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1. INTRODUCTION

Let X ..,XN be independent and identically distributed random vari-

-
ables with1a common absolutely continuous distribution. For N=1,2,..., con-
sider the problem of testing the hypothesis that this distribution is sym-
metric about zero against a sequence of alternatives that 1s contiguous to
the hypothesis as N - «, The level a of the sequence of tests is fixed in
(0,1). Standard tests for this problem are linear rank tests and linear per-
mutation tests and expressions for the limiting powers of such test are of
course well-known. In this paper we shall be concerned with obtaining asymp-
totic expansions to order I\I_1 for the powers m_ of these tests, i.e. expres-
sions of the form s co+c11\1—'%+c2’NI\I_]+0(1\T_1
tablishing similar expansions for the distribution function of the test sta-

N
). Of course this involves es-

tistic under the hypothesis as well as under contiguous alternatives. For

simplicity we shall eventually limit our discussion to contiguous location
alternatives and in this case terms of order N—% do not occur in the expan-
sions.

One reason to consider these problems would be to obtain better numeri-
cal approximations for the critical value of the test statistic and the pow-
er of the test than can be provided by the usual normal approximation. A num-
ber of authors have investigated this possibility, usually dealing only with
the hypothesis in order to obtain critical values and more often for the two-
sample case than for the one-sample tests we are concerned with here. For an
account of this work we refer to a review paper of BICKEL [1974], which inci-
dentally also contains a preview of the present study. Here we merely note
that, with the exception of a recent paper of ROGERS [19T74], all previous
work is based on formal Edgeworth expansions. One of the purposes of the pre-
sent paper is to give a rigorous proof of the validity of such expansions.
ROGERS [19T4] has given such a proof for the two-sample Wilcoxon test under
the hypothesis. In a companion paper (BICKEL and VAN ZWET [19T74]) expansions
will be derived for the general two-sample linear rank test under the hypoth-
esis as well as under contiguous location alternatives.

Here we shall not dwell on the numerical aspects of the expansions we
obtain. Numerical results are contained in the Ph.D. thesis of ALBERS [197L].
We only mention that the expansions for the power seem to behave as might be

expected. In those cases where the normal approximation already produces rea-

sonably good results, the expansions perform even better and often much bet-



ter. On the other hand, in cases where the normal approximation is known to
be disastrous -the Wilcoxon test for Cauchy alternatives for instance- the
expansion is as bad or even worse.

We shall concentrate on a different aspect of the expansions for the
power. Consider two sequences of tests {TN} and {T&} for the same hypothesis
(e

at the same fixed level o. Let m_(6.) and ' ) denote the powers of these

N eN N''N
tests against the same sequence of contiguous alternatives parametrized by
a parameter 6. If T_ is more powerful than T! we search for a number k_ =

N N N
= N+d, such that.nN(eN) = ﬂéN(eN). Here kg and d are treated as continuous

variables, the power nﬁ being defined for real N by linear interpolation be-

tween consecutive integers. The quantity dN was named the deficiency of {Tﬁ}

with respect to T _ by HODGES and LEHMANN [1970], who introduced this concept

and initiated itsttudy. Of course, in many cases of interest, dN is analy-
tically intractable and one can only study its asymptotic behavior as N tends
to infinity.

Suppose that for N -+ =, the ratio N/kN tends to a limit e, the asympto-
tic relative efficiency of {T&} with respect to {TN}. If 0 < e < 1, we have
dN ~ (e_1—1)N and further asymptotic information about dN is not particular-
ly revealing. On the other hand, if e=1, the asymptotic behavior of dN’ which
may now be anything from 0(1) to 0(N), does provide important additional in-
formation. Of special interest is the case where dN tends to a finite limit,
the asymptotic deficiency of {Tﬁ} with respect to {TN} (c.f. HODGES and LEH-
MANN [1970]).

Of course, an asymptotic evaluation of dN is a more delicate matter than
showing that e=1. What is needed is an expansion for the power of the type we
discussed above. With the aid of such expansions we arrive at the following
results. Let F be a distribution function with a density f that is symmetric
about zero and let b be a positive real number. Consider the problem of test-
ing the hypothesis F against the sequence of alternatives F(x-bN_%) at level
a. Let d.N denote the deficiency of the locally most powerful rank test with
respect to the most powerful test for this problem. Under certain regularity
conditions on F we establish an expression for dN with remainder o0(1) and
show that this expression remains unchanged if the exact scores in the local-

ly most powerful rank test are replaced by the corresponding approximate

scores. The asymptotic behavior of dN is found to be governed by that of

1-1/N , .2 2
(1.1) I_= f (i— f(F_1(m:-))) t(1-t)dt

N 1/N dt2 2



in the sense that dg = O(IN) as N > «, By taking F to be the normal distri-
bution we find that the deficiency of both the normal scores test and van
der Waerden's test with respect to the X-test for contiguous normal alterna-
tives tends to « at the rate of ilog log N. For logistic alternatives the
deficiency of Wilcoxon's signed rank test with respect to the most powerful
parametric test tends to a finite limit. Another typical result is that for
contiguous normal alternatives the deficiency of the permutation test based
on Z Xi with respect to Student's test tends to zero for N + «,

Combining numerical and Monte Carlo methods, ALBERS [197L4] has evalua-
ted the deficienéy of the normal scores test with respect to the X-test for
N = 5-(1)-10, 20 and 50. The results agree reasonably well with the asymp-
totic expression for dN'

To every linear rank test with nonnegative and nondecreasing scores,
there corresponds an estimator of location due to HODGES and LEHMANN [1963].
A similar correspondence exists between the locally most powerful parametric
test and the maximum likelihood estimator. We shall exploit this correspon-
dence to obtain asymptotic expansions for the distribution functions of these
estimators. We shall show that, when suitably defined, the deficiency of the
Hodges-Lehmann estimator associated with the locally most powerful rank test
with respect to the maximum likelihood estimator is asymptotically equivalent
to the deficiency of the parent tests.

In section 2 we establish an asymptotic expansion for the distribution
function of the general linear rank statistic for the one-sample problem un-
der the hypothesis as well as under alternatives. We specialize to contigu-
ous location alternatives in section 3 and derive an expansion for the power
of the linear rank test. In section 4 we deal with the important case where
the scores are exact or approximate scores generated by a smooth function J.
Linear permutation tests are discussed in section 5. The results on defi-
ciencies of distributionfree tests are contained in section 6. Finally, sec-

tion T 1s devoted to estimators.

Although the basic ideas underlying this paper are simple, the proofs
are a highly technical matter. The most laborious parts are dealt with in
two appendices. We have omitted the proofs of theorem 5.1 and lemma 6.1 be-
cause we felt that their inclusion would entail much repetition without es-
sentially new ideas. Some relevant results have been left out altogether for
much the same reasons. We are referring to a treatment of contiguous alterna-
tives other than location alternatives for linear rank tests, to expansions

for the power of locally most powerful parametric tests, most powerful per-



mutation tests and randomized rank score tests. These missing parts may all

be found in the Ph.D. thesis of ALBERS [19T7L4].



2. THE BASIC EXPANSION

Let X .,X.. be independent and identically distributed (i.i.d.) ran-

1200ty
dom variables (r.v.'s) with common distribution function (d.f.) G and den-

sity g, and let 0 < Z, <Z,<<% denote the order statistics of the ab-

N
If lXR.l = Zj’ define

solute values of X1""’XN'
J
1 if XR. > 0
(2.1) ’
2.1 V. =
J
0 otherwise.

