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A Bayes process

*
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Summarz

It is well-known that the posterior probabilities in sequential sampling
constitute a Markov-process. This process which may be called a Bayes
process is an important tool in applying the theory of optimal stopping
to sequential decision problems. For the case of a simple nullhypothesis
against a simple alternative we investigate the corresponding Bayes pro-
cess. Several properties of this process are proved. It is shown that the
class of continuous harmonic functions for this Bayes process is exactly

the class of linear functions.
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1. Introduction

In the sequential testing of a simple nullhypothesis against a sim-—
ple alternative the statistician has the freedom to look at a sequence of
observations one at a time and to decide after each observation whether
to stop sampling and to reject or accept the nullhypothesis on the base
of the observations, or to continue sampling.

Suppose the hypotheses are 6 = 0 and 6 = 1 and the statistician may
observe the sequence X sXgseee of independent, identically distributed
random variables with known probability densities fo(x) and fl(x), with
respect to the measure p, under 8 = 0 and 6 = 1 respectively. In the
Bayesian approach of this problem it is assumed that the parameter 6 is a
random variable t which takes on the value 0 with probability Yo for some
0 < Yo < 1 and the value 1 with probability 1 - Yoo and that ESPP-SPREE
are, conditionally given t = 0, independent and identically distributed
with density fe(x). In this paper we study the posterior probabilities of

t given'§l,§2,...,§h
-}-7—‘[1:= P[£=O‘§]’§2”"’§le’ n=1’2"..

We shall prove that the sequence {zn, n=1,2,...} forms a Markov process.
We call this process the Bayes process.

Using a Bayes process the well-known theory of optimal stopping of
Markov processes can be applied to sequential decision problems. In an-
other publication we proceed in this way. The authors could not find a
place in the literature where the Bayes process was treated explicitly.
This was the main motivation for this paper. In section 3 several proper-
ties of the Bayes process are derived. Although several of these results
seem to be known we could not find an appropriate reference. As far as we
know the characterization of continuous harmonic functions is a new result.
It is well-known that this Bayes process is also a martingale which also
may be derived from the fact that all lineair functions for this Bayes

process are harmonic.
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2. Definition of the Bayes process

The assumptions underlying this process are

Let (Q,F,P) be a probability space and let X 5 n=1,2,... be a sequence of
random variables defined on (Q,F,P) with sample space (X,B) where X 18 a
Borel subset of']R1 and B is the corresponding Borel c-algebra.

Moreover, t is a random variable on (Q,F,P) with

P[t=0] = 1 - P[t=1] = for some 0 <

The r.v.'s x are, corditiomally given t=p (p=0,1), independent and iden—
tically distributed, i.e.

=

f

(xl,...,xn) =1, fp(xi)’ n=1,2,...,

X yeeeoX | £7P

where f ( + ) denotes the conditional density of (§1,...,§n)

l!
with respect to the product measure ﬂ u(x ), with u a fixed measure
on (X,B).

ees X |t=p

As an immediate consequence of these assumptions we have that
Xys---X are identically distributed with density fx (x) with respect
to u(x). Indeed with v(p) the counting measure on {0, l} and f (p) the

density of E_w1th respect to v(p) we have that

) £y O =J £y lmp @ EL® W) = 308060 + oy, (o,
and the joint density of X.,,...,X 1is
_l -
2 f e o0 = =
(2) E]"";En(xl, ,Xn) J’ fﬁl’...,_isnli=p(x1’...’xn) fE(p) dv(p)
n

n
Yo iz 1 £ (x ) + (1- yO) i]=11 fl(xi)'



Hence, under the condition that u(xlfo(x) # fl(x)) >0, x -»X ~are

12
only independent if Yo = 0 or 1.

We define the sequence of posterior probabilities {zn, n=0,1,...} by

1) Y5 = Y a.s.
2) zn=P[£=Ol§l,...,}_(n].

We denote yn(xl,...,xn) = P[£f0|§1=x1,...,§n=xn].

To avoid unessential complications we suppose from now on that (2)

is positive.

Lemma 1. The functions Y, sattsfy

n
g M. £ (x.)
01i=1 0
(3) yn(Xla'°'aXn) = = = , n=0,1,...

n n
Vo 1T £olxy) + Uoyg) Ty £,Gep)

Proof. By Bayes' rule we have

Yo (% seesX)

]
ae)
=,

Jer

i}

o
]

1l

"
-

O(Xl""’xn) ?E(O)

- (Xla---axn) ft(P) dV(P)

from which the statement follows. [J

It is straightforward to verify that (3) implies



yn+1(xl,...,xn+1) = ,

where we write Y, for yn(x],...,x ).
Lemma 2.

a = = = ’ = -
) Plx ., € Alzn vy 1="Plx , ¢ A|§] X e rX =X ]

