

3o One infinite tank, t~ > w. 
~ J ~ • W ~ K• .,._ •... - - ... ... •· .. ... ... • - - .. .. - .. 

and Ai is the 

the distribution 

In the case of one tank it is natural to assume that the tank is 

emptied whenever it contains a positive quantityo Other strategies are 

possible,, but this one is certainly not worse than any othero 

Things are quite different with the unloading~ Although our consider

ations will be limited to the first-come first-served discipline, it is 

clear that there are other methods, which lead to shorter waiting-timeso 

It would be interesting to know, for example, how the (expected) waiting

time will be influenced if one adopts ''opportunist'' priorities, by which 

we mean that priority is given to customers who carry a load of the type 

in the tank, if the tank is not emptye (If there is more than one customer 

waiting who carries that type, or when the tank is empty, one could apply 

the first,=,come first• ,served discipline againt>) This method 9 of opportunist 

priorities, has the unusual feature that it is not possible to once-and-
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for-all rank the types, ioeo the classes to which the customers belong, 
. .. .. 
in order of priorityo 

Whatever tl1e discipline adopted, a stationarJ,. state can exist only 

when every arriving unit can eventually be taken out of the tank (since 

tQ > wy, this is indeed the bottle-neck); hence a necessary (and presum-
J J 

_ably- sufficient) condition for the existence of a stationary state is: 

(2) 

where 

* -1 
l-l = E p. Ul .. 

j J J 
s .• 
~ 

(3) 

Suppose now that we adopt the first-come first-served disciplineo 

When a customer is admitted to the unloading station, he will still have 
• • • • • to wait till the tank has been emptied, unless it contains goods of the 

.. . . . -- . sa1ne type, in which case the unloading can start 1.mmed1ately e 

Assuming that the process is stationary, we will determine the 

wa~:t:,,ing-tim~ of an arbitrary customero To this end, \ve shall consider, 

beside the ''original process'', a ''modified process'' in which a customer 

never starts unloading before the tank 11.as been emptiedo lJow ~ in the 

modified process we have the fa.milia.r 1-,1/G/ 1 situation, the arrival times 
• 

being the same as in the original process, and the service times being the 

times required to clear the tank from the load of an arbitrary customero 

Hence, the distribution function D(s) of the service times is given by 

D(s) = l: p. 
. J 
J 

D.(w.s)o 
J J 

(4) 

For this process the stationarywaiting-time distribution can be found; its 

Laplace Stieltjes trans~orm u(t) is given by the Pollaczek formula~ 
' 

1 - p 
(t) = -----

1 - t 
1 - p ~ - -- - - - -- _._ . 

# 
1J t 

* where p - Xµ and ( t) is the Laplace Stieltjes transform of D(s) (see 

eogo KENDALL ) ~ 

(5) 
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Consider a customer wl10 is of a type whi.cr1 differs :from the type 
. " -- .. . of his immediate predecessoro For such a customer, not only the arrival 

time, but also the moment at which his service starts in the modified 
• • 0 • • • • 

process coincides with the corresponding moment in the original processe 

Therefore, the first customer of a sequence of consecutive customers 

of the sarne type, has the same waiting-time in the two processeso (We 
• 

might add t.hat the distribution of the waiting-time in the modified process 

is independent of the type, which information must eventually be used in 

the original processe This can be seen by noting that it is not necessary 

to consider the type before the service starts, so that the waiting-time, 

which has been completed by then, cannot possibly depend on the type). 

Now, going back to the original process, consider a customer who is 

the k-th in a sequence of consecutive j-customers~ The probability that 

an arbitrary customer has this property is 1 - p. p., since the event in 
J J . .. . 

question is equivalent to: the customer is of type j, the k-1 preceding 

customers are of type j, and the k-th customer, counting backwards, is of 

a different typev Of course, a stationary state is never reached within 

a sequence; here we are concerned with the transient behaviore Since a 

customer leaves the system after havinglcompleted~the unloading operation, 

his service time has the distribution function 
• 

B.(s) = D.(-r.s) 
J J J 

Let Stieltjes transfor"In of the waiting. time 

of the k-th customer ~n a j-sequenceo Then 

00 tu. 
• k = k a J . : • :J, ' = ~ J • -~ ~-= 

k-1 

. .. 
equation in u~ 

and where · .. (t) is the Laplace Stieltjes 
J 

(Cf~ T -CS 4, P• 55-56)0 

transform of B. ( s) o 

J 

(6) 

(7) 

( 8) 
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" The :function 
• :first we have to solve the equation (8), and then we still only have 

a generating function f'or the required sequence of functionse The 

latter difficulty, however, disappears as we turn our attention to 

~.(t), the Laplace Stieltjes transform of t11e waiting·-tirne w. of an 
J J 

arbitrary j-customero 

In (7) and (8) we replace z by p. 
-1 _ -1 ( ) . . J 

by p . q .. - p .. 1 -p . , t 1·1 us o bt a1. n 1.ng : 
J J J J 

and 
. ., 

and multiply 

q. - tu.fr(A-AU.) 
. ( t) = 
J 

J - - - - -
1-u .. 