We introduce a vector of scores a = (a .,aN) and define the statistic

120

N
(2.2) T= ) a.V..

We shall be concerned with obtaining an asymptotic expansion for the distri-
bution of T as N » =,

Our notation strongly suggests that we are considering a fixed under-
lying d.f. G and perhaps also a fixed infinite sequence of scores as N - «,
However, this is merely a matter of notational convenience and our main con-
cern will in fact be the case where the d.f. depends on N and the scores form
a triangular array aj,N’ j=1,...,N, N=1,2,... . Since we are suppressing the
index N throughout our notation we shall formally present our results in
terms of error bounds for a fixed, but arbitrary, value of N. However, as we
shall point out following the proof of theorem 2.2, these results are really
asymptotic expansions in disguise.

The r.v. T is of course the general linear rank statistic for testing
the hypothesis that g is symmetric about zero. Under this hypothesis,

VT""’VN are i.i.d. with P(Vj=1) =1 wor general G, V1,...,VN are not inde-

2
pendent. However, one easily verifies that, conditional on Z = (Z1""’ZN)’
the r.v.'s V1""’VN are independent with
g(Zj)
2. P. = P(V.=1 Z =
(2.3) J ( J | 2) g(Zj) + g(—Zj)

As independence allows us to obtain expansions of Edgeworth type, we

shall carry out the following program to arrive at an expansion for the dis-



tribution of T. First we obtain an Edgeworth expansion for the distribution
of 8 Wj, where W.,...,W are independent with P; = P(Wj=1) = 1—P(Wj=0).

Having done this we substitute the random vector P = (P ..,EN) defined in

1°°

(2.3) for p = (p1,...,pN) in this expansion. The expected value of the re-

sulting expression will then give us an expansion for the distribution of T.
In carrying out the first part of this program we shall indicate any

dependence on p = (p1,...,pN) in our notation. Consider the r.v.

N
2 a.(W.-p.)
(2.1) = d 2 Y
) (p)
where
N
(2.5) “(p) = jo pjm-pj)ai.

denotes the variance of z a. Wj. Obviously (2.4) has expectation 0 and var-
J 1

iance 1; its third and fourth cumulants, multiplied by N2 and N respective-

ly, are
1 Z P-(1-p-)(2p.-1)a?
(2.6) eylp) = - w7
°(p)
L
)P (1—P-)(1-6p.+6p?)a.
(2.7) k,(p) =N J jh I R B

Let R and p denote the d.f. and the characteristic function (c.f.) of (2.L4),
thus

2 a.(W.—p.)
(2.8) R(x,p) = P(———J;zg3—4L- < X) ,
T [, expli(iop,) i i
(2.9) p(t,p) = 21 ij eXP{l(T—pj) T(p)} + (1—pj) exp{-1 pj T(P)} ].

J

A formal Edgeworth expansion to order N_1 for the d.f. R is given by
CRAMER [1946]; FELLER [1966])



(2.10) R(x,p) = o(x) +\¢(X) {N_%Q1(x,p) + N_1Q2(x,p)},

where & and ¢ denote the d.f. and the density of the standard normal distri-

bution, and

k,(p)
Q1(X,p) = - 36 (x2—1),

(2.11)

2
: K, (p) k5(p)
Qg(x,p) = - gh (x3—3x) - ?2 (x5—10x3+15x).

Let ;(x,p) be the derivative of ﬁ(XaP) with respect to x. In what follows
we shall need an expression for the Fourier transform S(t,p) =

= jexp(itx);(x,p)dx of T and one easily verifies that

.. 3 R 2 6
142 . ks(p)it . 3¢y, (Bt - w5(p)t 1
' 3 72N

(2.12) (t,p) = e T
6N 2

To justify a formal Edgeworth expansion like (2.10), i.e. to show that
|R-R| is indeed O(N-1), one usually invokes the following result (FELLER
[19661).

LEMMA 2.1. Let R be a d.f. with vanishing expectation and c.f. p. Suppose
that R-R vanishes at t= and that R has a derivative T such that |7| < m.
Finally, suppose that T has a continuously differentiable Fourier transform
b such that p(0) = 1 and p'(0) = 0. Then for all x and T > O,

N
T

-1

24m
+ ==
dt e

o(t)=-p(t)
t

IA

(2.13) IR(x) - R(x)|

o(N

, the integral in (2.13) is O(N_1). For the case we are con-

To prove that |R-R| ), it therefore suffices to show that e.g.
for T = bN3/2
sidering this may be done in the standard manner (FELLER [1966]) with one
important modification at the point where it is shown that |p(t,p)/t] is
sufficiently small when |t| is of the order t(p) or larger. Here one usual-

1y makes what FELLER calls the extravagantly luxurious assumption that the



c.f.'s of all summands are uniformly bounded away from 1 in absolute value
outside every neighborhood of 0. Obviously this conditicn is not satisfied
in our case where the summands aJ.Wj are lattice r.v.'s. Weaker sufficient
conditions of this type are known, but all seem to imply at the very least
that the sum itself is non-lattice. In our case this would exclude for in-
stance both the sign test and the Wilcoxon test.

Although the assumptionsmentioned above may be unnecessarily strong,
it is clear that one has to exclude cases where the sum (2.4) can only as-
sume relatively few different values. As R is continuous, one can not allow
R to have jumps of order N_1 or larger. Thus the sign test where jumps of
order N_% occur, will certainly have to be excluded. However, it is exactly
the simple lattice character of this statistic that makes it easily amenable
to other methods of expansion (see for instance ALBERS [197L4]). For the Wil-

(N-3/2)

coxon statistic on the other hand, all jumps are 0 and the assump-

tions we shall make will not rule out this case.
For 0 < ¢ < 3 and ¢ > O consider the set of those aj for which the cor-
responding pj satisfies e < pj < 1-g, and let y(e,z,p) denote the Lebesgue

measure A of the g-neighborhood of this set, thus

(2.14) v(e,z,p) = Ax | 3, IX-ajl ST ,e<p s T-e}.

LEMMA 2.2. Suppose that positive numbers c,C,8 and € exist such that
1 3 2 ;¥
(2.15) T Z p.(1-p.)aj >c, 3 Z a. <C,

3/2

(2.16) y(e,z,p) = SNz for some ¢ = N log N.

Then there exist positive numbers b,B and B depending on N, a and p only
through c,C,8 and €, such that

|

log(N+1)<|t|<bN

D(t,P);D(t,P) dt < B N-Blog N.

3/2

PROOF. Since (2.15) implies that |K3(p)| < (Ccug)?’/h and IKh(p)l < Ce 7,



—B1log N
dt £ B, N .

|t |2log(N+1)

where B1,B1 > 0 depend only on ¢ and C. Also, for all t,

' )2
(2.17) lo(t,p)| = jz1 11 - 2p.(1-p.)(1-cos T(p))f <
a.t\2 a.t L
< i} ) LI R I G R N A O
- eXp{ L p;01 p.J> [2 <T(p)/ 2k (T(p)/ ]f -

IA
&
Le]

1 1 1
-3 3 . . 2 . -3 .
For |t| < LeC 2N® this is < exp(-t“/3). Hence, if b' = LeC 2, there exist

positive constants B, and 62 such that

2

lo(t,p) it <B N

L 2
log(N+1)<|t|<b'N?®

As y(e,z,p)/z is nonincreasing in ¢, we may assume that ¢ < 1 in (2.16).
Because of (2.15), for any M > ; the number of Ia | 2 M—; can be at most
CN(M—C)_M; choosing M = (80/6)_ + 1 we have CN(M—;) < 8N/8 < y(e,z,p)/8z.
It follows that

| S } Y(e,z,p) _ y(e,z,p)
Alx | Sj Iajl > M-z, Ix—ajl <rp <2C 8z = m .

