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BY W. MoLENAAR AND E. A. VAN DER VELDE 

Mathematisch Centrum, Amsterdam 

Suppose a gambler with initial capital bo wants to maximize his probability 
of still having a positive capital after no successive independent bets, under two 
conditions: (a) the minimal stake is one dollar; (b) bets are fair and their prob­
bility of success is at most ½. 

A bet is determined by the stake c and the odds k: the gambler wins kc - c 
with probability 1/k and loses c otherwise. If bm-1 denotes the gambler's capital 
after m - 1 bets, he must choose for the mth bet Cm (1 < Cm < bm-1) and km 
(km > 2). For simplicity of presentation we make the inessential restriction 
that all bm , cm and km are integers. In a fair roulette (without zero) k can only 
be a divisor of 36. A bet c = 1, k 2 is called conservative. 

A situation is a pair (n, b) where b is the capital and n the number of bets 
to go. A strategy for (no, bo) is a rule prescribing which bet should be made in the 
initial situation (no, bo) and in each situation which may evolve from it. Under 
the stated conditions there exists for each (no, bo) a (possibly non-11nique) 
optimal strategy which leads to a (unique) maximal. probability of survival 
(pos) denoted by p (no, bo). The independence of bets implies that for n > 1 
and b > 1 

p (n, b) = maxc,k { (1/k )p (n - 1, b + kc - c) + (1 - 1/k)p(n - I, b - C)}. 

THEOREM 1. The pos q (n, b) for the conservative strategy (i.e. c = 1 and k = 2 
in each situation) is for every n > 1 a concave function of b. 

PROOF. The theorem holds for n 1 as q(l, 0) = 0, q(l, 1) ½ 
and q(l, b) 1 for b > 2. We proceed by induction. The definition of q implies 
that 

(1) 

and 

(2) q (n, b) 

q(n - 1, /3) > q (n, /3) 

½q(n - 1, b + I) + ½q(n - 1, b - 1 ). 

Substituting (1) with /3 ...;;;; b ± I into (2) we obtain q(n, X/31 + (1 - X)/32) 
> Xq (n, /31) + (1 - X)q (n, /32), first for X = ½ and then by well known argu­
ments for all X e (O, 1) and all /31 , /32 such that both sides of the inequality are 
defined. 

THEOREM 2. The conservative strategy is optimal for all no and bo • 
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PROOF. This is trivial for no = 1. Suppose it holds for ne. n. - 1. The pos 
from (n, fJ) for the bet (c, k) followed by (n - 1) eo11serv&tive bets is represented 
by t.he ordinate of the poir1t of intersection J:> •Of the vertical in fJ and the chord 
conr1ecti11g the points on the graph of q (·n - l, · ) ,~ith a.bscissa.e fJ - c and 
/j + kc - c (see Figure 1). As t,he functi<)•n is concave, th.e c~hoiee c · · 1, le = 2 
.is seen to be optimal u.nder O•ur co11ditions c ~ 1, k 2 2. 

RmMARK I. Very similar and somewhat n1:ore general results were obtained 
independently by Jt"'reedn1an. [2}. 

RE.MARK 2. q ( n., b) is determir1ed recursively from (2) and the bo.undary 
conditions q(n, O) = 0 for all n, q(O, b) •·= l for all b 2 I. No cl .··,·,expression 
for q seems to exist, but we have 

q(n, b) = 
where x1<") are tl1e well-know11 first p. probabilities for the symn1etric 
random walk given in [l}; p. 2f>4-256. 

REMARK 3. Sup · · ·. bets are unfair, in the . . that there is a fixed a < 1 
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suc~h t/hat, tJhe gan1bler gai11s kc - c with p1·obability a/ Jr, ar1d loses c other·wise . 
• 

It the11 tur11s fJUt that bold bets bec~ome attractive for small a. For n0 = :J, 
b<i = 1 t.he (~<>r1servative strategy is only optimal for a > 2 - 2;;3½ N .84. l~or 
1i0 = 1:3, bo = 1 a11 i11itial bet c1 = 1, lei :3 must be made even for an ordi11ary 
r<lulett,<~ with <>Ile zero ( a = :16 /:37). 
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