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1 .. INTRODUCTION 

Jn his recent book 1. Feller introduces the theory of ... 

l 
regularly varying functions, a topic which has been com etely 

disregarded in most, if not all, previous books on probabi.lity, 

By means of this theory a number of probab1.listic theorems 

and their· interconnections can be clarified considerably, 

notably 1.n the general area of stable laws and t:hei.r domains 

of attract1ona The proofs of these theorems usually contain .. 

rather messy arguments t.o show the existence of sequences of 

numbers with certain desi.rable asymptotic properties (See 
• 

e .. g ·. 2 , §35). ·1·he proofs given in 
, 

IJ, though greatly 

simplified by the systematic use J<)f the .theory of regularly 

varying functions, still need the same or similar sequences, 

but, wh€never this need ar1.ses, there is Just a flat statement 

to the effect that one can find a sequence with the required 

proper·ties < .. l , pp .. 271, 304, 425, 545)~ 
• 

• 
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These facts constitute the raison. d'etre of the theorem 

below, which may be known but certainly 1s not well known, 

and whi.ch sett le:s the 1.ndi.cated ex1.stence problems in one 
• 

st. r c,ke . 

2 .. THE lHEOREM 

• 

For easy reference here is the definition of regular 

va ri.a ti.on, 

DEFINITION~ A strictly positive function f on (0,oo) • varies ----· 
regularly (at :infinity) iff f <:tx) -..J x y f (t) as t ➔ oo for 

' 

some finite y (the exponent off) and all x > 0. 

A: If a monotone and strictly positive function f on (O,oo) ----

varies regularly, then f <:x-0) ,-._/ f (x) rv- f(x+O) as x ·~ oo,, 

PROOF: Replacing f by ·1/f if necessary, we may assume that f 

is nondecreasi.ng, Then, for any p > 1 and all x > 0, 

• 

1 < 
f r·x) 

f <:x-0) 

Si.nee f v·aries regularly, 

lim 
X ➔ oo 

f (xp) 

f (x/p) 

< 
f(x+O) 
f(x-0) 

2y 
= p 

' 

< 
f(xp) 
f (.x/p) 

• 

wher-e y is the exponent of f, and the lemma follows, p ~ 1 

being arbi trar·y ·" 

• 
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THEOREM: Let h(x) = f(x)g(x), where f and g are monotone and - . ' 

strictly positive functions on C.0,oo), varying regularly with 

exponents a and B respectively. 

I11en 

( i. :, ' 

h<.oo) = 0 if o.+8 < O; 

(. i ). ' h (. ) f oo = oo i . a+ B > o. 

l!I< 

Moreover, if {o } is any nondecreasing sequenc.e with o -+ 00 

-------~- n --------------------- n 

as n 

( . .,•) 
11. 

·+ 00 

' 
then 

if h( 00) = 0, there exi.sts a nondecreasing· sequence --------------------·-----
such that a ➔ oo and 

n 

as n 

o h (a x) 
n n 

a+S 
➔ x for all x > 0 

{a } 
n 

l 11) ' j f h <: oo) =<X>, there exists a nondecreasing sequence {a } 
n 

such that a ➔ 00 and o- 1h(a x) ➔ xa+B for all x > O 
n -- n n 

as n 00 a 

PR.OOF ~ Since (:i)' and (ii)' follow from (i) and {ii) applied 

to 1/h, it suffices to piove (i) and (ii). 

Let a+S < 0 and p > lo Then 

<: :1 ) 

and hence 

2) C. 

• 

lim 
n ·-i'- oo 

as n ➔ 00 

If f and g are both noni.ncreasing, so is h, and (i) follows. 

f and g cannot be both nondecreasing, since then h too would 

be nondecr·easing in violation of (1~) o The only remaining· 

• 
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poss~bility is that one of the func~ions f and g, say f, • 
1.S 

nondecreasing and the other" nonincreasing,, 1'aki.ng n = n(x) 

to be the unique integer such that pn n+l x < p , we have then 

0 < h (.x) < 
if '" 

as x ~ 00 , 

and <:i) follows from (2), 

N·ow let {a } be a nondecreasing sequence tendi.ng to 
n 

inf i.ni ty and put 

a 
n = sup { x : h (x) .. 

• 

The a thus defined are finite if h(00 ) = 0 and form a non-n . 

decreasing sequence since {o} 
n 

is nondecreasingo If the 

sequence {a} were bounded by a finite number B, then (3) 
n 

• 

would imply that h(x) < 1/o 
n 

for all n and all x > B, contra-

dieting the assumed strict positivity off and g. Consequently 

a ·+ 00 as n -+ oo, and thus the lemma implies 
n 

6 h(a -0) rv 6 h(a ) rv o h(a +O) 
n n n n n n 

Si.nee (3) insures that , 

as n ~ 00 ., 

• 

o h(a +O) 
n n 

1 and max {o h(a -0),o h(a )} > 1 
n n n n 

for all n, it follows that o h(a) ➔ 1 as n ~ 00 , and (ii) 
n n 

becomes a direct consequence of the regular variation of ho 

• 
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