Together with (2.16) this implies that for every real t

a.t
1, 3ltly(e,zop)

-— - J -—
)\{z 35 lag) s g, Ja- 7yt < B e s p < 1) 2 NS

3/2,

VI

1
Take b = §[(32M/7c?)+(16/b")] 1. Then, for every |t]| e [b'N?,bN



10

3/2
Ajz | lz] < Mt , |z=km| < 14 for some integer k} <
1 (p) (p)

. <2Mltl o) b2 remie] _+|t|1) w32 y(e,z,0) _ Ltly(e,z,p)
“\ne(e) ) w(e) T ) prge/ (@) 8N ht(p)

and hence

Mt | ot s ]
< .Ja.] < M- - <p.<l-g3
|z = T(p)’ aJlaJl M-z, |z T(P)I < (p)® esp.<l-g3
A< 2 L S ltly(e )
|z=km| > EZ%%%S_‘ for every integer k
Y

As z]t] < ;bNB/z, this implies that the number of indices j for which
I(ajt/r(p))—knl > ng3/2/T(p) for every integer k and e < P, < 1-g, is at

least equal to

T(P) It,Y(€5g3p) > @_
2cltl © 21(p) Sob

3/24

1
For such an index j we have for all |t| e [b'N®,bN .

a.t 3 2.2 3 3 2.2 3
{1—2p.(1—p.)(1—cos-?l3)} < {1—29(1—8) —E—E—E—E} < exp{- e(l-e)t ng }
J J TP (mt(p)) (mt(p))

1 -
and hence, as hre(p) < C°N and ¢ =2 N 3/210g N,
2 4 2 2
lo(t,p) | < exp{— mLmLE L } < exp{— fell=glo (10 N)E} .
Lbn=1t"(p) o Ct
This implies that for some B3,83 > 0 depending on ¢,C,8 and e,
-B_.log N
o(tap) | 4o cp g 3 0
b'N°<|t|<bN

which completes the proof. [J
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We now justify expansion (2.10).

THEOREM 2.1. Suppose that positive numbers c,C,S8 and e exist such that
(2.15) and (2.16) are satisfied. Then there exists A > 0 depending on N,a
and p only through c,C,8 and € such that

(2.18) sup |R(x,p) - ﬁ(x,p)[ < AN_S/h.
X

PROOF. For 0 < y < 1 and ag <z < %3 Rely exp{i(1-y)z} + (1 —y)exp{—lyz}]._g,

and hence we have the following Taylor expansion (mod. 2mi)
(2.19) log(yel(1_y)z + (1—y)e_lyz> = - % y(1-y)2° + %-y(1ny)(2y—1)iz3 +

1 L
+ oL y(1—y)(1—6y+6y2)z + M1(y,2),

where |M1(y,z)| < C, |z]° for some fixed C, > 0. If ]ajt/r(p)| <L for all

1 2
j, we can apply this expansion to the logarithm of every factor in (2.9)

which yields

K3(p)it3 . KM(P)tu

_ 1
(2.20) p(t,p) = exp{- >t - 6N% IR + Mg(t,p)},

where |M2(t,p)| < C, It/T(p)|5 ) laj|5~ ;
Condition (2.15) implies that maxlajl < (CN)* and hence that |a.t/t(p)]| <

11 ] _
< (Cc_2)” N %|t| for all j. We have already seen that Iié(p)ls (Ce 253/hand
1 -
|Ku( )I < 2, because maxlajl < (CN)* we also have T “(p) Z Iajl5 <
< (Ce )5/ S/A. It follows from these remarks that there exists ¢, > O,

1

1
depending only on c¢ and C, such that for |t| < ¢, N* expansion (2.20) is

1
valid and also

v<3(p)1t3 Kh(p)th 12
- ——gﬁg_——- + —_Eﬂﬁ——— + IMZ(t,p)] < Et .

Hence, for |t| < c, N', Taylor expansion of (2.20) yields

(2-21) O(t:p) = g(tap) + M3(tsp)a

/ +N 5/2F|

vhere p is given by (2.12), |M3(t,P)| < (N |tl Q(Itl)exp(—t /h)
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and Q is a polynomial with coefficients depending on c¢ and C. This implies

the existence of A1 > 0 depending on ¢ and C and such that

(2.22) p(t,p);;(t,p) a < A, N—S/h_

1
!t|$c1N”

As cy depends only on c¢ and C we may assume without loss of generality that
1

N is so large that log(N+1) < c, N*. The theorem is now proved by combining

(2.22) and lemma 2.2, noting that r(x,t) = éi%(x,t) is bounded by a number

depending only on c¢ and C and applying lemma 2.1, [J

It will be clear that by requiring that ZIaJ.I5 <CN in theorem 2.1 one
-3/2
N

which is the "natural" order of the remainder.

..,PNQ defined in

obtains IR—ﬁl
Before we replace p by the random vector P = (P1,.
(2.3) and compute the unconditional distribution of T by taking the expected

value, we first have to change the standardization of z aj Wj into one that

does not involve p. As before, let W W_ be independent with P(Wj=1) =

ooy
= 1 P(W =0) = P let p = (p1,...,pN) be a vector with 0 < P, < 1 for all j,

and con31der the d.f. R (x,p,p) of the r.v. 1_1(5) ) aj(wj-Sj), thus

(W.-p.)
* ~ (Lagig) oy
. sDP> =P = < .
(2.23) R (x,p,D) ) <X/
Here T Z P; —pJ ? in accordance with (2.5); similarly KB(S), Ku(E),

Q1( ,p) ( ,p) and R(x,p) are defined by replacing p by p in (2.6), (2.7),
(2.11) and (2.10).

For reasons that will become clear in the sequel we shall also at this
stage expand T(S)/T(p) in powers of (Tz(p)—rg(g))/r2(5); at the same time
the numerators of K3(p) and Kh(p) will be expanded about the point p = p.
Later on, when gj is replaced by Pj’ we shall e.g. take ?j = E Pj thus en-
suring that Pj_pj is roughly speaking a r.v. of Srder N ?. At the moment,
however, we do not make any assumptions about p-p and as a result lemma 2.3
provides only a formal expansion in the sense that we do not claim that the
remainder term is at all small.

. * ~ . .
The expansion for R (x,p,p) that we shall establish is
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2 2,~
(2.24)  F(xp3) = BwB) - olew) {F BERL () o
T (p)
(p.=p.)(1-67.+65°)a>
* é'x s oM K [(x—u)2—1] +

T3(5)

2 2,~\\2
GLhﬁi;ﬁﬁ>[uqﬂi3uqﬂ]+

2 (3)

o o] N

<5(0) 20)2(3)

+ T
12N 2 Te(p)

[(x_u)“-6(x_u)2+33},

~

where R is given by (2.10) and

Z(p.—g.)a.
= —d J J

LEMMA 2.3. Let 5 = (51,...,§N) be a vector of real numbers in [0,1] and sup-
pose that positive numbers c,C,8 and e exist such that (2.15) and (2.16) are
satisfied and that

1 LI 2
(2.26) T Z p.(1—p.)aj > c.

Then there exists A > O depending on N,a,p and 5 only through c,C,8 and €
and such that

(2-27) sup IR*(Xapag) - ‘ﬁ (X:P:\B)l <
X
< A{N'5/h e 02 (p, 5 )% a1 - N‘31T2<p>-T2<5>13}.