Xorr € Al oryy)

for all A e B.

b) P[§n+1€Al’§n+2€A2"'"§n+k€Ak|§1=x1""’§n=xn] =

k k
= T . . -
Yn i=1 jA fO(xn+1) du(Xn+1) + A yn)igl JA fl(xn+i) du(xn+i)
i i

for Ai e B, 1 <1i<k.

c) The conditional density Of-§n+l given 3,5, 18
b oy lyymy, & 7 Ya £ @ (o) £, (0
T T ERRRTE A

() 50eenx o) fE(p) dv(p)

dU(Xn+1""’xn+k) =

Jf X | t=
_ J z{_]s-',-’_._n_,,k__P

A]x...XAk fo x It=p(xl""’xn) ft(p) dv(p)
_1 - — —_—



ntk n+k
Yo 1l Folxp) + ()T E, (=)

1 using (3)
_ J - TCIPE S0 I

- - -
Apxe.xh v HEGG) + (=yg) ST E, ()

n+k
= ¥ ign+lf0(xi) dU(xn+1""’xn+k) *

n+k
¥ J (]—yn) iglfl(xi) du(Xn+l""’xn+k) =

k k
=y ;0 J £,(x;) dulxy) + (-y ) G0 J £,(x;) du(x;).

A. A,
1 1

Since y_is a function of x,,...,x this proves the assertions a,b and c.[
“n =1 —n

Theorem 1. The sequence {zn, n=0,1,2,...} ©Zs a stationary Markov process.

Proof.
4) P[Z‘[‘H‘l € B|Xl=y1’.,,,zn =yn:] =
= P[y € Bly TV 50003 Y TY HX =x ]dP _ _ (X) -
J “n+l] =1 -1 =N “n —n+l RINARE D S AEERIEED A %
by lemma 2
In fO(X)
= f _ .
J Ip ¢ y Eo(x) + (l—yn)f](x)) ly, £ + (v ) £,(x)} du(x)

Hence P[Zn+] € Blzq=y],...,zn=yn] is a function of B and v, only, which

proves the Markov property. Moreover, since these conditional probabilities



do not depend on n, the Markov process is stationmary. [J

Remark 1. From lemma 2a we see that ¥, is sufficient, in the sense of

Bayesian statistics, for the family {P (*) |t real} because

X ,...,§nl_t_:_=t
(t) depends on XiseeesXy only through Y,

fEL§l=xl,...,§n=xn
Remark 2. Although in general the state space of the Bayes process is the
interval [0,1], there are important situations for which a countable state
space suffices. For example when the observed sequence X,,X,;. .- is a se-
quence of Bernoulli trials. In this case the number of successes in combi-
nation with the number of failures can be used as state parameters of the
process. Also when the likelihood ratio or the logarithm of the likelihood
ratio takes on only rational values with positive probability then the
state space is countable. In general, when from every state only a coun-

table number of states can be reached and the initial distribution has a

countable support, then the state space is countable.
3. Some properties of the Bayes process

For the Bayes process {zn,n=0,l,2,...} with state space (E,B) where
E = [0,1] and B the Borel-c-algebra on E, we shall define the transition
probabilities pn(x,A) and on the Banach space B(E,B) of bounded measurable
functions with norm |[f]| = igg |[£(x)| we shall define a sequence of linear

operators {Pn,n=0,l,2,...}.
Definitions.

1. p(y,A) = JX IA(gy(X)){y £,x) + (1-y) £,0)} dux),

y fo(X)
y fO(X) + (l-y)fl(X)'

where gy(x) =

0 1 Zfy e A
2. 2% = ), with 1, = {
0 otherwise.



3. Pn(Y,A) = J' p(y,dz) Pn_l(z,A)’ n=2,3,4,...
E
4, Pnf(y) = j pn(y,dz) £(z), f ¢ B(E,B) and n=0,1,2,...

We note that according to (4) the above defined transition probabi-
lities are the transition probabilities of the Bayes process introduced
in section 2. Note also that p"(x,A) is a probability measure on B for

fixed x and n, and pn(x,A) is a B-measurable function for fixed A and n.
Lemma 3.

1. PP = POPY )

< or: J p (x,dy) J " ly,dz) £(z) = J oM (x,dz) £(z) >
E E

=

+:
2. p" M (x,A) = J " (x,dy) P (y,A).
E

3. pn(x,A) = P[ym+n € A!zm=X], m=1,2,3,...
4. PE(y) = J f(gy(X)) {y fO(X) + (I-y) £,(x)} du(x).
X

Proof . The assertion 2 follows from assertion 1 by induction on n. To prove

assertion 1 take f(z) = IA(z), A € B, then

fp<x,dy> Jp”’%y,dz) I, (2)

J p(x,dy) p" ' (y,A) =
E E E

p"(x,A) = J p" (x,dz) IA(Z)-
E

Hence assertion 1 is true for elementary functions. For nonnegative



f ¢ B(E,B) there is an increasing sequence of elementary functions

fk(z) + £(z); hence by the monotone convergence theorem

J p (x,dy) J p" (y,dz) £, (2) +~J p(x,dy) J " Ny, dz) £(2).
E E E E

On the other hand, also by the monotone convergence theorem

J p(x,dy) j 0" (y,d2) £, (2) = J p'(y,d2) £, (2) +J p"(y,dz) £(2).
E E E E

Hence assertion 1 is true for nonnegative functions and therefore for all
elements of B(E,B).

