
• 

STICHTING 

2e BOERHAAVESTRAAT 49 

AMSTERDAM 

SP 103a 

( S 377) 

Ba.ck to ''Bae};: to the LaT,:la,ce d~e:finitior:.'' 
•• 

( Statisctica l\'.f eerlandica .. , 23 ( 1969) , 
'fl'ilV tit : t I 11• 

,, 

• 



Back to ''Back to the ,Laplace definition'' 

Summary ·rt1e purp{lse <.'>f tt1is paper 1s tt> present ,(1111c· Cl)rrectitlr1s ,tnd strpr,ler11cr1t.s t,,. the 
sec<.1r1<.i autt1()r's papers [2) ,is1d [.,J j,1 tt1is .jt)tirn~il .. It is ~i re'.'ttilt elf" a disct1ss1t)n (>f tt1c 

first auth<)r·s criticism, whici, \\!'its (iirected ag~1i11st t\\itl P,.lJnts, \iz. first tt1e prescr1tt1tiilt1 <)f. tt1e p;;,ira

dt)xes l)f Zenc) t~r()n1 1::lea ( [3 l, § 2) -.111d scct)nd s1-1r1,1c tt."ct1r,ic,1l ~1~1,~cts. tlt' tt1e i11trtltit1~t1(,r1 ,)f' prt1b
;;1bilit~' h)' 1neans (')f. the 11,lt itln t)f' ra11,it)r11i1cr ( [3 }, ~ 5 ). 

1"'he paradoxes 

Th.e main sti1ten1ents C(1ncerning t·he pitr,td()Xcs tt1c first ~tuth(.lf \\/~tnts t(1 "imend 
~ire, 1. thitt Zen()"s prt1c.)t~s th('.it 1\.cl1illes ct1nnt'lt pr1ss tl1e t()rti)ise ,tnd tt1i1t [ln ,irrc,w 
cann<)t fl\1 ~•re bitSet.l t)n :t 111t1tl·1cn1~1tic:.1'1 n1(ltiel~ 2 .. tl1~1t tl1e Greeks~ f .. tith in n1.11the-.. 
1n,1tics wr1s S() gre,tt th~.tt tl1C)' nev·cr 1·e~111} ,1rri\·eti r1t tl1e p<.lint (lf~ rec()gr1izi11g thi1t if tl 
mt~cfei (i(les O()t C()r1tl)r111 r(> 1·ct1iitv tl1er1 it sh<)t1ld n()t be tiseci'I 3. th,1t 1n[1nv Greek . ~ 

phiil)St)[)ht:rs tl1t,t1ght n1t1tl1em,1tics rn(lre re:.il tl1t1n rei.:tlit): tlnLi thtlt tl1is C()Of~t1sit1n ()f" 

01()llei ~lnli rei.:tlity· gave rise t<) the 1\ci1illes p;.tr"td(.)X rind t<) s,:ln1c (")t' tl1e <1thers. 
In t·,1ct it is Ct)mn1c)nly accepteLi ~itl1 Liirect st1ppl:)rt f""t.()111 tt1e Sl)t1rces by students (Jt· 

eler1tic pl1i!t)S()ph): th~tt Zen<.)"s prtr[td<)xes itrc 111e~tr1t ttl sl1<)\\/ liedt.1,~tively th,it 111,:)ti()fl 

is only t1pp:1rcr1t ,:tn(i nl)t rettl. 

This deducti\e 1neth(1li \\~ts set t"'t)rth by· P~1r111cnitft~s .. tf1.: first represent~itive (lf .. 

elet1t ic ph ilt)Sl)ph)/ (ct·. [ l ].. 28 8 7-8) ,lnti tld<)pte(! ,l llli de\ el()pe(i bj1 Zen() (ct". [I]., 
29 8 1-"·4): it ccrt-.1inl.)l \\ ~•s 11i)t 111e~1nt t(1 prcl\ ide t1.r1d ttse rll()ti:.:ls in the Ct)nternp()rary· 
sense. 

,;\11 undenit1ble ,ispel't l,t· ele~.itic· pl1il(1s(1p~1y is ~t tiistl~1in f"()f reitlity bttt tl1ere is nt) 

reast,n tor the ttssl1111ptit)11 <.1t· ct111t~usi()n bet\,,ee11 ""111t)del"" r1n,i re~1lity (cf~. e.g. [4]~ [5]). 
Rougl1l): spetl.ki11g there ~tre t\\L• ~l)t1rces t't)r k11(>\\·ledge~ \iz. rertst1ning (~ts ~l st1t1rce t1t" 

true kr1t)\\'ledge) (.ln(i p .. ~rceptt()fl (,ls ,1 S()t11-c.::e t1f"' t1nrcli[tble kn()\\.·ledge) and the 

eieatics r1re in se~1rcl1 ()f~ trlte knt)\\'ledge by' r11eans tJf" re"ts()nir1g. l\1t1r1y' pl,.tces in tr1e 

liter,1ture sh<)\\: th~1t the eletttics \\1ere \\1ell ~t\\·ftre ()f~ the disti11ctic)n., ct~. e.g. [I}., 28 
B 7-•··8 ( P,1rmenides) ~ 29 B l-·4 (Zenc)); 3() B 8 ( ~/1elisst1s ). l n tl1is respect Plttt() ,s 