PROOF. Changing the standardization in theorem 2.1 we find

~

(2.28) sup ]R*(x,p,g) - R((x-u) A N—S/h.
pe

A lA
ol (o

( )3p)| <
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~ -1 ~
The assumptions of the lemma ensure that Te(p)/T2(p) > cC 2, T2(p)/T2(p) >
-2 -2.,\3/4 ~ -2.,y3/b

2 cC %, frg(p)l < (e 7C)™ 7, Ikg(p)] < (e7C)

-2
» 1) (p)| < ¢”°C and
IKu(5)| < 0_20. It follows that the derivatives ofﬁ((x—u)y,p) with respect

=

2
to y are bounded for y =2 cC and all x-u, and hence

~

(2.20)  &(x-u) f%%%,p) = Hlx,0) + B (oo p) (HB) -1) (o) +

~

1 D) 112 (5em)? () ;)3
¢ 3 B Geun) (B -0 () + 0 (KBS 1)),

where ﬁ'(x,p) and ﬁ"(x,p) denote first and second derivatives of ﬁ(x,p) with
. 2 2~ ~ -1
respect to x. Since (1 (p)-t (p))/TZ(p) > -1+ cC 2,

(2.30) x(p) =1 “(p)=r° (5 + %(—T—Zﬁl;—‘ﬁz’—)—f- e
(p)

T

where the remainder is of the order of the first term omitted. As K3(5) and

KM(S) are bounded, we obtain the following one and two term expansions with

remainder for K3(p) and «),(p).

2 o (1-p:)(2p.=1) =5 (1-5:) (2p.~1)}adq , ,~ 3
- >y 2 J J J J il (z(»)Y _
w1 o= [ - | (&3
= k5 + o0 1EE)-PE) + 17 TIn, 5 a1 -
N oy 23
I PR 6 ]+ v Up;7p;) (1-6p5+6m;)e5 |
3 2 2% (%)

+ o(N‘2<T2(p>-T2<5>>2 + 'T (05,0 18,17

2

+ N |T2

2

(p)-t (5)|§|pj—5j||aj:3),

(2.32) Kh(p) = KM(S) + 0<N'1tr2(p)—r2(5)l + N_12|pj—5j|a§>.

In (2.29) we may now replace R, R' and R" by explicit expressions and

substitute (2.32) and appropriate versions of (2.31) and (2.30). The algebra
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is straightforward and will be omitted. Combining the result with (2.28) we
find that (2.27) holds if a term
L 2

20~ 3 52, 2, | 2~ ~ 3
o(N T1psBs 1 (las %4ty + 0727217 (0)-®(B) 1T b, 51 1o 1 +

+ 2 2( -5/2(T2(P) 2~ )2\

P(p)-to ()] + N = (3))°)

is added to the right-hand side. Here, as well as above, the order symbol

is uniform for fixed c and C. The lemma is now proved by noting that

~2y, 3 _ .=5/2y, 3, =3/2v,  ~ 2 3
-=D: . < . N .~P. .
N ZIPJ psllasl” <N ZIaJI Z(pJ pJ) sl

-

-2 ~ ok -5/2 > -3/2 ~ 2 3
N Llp,-psla; < N7 e 17 + N (ps-p. )  as |

w272 2 32 (p.5.)% s, 13

2, ~ ~ 3
p)-T (p)lZij—pjllajI <

+ N_T/z(rz(p)—TE(g))EZIaj|3,
N2 12 ()= 2 (B | + 82722 (p)-2(3))% < 1732 4 w7312 (p)-2(D) 13

and that Elaj|3 < CB/hN and zlaj|5 < (CN)S/u. g
We shall now replace p by P = (P1"'°’PN) in R*(x,p,p) and take expec-

tations. Define the vector m = (ﬂ1,...,WN) by
(2.33) m. = EP., j=1,0..,0;

it will play the role of p. Furthermore, for ¢ > 0 we let v(z) denote the

Lebesgue measure A of the g-neighborhood of the set {a

1,...,aN}, thus

(2.3k) y(z) = Mx | aj lx—ajl <z}l

THEOREM 2.2. Let X1""’XN be i.7.d. with common d.f. G and density g, and
let T,P and m be defined by (2.2), (2.3) and (2.33). Suppose that positive
numbers c,C,8,8' and € exist with &' < min(6/2,c20_1) and such that

1
N

N
(2.35) a° > c, % z a. < C,

1 9

ne—=

J
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(2.36) vy(z) 2 6 N ¢ for some ¢ = N—3/2log N,

g(X,‘) \\
(2.37) P(e < g(X1)+g(-X1) < 1-5/ > 1-8".

Then there exists A > 0 depending on N,a and G only through c,C,8,8' and
e, and such that

T - Za.w. ~
(2.38) S;p I P(——;F;Tldl < x) - E R (x,P,m) I <
' 2/5 3/2
< A{N-S/h + N_3/h[E{E(Pj—nj)2}5/2] + N'3/2[Z{E IPj;nj|3}2/3J }.

PROOF. We start by showing that a,P and m satisfy the conditions for a,p and
5 in lemma 2.3 with large probability.

The number of Pj that lie in [e,1-e] is equal to the number of
g(Xj)/(g(Xj)+g(-Xj)) in that interval. Applying an exponential bound for Si—
nomial probabilities (OKAMOTO [1958]) we find that for 8" e (&8',min(6/2,c°C
(2.37) implies

M),

2
— "_. '
P(e < Pj < 1-¢ for at least (1-8")N indices j) > 1-e 2n(s"-s")

Suppose that e < Pj < 1-¢ for at least (1-8")N values of j. It then fol-
lows from (2.36) that a and P satisfy condition (2.16) if & is replaced by
§-28" > 0. For n € (0,1), suppose that a? < ne for exactly k indices J and

let I' indicate summation over the remaining N-k indices. Because of (2.35)

1
1v2 _k 1 o' 2 N-k/ 1 ¢' k)2 N-k .\
<= )a. <= + = . < + — .] < + | —
c N ZaJ N ne ¥ z aJ ne N \N-k Z aJ/ ne N C/ )
2 . 2 2 -1 .
and hence the number of aj > nc is at least (1-n) c C N. By choosing n suf-
ficiently small we can ensure that (1—n)2c20_1 > §", This implies that

N_1T2(P) > ;, where ¢ = ((1-n)2c20_
-12 -1_ 2 x x o~ Y-
that N 1 (m) >N Et (P) 2 ¢, where ¢ = c(1-exp{-2(8"-8')"}) > 0.

Thus we have shown that if c¢,C,8 and e are replaced by positive numbers

1—6")6(1—e)nc > 0. This in turn ensures

c*,C,G—ZG" and ¢ depending only on ¢,C,8,8' and e, then a and 7 satisfy (2.26)
and the second part of (2.15), whereas a and P satisfy (2.16) and the first
part of (2.15) except on a set E with P(E) < exp{-2N(6"—6')2} = O(N_S/h).
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Hence a,P and m satisfy the assumptions of lemma 2.3 on the complement of
E. In dealing with the set E it will suffice to note that ﬁ*(x,P,w) is
bounded since (2.26) and the second part of (2.15) ensure the boundedness
of ky(m), k) (1), (t2(P)-12(1))/12() and Zlajl3/r3(n). Of course R (x,P,7),
being a probability, is also bounded.