According to theorem 1 we have for n = 2

pz(x,A) = j p(x,dy) p(y,A) =

E
= J Py +1 € ALZm =yl dP | - X(y) =
) YolZy

Ply ,; € Aly _,=x].

The assertion 3 now follows by induction on n.
The assertion 4 follows from a well-known theorem on the change of

integration variables. Indeed, for arbitrary but fixed integer n

Pf(y) = Jf(Z) dfzn ly =y(Z) = Jf(g (x)) dp_

) LA . x oy l7,my ™

jf(g ®)) {y £ (X) + (1-y) £ (X)} du(x). [
E



Lemma 4. Let An be the o-algebra induced by (§n+l’§n+2’

...) and let z be

An—measurable. Then for m < n
E[Ejzm=y] =y Ejlz]l + (1-y) E [z]

(the subscripts O and 1 mean the distribution given t=0 or t=1).

Proof.

E[E[z]t,x

Elzly ] .x 1y 1 = E[E(z]t]ly ] =

120"

_}_7_m EOI:E_] + (l—y_m) E][Z_:l

The first equality follows from the fact that AN is a function of

X, ,..+5X . Because z and x .,X_ are independent given t, the second
_1 - ’_m = = ’—In et}

e
equality is true. [J

To avoid integrability questions, we assume in the sequel that all
functions are elements of B(E,B). It is straightforward to verify that
f ¢ B(E,B) implies P"f € B(E,B) for all n=1,2,3,...

We call a function f harmonic if Pf = f. The function f is excessive
if f is nonnegative and Pf(x) < f(x), x € E. The function f is called a
potential if for some nonnegative function ¢ (called the charge),
f = Z:=O Pn¢. We recall that a function f is concave if

f(ya+(1-y)b) = vf(a)+(1-y)f(b) for all vy € [0,1] and a,b ¢ E.

Note that if f is harmonic, then

(5) PPf = f, for n=0,1,2,...

Theorem 2. A linear function £ on E is harmonic, in particular the function
I for which I(x) = x on E.
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Proof. Let f(z) = az+b, then Pf(y) = [p(y,dz) (az+b) = a [p(y,dz)z + b =
= aPI(y)+b. By lemma 3, point 4 we kngw E

PI(y) = J gy(X) {y £, + (1-y) £, 0} dux) =
X

= j y £,x) du®) =y,
X
which proves the theorem. [
Theorem 3. If h <s concave then Ph is also concave.
Proof. Let Yo = Ayl+(1—k)y2, A e [0,11, Y29, € E. Note that

_ 1
By T Y iy (I3 E, )

. {A(ylfO(X) + (l-y])fl(X))gy](X) + (I-X)(ysz(X)+(1—y2)f1(X))gyz(X)}.

Hence, since h is concave,

1
B, () =5 Ty, @

: {x(ylfo(x>+(1-y1>f,(x))h(gyl(x>) +

+ (1-0) (7,4 G0+ (13, )E  G)Dh (g, G
2

By lemma 3, point 4 we have

Ph(yo) Jh(gyo(X)) {yofO(X)+(l-y0)f1(X)} du(x) =

v

A fh(gyl(x>) {7, £,GO+(1=y DE; (O} duG) +
+ (l‘l)jh(gyz(x)) {yzfo(x)+(l—y2)fl(x)} dp(x) =

= A Ph(y,) + (1-A) Ph(y,). O
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Theorem 4. If h Zs concave then Ph < h.

Proof. By Jemsen's inequality: Ph(y) = Jp(y,dz) h(z) <h {[p(y,dz)z) =
= h(y). 0

Theorem 5. Suppose
(6) n{xlf,()#E,(x)}) > 0.

If h 28 harmonic and %%8 h(x) = %'? h(x) = h(0) = h(1) = 0,
then h(x) = 0 for all x € E.

Proof. Call m = suE h(x). Because h € B(E,B) we have that m < = . There
—_— X€

exists a sequence {yi}, with y; € E, such that h(yi) +mas i+ =,
Moreover, there is a subsequence {yk} c {yi} and a point Yo € E such that

Y > Vg as k > o .