Par11·1('11icle~1, 111~l}' be helpt"t1l t<.)r underst,1n1jing eleatic pl1ill1St)pl1y· (,ct'. ~tlso [4]., [5]). 
Thus one c :rtt1inly· cl1nn<.,t n1aint;.;1in that the .t\c·l1illes partlli(lX rtr()Se f:-rt)tn the C<)r1-
f"usi()n of"' mc,del i1nd reatit:)". Nt)t\\,.ithst;.1nding 1\rist()tle"s ,1cute c1·iticism of' the p;;trtl

d()Xes., tl1e)· sli,)ttlli be l()C)ked ui1t,r1 ,ts ~1 11ne piec.! t1f"' ele~itic pl1ilt1Sl)ph}'1 ht1¼-'ev'er 
obscure this philost)pl1y, 111~l)l be. 

In defense c)f" [3] it cti.n be said tt1,1t it may' be ,1ttrr1c·ti\1e t() t1se the p11r,1d()Xes in a 

discussion ()t~ t11()c.iels ltnci re,1litv. In th~tt cttse Vv'e shc.)uld be ~t\V'~lre tl1;.tt \\'C ~tre C()n--
siliering tr~tn.sp<)Seti paradoxesG 
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The Laplace definition 
. 

The second point we wis11 to discuss is a q11estion of mathematical rigour in the in-
trodt1ction of probability by 1neans of~ a so-called randomizer together with the con
ventio11 of' tinderlining random v,lric1bles (cf. [2] and [3 ]). ft should be understood that 
tl1ese two ,1spects c,1n be kept separate if one wishes to do so. The randomizer-Laplace 
definition can be used without 11nderlining; the underlining on the other hand can 
be used just as well. in the measure-theoretical theory of probability. Nevertheless, 
used in combination they support each other and therefore we introduce them to

gether in tl1e following recapitulation of the papers [2] and [3]. 
At the same time the mathematical rigour essential for an adequate presentation is 

improved by means of a more detailed notation. 

The intt1itive notion of a randomizer is amply discussed in [3], § 3 and the tecl1nical 
development may be sketched as follows, where we restrict ourselves to the finite 

case, since the general case is treated entirely similarly. 
Let Q = { ro 1, ... , wN} be a finite set. Its subsets are denoted by A, B, ... and 

N(A), N(B), ... denote the number of elements of A, B, .... The relative frequency 
f (A) of a subset A of Q is defined by · 

J(A) = N(A)/N. 

Now we consider a new symbol @, called a randomizer on Q, or following [2], [3] a 
random element on Q. 

Then we introduce expressions (possible events) 

w: EA -

interpreted as: the randomizer @ takes a value in the set A~:. Observe that these 
expressions have no truth-values, which does not matter because we are not in
terested in truth-values, we are interested in probabilities. 

They serve as primitive expressions for 011r formal development. Compound 
expressions are defined as follows 

'm: EA - and w: e B' - is defined as w : E A n B -
and 

'ro: e A - or (J): EB' - as w: e A u B -
also 

'not w : e A'!> as - w: EA' (the complement of A in Q) 

Now we assign probabilities to these expressions, simply by means of the Laplace 
definition: 

P(w: EA) - f (A). 

* The notation w EA, used in [2] and [3] is incorrect, because c1J is not an eleme11t of Q. -
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The main difference with the treatment in [3], § 5 resides in the use of : E instead of E, 

the elementhood relation of Q, which is not defined for w. Next consider (real) 
functions 

x:Q ► ll 

then to any such a function we associate a symbol ~ called a random variable. 
Besides we introduce expressions 

~: EB, 

where B C II, with the intended practical interpretation: ~ takes a value in B. This 
has to be understood in the following way: if Q) takes the value wi E Q then x(w i) e B. 
So when talking of a random variable ~ we presuppose the existence (and action) of a 
randomizer. From the explanation it is clear that the desired interpretation holds if we 
introdt1ce ~:EB mathematically as an abbreviation of w: e x- 1 B (the inverse image 
of B) and this is the definition used in the mathematical model. The probability of 
an expression ;z; : E B is then, according to the definition 

Compound expressions involving random variables are introduced similarly to those 
involving @. 

If in the expression ~ : E B the set B is the one-element set { b }, we may replace it by 

x: =b -

If e.g. x is a real function, we can form expressions like ~ : < a, moreover real num
bers may be considered as constant functions from Q, and we can form arithmetical 
expressions involving random variables like a~+ b, etc. 

With the obvious extension of the above procedure to an arbitrary probability 
space (Q, ~l, P) we have a sound foundation of the convention of underlining random 
variables; the only notational difference being the use of : e, : =, : <, etc. instead of 
simply E, , <. Can we take the last step and drop the '': '' from our expressions? 

• 

Indeed we can, because the '': '' only occurs in the presence of some underlining, so 
we can safely omit '': '' if we keep in mind the non-standard interpretation of the rela
tion signs E, =, <, etc. if some underlining in the expression is present. 
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