J E_J_ (9) 
J A-t-Ap .. (t) 

J J 

where u .. is no-vr 
J 

• • • the root with the smallest absolute value satisfying 
.. . 

the equation in u~ 

Hence, the Laplace Stieltjes transform (t) of the waiting-time w 

of an arbitrary customer is given by 

(t) \ 
L 
• 

J 
u .. 

J 

- tu ...... (A-AU.) 
; J - - . - -·- - - - - .... - ~ - ... .. - .. - _..., - . 

A-t-Ap .i. (.t) 
J J 

____ , ___ .. 
() 

( 10) 

( 11 ) 

By differentiating and substituting t = o, we obtain the following 

:forrnula :for the expected waiting-time of an arbitrary customer: 

,.:r -
~ 

J 

where his the waiting-time in the modified process, 

time (unloading-time) of a j~customerc 

(12) 

and b. • the service 
J 

0 

In the special case T. = 
J 

00 for all j , it foll.ows at once from 

( 10) that u.. = p. ,., while 
J J 

b. = 
J 

0, 11ence 

q. (A-t) (t) - tp.l (Aq.) 
(t) - - --· - ' - .. . ... ""' - . ... .. 

,; 

J J 

( 13) 
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and 

(14) 

So :fa.r si we have not been able to solve the problem of the a.rnounts 
" in the tankv Suppose we consider the runount in the tank at the times 

when a customer leaves the system (in ½he original process)o The 

collection of these times includes all tjmes at which the amount in the 

tank is maximu1no Although this is not the simplest way to obtain results 

on the amounts 9 it is presu.tciably necessary to solve this problem before 

results on the queue lengths can be obtainedo We will just indicate now, 

how the above quantities are related to quantities that play a role in 

the determination of the waiting timeso 

Let the a.ra.ount in the tank on the departure of the k-th customer 
• 

of' a j-sequence be denoted ...,,.,,-i.u., _,, · ............ at the 
U Vt 1 ) 

beginning of the unl,oading 1 = r CIIII 

QI j-k -
j 

= 1) 
W"T,, .S .. 9 J .. J .,, '·J 

a.nd ... 

= w ;> 

·J 

where v" is the tjme by which the unloading of the k-th customer of a 
, , .. , "J k . 

j-sequence can be advanced when going back from the modified process to 

the original process o Omi t,ting the subscript j, we have ,!_1 = 0 a.nd 

where _ k-th 

customer ( of a. j =Sequence) a One can verify that 9 for k .? .. 2, ~ - ~ 

unless 

hence 

• 
~·lb-'_,•~••• .. ,~_, II- ----•-~'•♦•,-"••• ., , .. - at••-~ .... •• - .,_,,..,.._ . ..,,~<ii'•_,_.,,~ 

1 ) 
-

x e.nd l.i are identically distributedo 

(k > 2)o 
'r > 
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4o Two infinite tanks - ..... > ., ..... -· .... • • • •· ·•·· -- ....... -· ••,;~• 

We will now consider the case where the customers can unload into 

one of two infinite tanks I) a.nd the number of different goods is greater 

than twoi with the additional restriction T9 = 00 for all jo Since we 
J 

shall not be interested in the a1nounts in the tanks, it can be assui·ned 

without loss of generality that all w .. are 1 (by adjusting the sizes of 
J 

the loads)c 

As soon as the nu·cnber or tanks is greater than 1 • it is no longer 

obvious how to define a stationary stateo Of course, we will require the 

expected queue~.~length to be ~i.ni te o However, the values of the various para 

meters may be such that a finite expected queue length can only be 
• y 

achieved by allowing the average amount of goods in one of the tanks to 

be infiniteo Since this is not intended, we will require that there exists 
. " . " . . a method of emptying the tanks sue~ that the expected stock size is finite. 

This 
. .. .. ... 

again leads to the condition lµ < 1o 

Another consequence of introducing a second tank is that one has to 

choose a strategy for emptying the tankso We will assume that the loads 

are taken away in order of arrivalo 

We now modify the process to the effect that every customer is ~creed 

to postpone his unloading operation until one ta.nk is entirely empty while 

the other ta.nk contains at most one loado As in the one-tank case, the 

types play no role in the modified processo 

After a customer has joined the queue. the load that he carries will 

be in one o:f the foll.owing sta tea g it waits 1.mtil it can enter a ta.nk ii it 

waits until it is taken out or the tank, or it is being taken out of the 

tank (disregarding the unloading itself which takes no time)o The corres

ponding time intervals will be denoted by h 1 e, so Putting h + e = z, the 
~, - 01, 

~ , 
following relation holds for the total waiting-times of then-th and 

( n+ 1 )-st 1.oads ~ 

!n+1 

where is the intera1~rival time between the n~th and the (n+1)-st 

customerso Hencet the Laplace Stieltjes transform of the stationary 

distribution o~ z is given by: 

( 15) 



(t) 1 

1 1 •111? p 

9 

,~ ~( t) 
0 (16) 

• 

On the other handi when the quantities e are considered as service 
'-n 

timesi we obtain the relation 

-· max(O, h 
-n + e 

To n ) 
l,1111:l 

• r 

where z and at"e independente 
-tl. 