Let us assume for a moment that

for each interval [a,b] ¢ E with 0 < a < b < 1, there are

&P numbers n and € > 0 such that pn(y,[a,b]c) > ¢ for all y € [a,b].

Let y, # 0 or 1. Let interval [a,b] be such that 0 < a < b < | and

Yo € (a,b). We shall prove that (7) implies sup h(x) = m. Note that
. xela,b]
sup h(x) = m. Suppose  sup h(x) = m—a, with a > 0. For k large
xela,b] xela,bi®
enough we have y, e [a,b], hence in view of (7)

h(y,) JpI‘(yk,dx) h(x) <

IA

m Pn(Yk,[a,b])+ (m—a) pn(yk,[a,blc) = mac.

. < . .. .. . . _
So, %ig h(yk) < m—ae, which is in contradiction with %ig h(yk) m.

Hence  sup c h(x) = m. By the continuity of h(x) in the points 0 and 1
xela,b]

it follows that m = 0. If Yo = 0 or 1 then also m = 0. Hence h(x) < 0 for
all x € E.



12

In the same way, reasoning with g(y) = -h(y), it is easy to see that
h(y) = 0 for y € E. Hence h(y) = 0 for all y ¢ E.

In order to prove (7) assume that ﬂ({x]fo(x) > fl(x)}) > 0.
Let y € [a,b] with 0 < a,b < 1,

Pn(Y, (b,1]1) =

v

" (y,[a,b1%)

n £.(x) 1/b-1 n £ (x.) 1/b-1
1’ =1 1°—1
-y B[y, NCHIN lfy—l:l O ELL Gy ]/y—]]

n fl(x.) 1/b-1
Y Polil) £ (;l) <17 -1]
0% y

1/n
y P m 0 . (llb_l\ }=
olti=1 £,z \U/y-V
1/n
L ofi ().
i=1 "0 f0(§i) l/y—y

n
SN ENCRTCE
) |

v

v

where

£ ()  [1i/p-1\/m
A =¢ x ! < }
fo(x) 1/y-1

Then for n sufficiently large u(4) > 0. Hence

n

igl J fo(x) du(x) = e >0
A

and p"(y,[a,b]1®) > ae for all y ¢ [a,b].
The proof of (7) for u({xlfo(x) < f](x)}) proceeds in a similar
way. [J
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Theorem 6. Under condition (6) any continuous harmonic function is

a linear function.

Proof. Let h be an arbitrary continuous harmonic function. Call b = h(0)
and a = h(1)-h(0); g(y) = ay+b. The function g is by theorem 2 harmonic.

A linear combination of harmonic functions is also harmonic. Hence f = h-g
is harmonic, continuous and £(0) = £(1) = 0. According to theorem 5 we

have £ = 0 and consequently h(y) = ay+b. [

Theorem 7. If relation (6) ©s true and h is a nonnegative concave function
with h(0) = h(1) = 0 then lim P'h = 0 and h is a potential with charge
h-Ph.

Proof. From theorem 3 it follows by induction that P™h is concave. Since

Pnh > 0 for all n 2 1 we have from theorem 4 that 0 < Pn+1h < Pnh for

n =2 1. Hence g(x) %ig Pnh(x) exists. Since g(x) is bounded and concave

g(x) is continuous. Also g(x) is harmonic, since

Pg(x) = Jp(x,dy) Lim P h(y) = lim Jp(x,dy) P'h(y) = gx),
by the boundedness of h. Furthermore 0 < g(0) < h(0), so g(0) = 0 and

similar g(1) = 0. Applying theorem 5 we obtain g(x) = 0, which proves the
first assertion of the theorem.

Let ¢(x) = h(x)-Ph(x). By theorem 4, ¢(x) = 0.

N N N
Y PM(x) Y PMux) - J P h(x) =

n=0 n=0 n=0

1}

h(x) - PV h(x) ~ h(x) as N,
which proves that h(x) is a potential with charge ¢(x). [

iy fo(xi)
form a martingale (cf. [Feller], page 211). Hence the sequence

Remark 3. It is well-known that the likelihood ratios, z, =

{Zn’ n=0,1,2,...} forms also a martingale because yn(xl,...,xn) is a
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one-one correspondence

1-y fo(x.)q-1
0 n “1Y9i’]
y(x,...,x)=[1+——_ﬂ —1
n 1 n Yo i=1 fO(Xi)J

Theorem 2 is an immediate consequence of this.
It is also well-known (cf. [Doobl]) that the likelihood ratios converge
a.s. if condition (6) is true, z - 0 a.s. on t = 0 and z - « a.s. on
—n — =n
t = 1. From the martingale convergence theorem it follows that there exists

a y_ such that y, > Y, a-s. Hence Ply =0] =1 - Ply =11 = Yo Theorem 5 1is

a direct consequence of this.
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