As

T - )a.m
P(—fagéﬁ—ﬂ-s x) = E R"(x,P,m),

the left-hand side of (2.38) is bounded above by

(2.39) E sup |R (x,P,m) - R (x,P,m)].
X

Applying lemms 2.3 on the complement of E and using the boundedness of
]R*(x,P,ﬂ) - ﬁ*(x,P,ﬂ)| together with P(E) = O(N—S/h) we find that (2.39) is

0(1\1'5/h + N‘3/2§ E(Pj-ﬂj)elaj|3 + N'3EIT2(P)—T2(W)|3>=

where the order symbol is uniform for fixed ¢,C,8,8' and e. Now

2/5
-3/2 2, 3 _ y-3/2 _y2y5/2 7 5,3/5
N B(Pi-mi)Tlas T < N ﬁw@j%)} ] (Llas 173777,

IA

3 3
N‘3E|T2(P)-T (m N'3E[Z|Pj-nj|a?] < N—B[Z{EIPj—ﬂj|3}1/3a?] <

J

3/2
N'3[Z{E|Pj- J 133 2/3}

IN

L 3/2
(1) %2,

and since Zlajl5 < (CN)S/h and Zag < CN, this completes the proof. [J

We note that the boundedness of ﬁ*(x,P,ﬂ) on E plays an important role
in the above proof. Because 1(P) may be arbitrarily small on E, this explains
why we had to remove t(p) from the denominator of the expansion in lemma 2.3
by means of (2.30).

Although theorem 2.2 is formally stated as a result for a fixed, but
arbitrary value of N, it is of course meaningless for fixed N because we do
not investigate the way in which A depends on ¢,C,8,8' and e. In fact the

theorem is a purely asymptotic result. Let us for a moment indicate depen-
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dence on N by a superscript. Thus, for N=1,2,..., consider the distribution
(W) N N N
COER R
when the underlying d.f. is G . Fix positive values of ¢,C,8,8' and € with
§' < min(6/2,c2 () and G(N)

satisfy (2.35)-(2.37) for these fixed ¢,C,8,8' and e, then the error of the
H(0) ()
5

based on a vector of scores a

(W)

of the statistic T
¢™'). The theorem asserts that if for every N, a

. . ~% .
approximation E R (x, is

_ _ ' 2/5  _ 3/2
0<N 5/% Ly 3/“[Z{E(pgN)_n§N))2}5/g] . 3/2[Z{EIP§N)—1T§N)13}2/3] )

as N - o, Moreover, the order of the remainder is uniform for all such se-
quences a(N), G(N), N=1,2,... .

Assumption (2.36) may need some clarification. It is clear from the
proof of lemma 2.2 that the role of conditions (2.16) and (2.36) in theorems
2.1 and 2.2 is to ensure that the a. do not cluster too much around too few

points. Assumption (2.36) is certainly satisfied if for some k > 8N/2, in-

dices J,s Jnsesssd, €xist such that a. -a. 2 2N_3/210g N for i=1,...,k-1.
! 2 k i+1 93

Under condition (2.35) this will typically be the case. Consider for instance

j:N)’ where U1:N < U2:N<"'<UN:N are order sta-

tistics from the uniform distribution on (0,1) and J is a continuously dif-

the important case aj =E J(U

ferentiable, nonconstant function on (0,1) with fJu < », Here both (2.35) and
(2.36) are satisfied for all N with fixed ¢,C and §. The same is true if
aj = J(j/(N+1)) provided that J is monotone near O and 1.

For a large class of underlying d.f.'s G, the right-hand side of (2.38)
is uniformly O(N_1). Still theorem 2.2 does not yet provide an explicit ex-
pansion to order N_1 for the distribution of T since we are still left with
the task of computing the expected value of ﬁ*(x,P,n). This is of course a
trivial matter under the hypothesis that g is symmetric about zero and, more
generally, in the case where, for some n > 0, g(x)/g(-x) = n for all x > 0.
In this case Pj = n(1+n)—1 with probability 1 for all j and an expansion for
the distribution of T is already contained in theorem 2.1. For fixed alterna-
tives in general, however, the computation of E ﬁ*(x,P,w) presents a formid-
able problem that we shall not attempt to solve here. It would seem that what
is needed, is an expansion for the distribution of a linear combination of
functions of order statistics.

In the remaining part of this paper we shall restrict attention to se-

quences of alternatives that are contiguous to the hypothesis. Heuristically
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the situation is now as follows. Since g(x)/(g(x)+g(-x)) = %.+ O(N_%), Pj—é'
and ﬂj—%WﬁJJ.be O(N_%), whereas Pj—nj will be O(N—1) instead of O(N_%) as
vefore. In the first place this allows us to simplify E R (x,P,m) consider-
ably as a number of terms may now be relegated to the remainder and functions

2
is the fact that U = 1—1(H)Z(Pj—nj)aj will now be O(N ?) and that we may

of ﬂj may be expanded about the point w. = l. Much morejimportant, however,
therefore expand ﬁ*(x,P,w) in powers of U, This means that we shall be
dealing with low moments of linear combinations of functions of order sta-
tistics rather than with their distributions. We need hardly point out that
a heuristic argument like this can be entirely misleading and that the actu-
al order of the remainder in our expansion will of course have to be inves-
tigated.‘The unduly complicated form of the remainder terms in the preceed-
ing theorem is, of course, preparatory to such further expansion.

Define

2 2, 2
) ajE(ZPj—1) -Lo (Xaij)

(2.50) K(x) = o(x) + o(x) { 5 x +
22&.
J
3 L
- al(em.-1) Ja.
* LLQ—%/T (E-1) + Ly (o3},
B(Zaj) 12(Zaj)

2 . .
where o (Z) denotes the variance of a r.v. Z. Carrying out the type of com-
putation outlined above we arrive at the following simplified version of

theorem 2.2.

THEOREM 2.3. Theorem 2.2 contirues to hold if (2.38) is replaced by
27 - da. N a.(2m.-1)

IP(—~lX ) - K z~ﬂ-——ﬂ—)|

R e 2.1/2

(2.41) sup
X

9/h
< A{N'S/h + E{E(epj—ﬂh}S/h + N—3/h{Z{E |Pj—ﬂj|3}h/9] }.