From ( 17) one has 

= l C 

Z (t) ~- t ~ (A) 
n n 

1r1a.x( 0. z ,,, ~ Ir': -- u 
-

where 

and (t) that of Z (z) n n =Pz <zlo 
0llllllfl -· ==· ,fl 

of 

Hence, letting n + 00 , 

(t) - t (A) 
;,,, .. ".,,.~ ........... , .. , ____ ,.. ... ,., .... , 

A == t 

h ...... , ...... ,,.,,, ....... 
0 

iPhi I C RI 

I 

(17) 

(18) 

• 

Ph . 1 <h 1 -n+ 

( 19) 

(20) 

In the model we a.re considering 9 it is not necessa.ry that a. customer 

waits 11ntil there is on1y one load-left in the tank~ some unloading times 

very complicatedo For example, a sequence can contain all types, in sharp 

contrast to the one-tank caseo Moreover~ it is not at al.l clear whether the 

:first .. >Come first-served principles which is in uia.ny cases adopted f'or the 

sake of si~plicity~had not better be dropped in favor of some form of 

(opportunist) prioritieso For the momenti let us concentrate on the 
• 

unloadings that can be advanced without much difficulty, na.mely the ,_1nloadings 

corresponding to a sub~sequence of customers of one typeo We are then back 

in the situation of section 3t and the Laplace Stieltjes transform of the 

waiting=tjme ~ and the expected wa.itingmrstime are given by ( 13) and ( 14) 1 the 
.. : . . •· . -- ' 

.. 
~ ... ,, •·•"'""''' 

sequence is initiated by every customer whose departures in the modified 

and the original process coincideo 
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only difference being, of co11rse • the mea,ning of 

ting ( 19) and (20) into ( 13) and ( 14) • ve obtain 

and of E.ho Substitu-

-(t) • P~ 
J 

1 
w z - -- A 

P~ 

q" 
J 

1 
I -

vhere w is the waiting-time of a.n arbitrary customer for the above

mentioned way of advancing the unloading timeso 

(21) 

(22) 

On comparing (14) and (22), it can be seen at once that with the 

present policy 1 the expected waiting-time is uniformly less than the 

expected vaiting-tj1ne given by ( 14), in accordance with vhat one vould 

intuitively expect0 

56 Three or more infinite_tanks 

When there are k tanks (k > 3)i it is still possible to modify the 

process in a rnanner similar to the modification in section 4, narnely by 

allowing at most k loads in the tankso Hence 1 when a load enters its tank, 

at most k-1 loads are presento Each of these loads has to be removed 

before the load just entered can be removedo Hence, the total waiting-

load can be follows~ 

( 23) 

• takes _ · the n-th cust.orr,~r has to wa.i t for the 

removal of the i-th load present (i • 19 ooo, k-1), where the loads 

present are counted in order of arrival o Of co11rse, when less than k 1 

loads are present just before the load in question enters its . , some 
0 

of thee . are Oo :More generally, define 
• n .i 

(24) 
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Then, by the sa1r1e arglltnent as in section 4, 
' 

ma.x( 0 i 
• 

= 1ne1x( 0, 

-n+ , 1 

where s is the service time of the n-th customer a,nd the inter-n 
arrival time between the n--th and (n+1 )-st customerso 

Taking the Laplace Stieltjes transform of (25) and (26)
9 

and 

letting n ~ ~ 1 one obtains after some factor calculations 

h = 
~ 

k-.. 1 1 
z, - A + A 

an abbreviation for 

k-2 
(k-i-1) . . .... . . 

1 

(25) 

(26) 

(27) 

(28) 

· n z1 - n n >oo I n )'00 a 

-•t ~ h . .. . ~1st e expected wa1t1ng-tJ~me 

of' an arbitrary customer in the modified process when there are k tankse 

at which there are at most k-1 other customers in the system (including 

the customer being served)o 

Here too 9 it is possible to determine the expected waiting-time of 

an arbitrary customer when his unloading is advanced in;the·manner 

mentioned in section 4a Fork··· 3 1 one has 

1 -- z ,,..., ~ 
=-1 A 

m-1 
+ .X - . , - . 1 ( 29) 

For la:r<Oger values of k I complexity of' the fornnJ).a increases rapidlyo 

The convexity on (o,~) o~ the Laplace Stieltjes transform is now 

required to verify that was given by (29) is uniformly smaller than 

the corresponding result for two tanks (cfo (22))o 
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