PROOF. The proof of this theorem becomes somewhat shorter if we use a modi-
fication of theorem 2.2 as a starting point rather than theorem 2.2 itself.
We recall that theorem 2.2 was proved by an application of lemma 2.3 for

p = m. However, the proof clearly goes through for any other choice of 5

that satisfies (2.26). Because of (2.35), we may therefore replace m in
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= — for all j. Noting that for this choice of

)Qai, and add-

N |-

(2.38) by a vector p with
2,2 2 2,~
/(Ja3)%, +°(B)-1"(B) = -3] (2P,

P
P> K3(S) =0, Kh(p) = -2N )a
R™(x ,P,P) to the remainder, we obtain

ing the last two terms in

h
oJ
(

2T - Ja,

(2.42) P(232F5ﬁ7% < x> = E o(x-U) +
J
Lo T
e R U RETCR R
12(Ya%)
J
) 2(gp__1)2 () ¥ a§(2P.—1) ( ~)2 1
+ x-U) + [(x=U)"=113} +
2Ja2 31232 J
J J
2/5
+ 0(1\1'5/h + N_S/h[Z{E(EP.—1)2}5/2] +
| j
] /2
N 3/2[§{E |2p, -1 2/3} + N 2E[Z a?(er-1)

§-3/2 2\
) a a’ E(2PJ—1) )

1

where U = ) aJ 2P -1) Za )?. All order symbols in this proof are uniform for

fixed ¢,C,8,8" and €. The remainder in (2.42) may be simplified by noting
that

2/5 3/2
N_B/A{E{E(EPJ—1)2}5/2} * N‘3/2[Z{E I2Pj-1|3}2/3} <

% s Tim(er =) - s 1ep 1) <

IA

N-S/h + N-3/2 + gz{E(sz—1)h}5/u,

IA

2
N‘3/2E[Z a§(2Pj—1)2] + N_3/22a§E(2Pj'1)2 :

2
< 2N'3/2E[Z a?(sz-1)2} ¥ W32 ¢ 732 ZagXE(EPj—1)u +

3/2 b 5/

+ N 7% < 2c Z{E(2Pj—1) } -3/2

+ (2C+1) N
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-

Define U = 2 aj(Pj-ﬂj)/(Zag)%, S0 x—ﬁ = x—faj(2ﬂj—1)/(Xa§)2 - 2U.

By expanding in powers of U under the expectation sign in (2.42) we find

2T - )a. N a.(2m.-1)
(2.43) P(——f——z—l < x> = K<x -ELAl——fiv———)
(zag)1/2 (za%)1/2
J J
+ 0(1\1'5/h + Z{E(sz-1)l‘}5/h + Elu)3
+ EIUHNT + N f (2P, ~1)?
+ N‘3/2§ra 2P, 11})
Now

N”3/22|a.13|2P.-1| < N fa + N Z (2p.-1)%,
J J J
v 'Ejul < 5732 4+ 5lu)3
-1 2 2 _1/2 -3/2,] 272
N E|U|Xaj(2Pj—1) S R [ -1) ] <
<32 4 5lu3 + ¢ Z{E(sz-1)h}5/” + CN'3/2,

where the last inequality is based on a bound obtained earlier in this proof.

It follows that the remainder in (2.43) is of the order of the sum of its
first three terms. The proof is completed by noting that

glul>

IA

-3/2 3. -3/2 3.1/3]°
(en) E[Zlajlle-njl] f .—ﬂjl 1 |

IA

L
“3/2,c b 3/4] RV

Theorem 2.3 provides the basic expansion for the distribution of T un-
der contiguous alternatives. In section 3 we shall be concerned with a fur-
ther simplification of this expansion and a precise evaluation of the order

of the remainder term.

1A
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3. CONTIGUOUS LOCATION ALTERNATIVES

The analysis in this section will be carried out for contiguous loca-
tion alternatives rather than for contiguous alternatives in general. The
general case can be treated in much the same way as the location case but
the conditions as well as the results become more involved. The interested
reader is referred to ALBERS [19T7L4].

Let F be a d4.f. with a density f that is positive on RT, symmetric a-
(1)

bout zero and four times differentiable with derivatives T , 1=1,...,50.
Define functions

L(3)
(3.1) v, =3 . i=1,...,4,

and suppose that positive numbers e and C exist such that for

- ko
m—6,m—3,m_3’mh—1’

[ m, 1 :
sup{J Iwi(x+y)| f(x)dx : |y| < eJ <C, i=1,...,4.

Let X1""’XN be i.i.d. with common d.f. G(x) = F(x-6) where

(3.3) 0 <86 < CN_1/2

for some positive C. Note that (3.2) and (3.3) together imply contiguity.

Let 0 < Z1 < 22 < eee < ZN denote the order statistics of |X1|""’|XN[ and

let T be defined by (2.2). Probabilities, expected values and variances un-

der G will be denoted by P,., E_, and 03; under F they will be indicated by

5 6° “o
Py, By and o,. Define
L A
le; L2y, (25)
(3.4) Kolx) = o(x) + o(x) {___4%575 (x7-3x) - 6 O213/2 (x°-1) +
12()a5) 3(Js3)
2
0 2 2 2 ]
+ 2Za§ [Zaonw1(Zj) - OO(Zajw1(Zj))Jx +
+ 92 73 Za.EOEBw?(Z.) - 6w1(Z.)w2(Z.) + ¢3(z,)]},
6(2&.) J J d J
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and
fa.EO¢1(z )
(3-5) n=-6 > 1/2
(I25)

We shall show that K_(x-n) is an expansion to order 1\1_1 for the d.f. of
(2T—Zaj)/(2a§)1/2. The expansion will be established in theorem 3.1 and an
evaluation of the order of the remainder will be given in theorem 3.2,

Let m(6) denote the power of the one-sided level o test based on T for
the hypothesis of symmetry against the alternative G(x) = F(x-6). Suppose

that for some € > O,
(3.6) € < a < 1-g,.

We prove that an expansion for w(6) is given by

N

. )a.

(3.7) m(6) = 1 - Ke(ua-n) + ¢(ua—n) ‘-—‘jE—E‘(u3-3u ),
12(Zaj) o o

where u, = ®"1(1-a) denotes the upper o-point of the standard normal distri-

bution.

THEOREM 3.1. Suppose that positive numbers c,C,8 and e exist such that
(2.35), (2.36), (3.2) and (3.3) are satisfied. Then there exists A > 0 de-
pending on N,a,F and 6 only through c,C,S8 and e and such that

2T - Xa.

(3.8) sup |P < x\ - K. (x-n)] <
X 8<(Za§)1/2 yi 6
) A{N-s/u N v (2L) - B2 NERZS
s | L1V t2s) = Egbqte; IBE
(3.9) Inl <A,
G RIS TR .
2.3/2 > O 2 < A,
(Ya%) Ya
i 3
(3.10)
3
Z§§5§T75 T3 B 03030250 = 60,(2,00,(2,) + vy(2)]] < an™

J
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If, in addition, (3.6) is satisfied there exists A' > 0 depending on N,a,F
0 and o only through c,C,8 and e and such that

) ) 9/k
(3.11)  |n(e)-n(0)]| = A.{N 5/4 , y~3/k, 3[Z{E v, z.>-EOw1(zj)[3}u/9] }.

PROOF. We begin by checking assumption (2.37). One easily verifies that

IA

1
'2-I11)1(x—6)| Iw x+0 |

Hence the symmetry of f and an application of Markov's inequality and Fu-

bini's theorem yield

g(X1) -e)-f(X1+e)

-e)+f(x1+e)

- >
e\ g(X < 1 2€/ 2

t)| + Iw X +t)[}at < 2(1-25)) >

v
)

@
/N
—
(@) D@
—~
<

6
1
> ] - —— _ + + N
! 2(1-2¢) ESJO{|W1(X1 t)! lw1(X1 t)l}dt >
2 1 - sup E_[y (X +t)].
1-2¢ It |<6 p' 1 M
Take € < 3 and choose &' = %min(6/2,c20_1). Because of (3.3) there exists

NO > 0 depending only on c,C,8 and € such that for N = NO, 20 < ¢ and

6 < (1—25)0—1/66'. Then (3.2) implies that (2.37) is satisfied for N = N,
This is of course sufficient to ensure that the conclusion of theorem 2.3
holds.

The passage from (2.41) to (3.8) is achieved by Taylor expansion with
respect to 6. Since this part of the proof is highly technical and laborious
it will not be given in the body of the text. Instead we refer the interest-
ed reader to appendix 1 where the results we shall need are stated in corol-
lary Al.1. Using parts (A1.27), (A1.31) and (A1.32) of corollary Al.1 toge-
ther with the inequality Z{Ee(EPj—Hu}S/h ZE ]2P | we see that (3.8)
will hold if a term

(3.12) O(ehoo(Iajw1(zj)> + 17 /%% (a S0z, ))
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is added on the right in (3.8). Here, and later in this proof all order sym-

bols are uniform for fixed c¢,C,8 and e. Now

o0 (Tasb, (25)) + 17 /26%2 (o, (2.)) <

3.6 3

IA

0

3.-3/2 33
2033211 + 6 aO(Zajw1(Zj))J,

IN

o5 (Tasv,(2)) = Bo|Ta, (v, (2)-Egv, (2,))] <

IA

IA

CORMDERTRCRERNERIE NG

-1/2,.3 -1/2,6 3 -
87+ o (Zaj¢1(zj)) +N /% + N %o co(Zaj¢1(zj)) <

[ 3,1/3]°
LZ!ajl{Eolw1(2j)-EOw1(Zj)| } | =

]9/h

9

which proves (3.8). In view of (2.35) and (3.3) it is clear that (3.9) and
(3.10) are merely restating parts (A1.28)-(A1.30) of corollary Al.1.

The one-sided level o test based on T rejects the hypothesis if

(2T-Zaj)(2a%)“1/2 > Ea with possible randomization if equality occurs. Tak-

ing 6 = 0 in (3.8) we find that
L

)a.

2
a.
;)

L

1-0(g,)-0(2 ) 5 (336 ) = o+ 0wY),

12()

and hence because of (2.35) and (3.6),

(3.13) g, =u, - —ds— (w3 ) + o).

The power of this test against the alternative F(x-6) is

(3.18)  w(e) = 1K (g -n) * o(N—S/h . N—3/he3{Z{EOIw1(Zj)—E0w1(zj)|3}h/9

In (3.14) we expand Ke

. P
(ga—n) around u -n Noting that [Ea—ua| = 0(N ) and

1P/
)

using (2.35) and (3.10) we arrive at the conclusion that (3.711) will hold if

a term
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(=222 \ = afw-3 . «=3/2,33
O\N 8 oO(Zajw1(zj))/ 0\N + N 6 oO(Zaj¢1(zj))
is added on the right in (3.11). As we have already shown earlier in this

proof that such a term does not change the order of the remainder in (3.11),

the proof of theorem 3.1 is completed. [
For i=1,2,3, define functions ¥, on (0,1) by

(1), =1,1+t
£ (F (=)
(3.15) v. () = w.(F-1(1;t)) - 2

THEOREM 3.2. Suppose that positive numbers C and § exist such that (3.3) is
satisfied and that |W;(t)| < C(t(T—t))-h/3+5 for all 0 < t < 1. Then there
exists A" > 0 depending on N,F and 6 only through C and § and such that

L
-3/ 3 3, 4/91P% L os/h
N 8 [Z{EO|¢1(ZJ)-EOw1(Zj)| } ] < A"N .

For the highly technical proof of this result the reader is referred
to appendix 2. Theorem 3.2 follows at once from corollary A2.1 in this ap-

pendix by taking h = W1.
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Iy, EXACT AND APPROXIMATE SCORES

The expansions given in section 3 can be simplified further if we make
certain smoothness assumptions about the scores aj. Consider a continuous

function J on (0,1) and let U <U < denote order statis-

1w S Y2y <77 < Uney
tics of a sample of size N from the uniform distribution on (0,1). For

N=1,2,... we define the exact scores generated by J by

(4.1) aj =8y EJ(Uj:N), j=1,...,N,

and the approximate scores generated by J by
(4,2) aj =a. = J(==), J=1,...,N.

For almost all well-known linear rank tests the scores are of one of these
two types. The locally most powerful rank test against location alternatives
of type F is based on exact scores generated by the function —W1, where W1
is defined in (3.15).

So far, we have systematically kept the order of the remainder in our
expansions down to O(N—S/u). From this point on, however, we shall be con-
tent with a remainder that 1is O(N_1), because otherwise we would have to im-
pose rather restrictive conditions. In the previous sections we have also
consistently stressed the fact that the remainder depends on a and F only
through certain constants occurring in our conditions, thus in effect indi-
cating classes of scores and distributions for which the expansion holds un-
iformly. As the number of these constants is becoming rather large, we pre-
fer to formulate our results from here on for a fixed score function J and
a fixed d.f. F. The reader can easily construct uniformity classes for him-

self by using the results of section 3 and tracing the development of appen-

dix 2.

DEFINITION 4.1. J is the class of functions J on (0,1) that are twice con-

tinuously differentiable and nonconstant on (0,1), and satisfy

Ty
(4.3) J J(t)at < =,
0
. J"(t 3
(L, k) lim sup t(1-t) |5 < =,
£>0, 1 7' (t) 2
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F is the class of d.f.'s F on R1 with positive densities f that are sym-
metric about zero, four times differentiable and such that, for wi = f(l)/f,

- -1+t = - _ L -
Wl(t)_wl(F ( ))3 m1—6a m2_3: m3_32 mh-1s

2
oY m.
(4.5) lim sup f |wi(x+y)| 1r(x)dx < =, i=1,...,4,
y>0 ==
(4.6) (1-t) A I
. lim sup t(1-t : < =,
>0, 1 vile)| 2
For J ¢ J and F ¢ F, let
1.4
- ., S d(t)at
1) Fyle) = el =G (P-30)
12(IOJ (t)at)
1.3
S I7(t)Y, (t)at 2
- N"1/26 0 5 1 375 (x°=1) + 192
3(IOJ (t)at) 2/ 3 (t)dt
15 5 1,1
°[f J (t)v1(t)dt -_f [ J(s)w;(s)J(t)w;(t)(sAt-st)dsdt]x +
0 0’0
1/2.3 1
s N %0 T(6)03¥3(6)=6¥ (£)¥. (6)+¥_(t)las
6(f;J2(t)dt)1/2 fo 1 1 2 3 J
(4.8) Ky 1(x) = Ee(x) -
1
-1/2 S I(t)y (t)dt N
+ o(x) — 28 o 2(3(u, . )) +
2(féJ2(t)dt)1/2 { ngg(t)dt 3210 J:N
N
-2 j£1cov(J(UJ.:N),‘P1(Uj:N))},
(4.9) Ky p(x) = Ko(x) +
1
-1/2 S J(t)y (t)dt (1-1/N
+ o(x) — 7 { L Jr (57(£))%(1-t )at +
2(fOJ (t)at) fOJ (t)dt 1/N

1-1/N
-2 f J'(t)w;(t)t(1-t)dt},
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1
S I(t)Y, (t)at

~ 1/2_°0 1
(4.10) =-N"'%¢ >

! (féJe(t)dt)1/2
(4.11) (6) (u -m) + ¢(u —n)N" I;Ju(t)dt (w-3u )

.11 m.(6) =1 -K, .{(u-n)+ ¢(u-n)N u =-3u ),
1 0,1 a o 12(f;J2(t)dt)2 o o

for i=1,2, Then, in the notation of section 3, we have for contiguous loca-

tion alternatives and exact scores

THEOREM 4.1. Let F e F, J ¢ J, aj = EJ(Uj_N) for j=1,...,N, and let
1/2 :

0<86 <CN "7, e <a < 1-e for positive C and e. Then, for every fized

J,F,C and e, there exist positive numbers A, 61, 8.5... 8Uch that

2
lim GN = 0 and for every N

N>
‘ 2T - Ja, \ . _
(h.12) s;p [Pe(zE;§377g-s x) - Ke,1(x—n)| <6 N,
(1.13) | (QT—Zai ) (x-7)|
.13 sup |P <x}) - K X-n <
o 6 (Za§)1/2 0,2
_ _ ,'1—1/N
<5 w4 a3 | 17 (8) [ (T )] + v (6)]) (e (1-2)) " Pat,
N 1/N 1
(4. 1k) |m(6)-n (8)] < 6, W'
(4.15) |m(6)-m ()| < 6, 0" +
_3/2 (171N 1/2
+ AN f [Tr(e) [ (|a (e)] + e (e)])(t(1-t)) /“at.
1/N !

PROOF. For fixed J e J, positive constants c,C and § exist for which (2.35)
and (2.36) hold for all N (cf. one of the remarks following the proof of
theorem 2.2). Similarly, for fixed F ¢ F, (3.2) is satisfied and it follows
that the conclusions of theorem 3.1 hold with A and A' depending only on

F,J,C and €. Also (L4.5) ensures that W6 is summable and together with (L.6)

1
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and the second part of corollary A2.1, this implies that the conclusion of
theorem 3.2 holds with A" depending only on F and C.

To complete the proof we now apply the results collected in corollary
A2.2 to the expansionsKe(x—n) and m(0) in theorem 3.1 and then expand these
functions of n around the point n = ;, while noting that n-n = O(N-1/2) by
(A2.22) and (A2.23). O

In general, the expansions given in theorem 4.1 will not hold if the

exact scores are replaced by approximate scores aj = J(ﬁ%T)’ because n-;
will then give rise to a different term of order N . If J =‘—W1,however,

it is clear from corollary A2.2 and the proof of theorem 4.1 that expansions
(4.13) and (4.15) are valid for approximate as well as exact scores. Also

for J = —W1, these expansions may be simplified because F ¢ F implies that

by partial integration

s , , 't 1,012 2
JOJOW1(s)W1(S)W1(t)w1(t)(sAt—st)dsdt = zfow1(t)dt —E{JOW1(t)dt) ,

1 1 1
_ 10 i 2
JOW1(t)[6w1(t)W2(t)—W3(t)]dt =3 J vy (t)dt + f ¥o(t)dt.

It follows that in this case ;, K, (x-n) and 7_(8) reduce to

0,2 p)
1
(4.16) 0t = N‘/ge(j wf<t)dt)‘/2,
0
(3.17)  Ly(x) = o(x-n") +
1.4
* S yvi(t)dt
* M?Eﬁ : {( 0 ;( e [6(x5-3x)+6n* (x°=1)-30"2x-5n"31 +
S ve(t)at
01
12f;w§(t)dt %3 %2 . 36f}7&/N(W%(t))2t(1—t)dt .
+ — +9 (x-— )+
1 2 > n n n T 2 n 3
(IOW1(t)dt) fOW1(t)dt
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(4.18) () = 1 - o(u ") +
* * 11
no(u-n) (S ¥ (t)dt
+ 72; { ? ; 5 [—6(u2—1)+3n*u +5n*2] +
(/ ¥5(t)at) @ @
01
12 1-1/N, 2
12fow2(t)dt £ x N 36f1/N (W1(t)) t(1-t)dt
(IOW1(t)dt) IOW1(t)dt

Finally we note that for F ¢ F, -¥, can not be constant on (0,1) because the

-Ax] 1

density f(x) =2\ e of the double exponential distribution is not dif-

ferentiable at zero. It follows that —W1 e J for every F ¢ F. We have proved

THEOREM L4.2. Let F ¢ F and let either a; = —EW1(Uj_N) for j=1,...,N or
as = -W1(E%T) for j=1,...,N. Suppose that 0 < 6 < CN_1/2 and € < o £ 1-¢

for positive C and e. Then, for every fixed F,C, and e, there exist posi-

tive numbers A, §

Spnnee such that lim 6N 0 and for every N

N0

19

2T - Za.
75 < x/ - Le(x)]

IN

(4.19) sup |Pe<

x (Za?)

1-1/N
<o W4 a3 j (v1(t))
1/N

1-1/N

(21 (£))2 (8 (1-2)) V2as,

(4.20)  [n(o)=r*(8)] < 6 N"' 4 an3/2 J

N 1/N

At this point it may be useful to make some remarks concerning the as-
sumptions in theorems 4.1 and 4.2. Conditions (4.4) and (4.6) ensure that
J' and Wi do not oscillate too wildly near 0 and 1. They also limit the
growth of these functions near 0 and 1, but in this respect conditions (L4.3)
and (4.5) for i = 1 are typically much stronger. Together with (L.k4) and
(L.6) they imply that J'(t) = o((t(1—t))_5/h) and w;(t) = o((t(1-t))'7/6)
near 0 and 1 (cf. the proof of corollary A2.1).

For expansions (4.13), (4.15), (4.19) and (4.20) to be meaningful ra-
ther than just formally correct, even stronger growth conditions have to be

imposed. Consider, for example, expansion (4.20) and suppose, as is typically
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the case, that ¥! remains bounded near 0. If ¥!(t) = 0((1-t)—1) near 1, then

1 1
the right-hand side in (4.20) is O(N-1) and the expansion makes sense. How-

ever, if W%(t) is of exact order (1-t)-1, the expansion reduces to

1—1/N(

, 2
0 W1(t)) t(1-t)dt

n*¢(ua—n*) i

-1
o + 0(N ).

m(6) = 1-0(u —n*) -
¢ f;wf(t)dt

Finally, if W{(t) ~ (1-1;)'1"S for t - 1 and some 0 < & < %, then all we have
left in (4.20)'is n(6) = 1-0(u_-n") + o~ 1%2%)

too, more exact results can be obtained by paying careful attention to the

. Of course, in these cases

behavior of the extreme order statistics.
We conclude this section with a few applications of theorems L4.1 and
4.,2. The tedious computations will be omitted. First we consider the power

(6) and 7, _(6) of Wilcoxon's signed rank test (W) against normal (N)

"W,N W,L
and logistic (L) location alternatives G(x) = ®(x-6) and G(x) =

= (1+exp{-(x—6)})-1 respectively, where 6 = O(N_1/2). We find

né(u -n)
(4.21) . —_ {2

= ~ 26 69 2
y,nt8) = 1-e(u-n) - — 5 - V2 -yt

+

169 _2V3, ~ _ (103 _2V3 _ 1,2
20 3 e - (R 3 ~gn

+ (

12 arctn V2 (
™

2 ~ ~D 1 -1
+ —1+u = +
1 u 2uan n )J + o(N ),

where n .

* *

n¢(u-n")

* a 2 * %2 -1
. = 1- - - — 2+
(L.22) “w,L(e) 1 @(ua n) SON {2 3u_tu n +n } +o(N ),
where n* = (%01/26.
As a second example we consider the one sample normal scores test which
1+U.
. -1 J:N
. = . It

is based on the scores aJ Eo ( 5 ) S power ﬂNS’N(e) and ﬂNS’L(e)

against the normal and logistic location alternatives described above satis-

fies
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@'1(1;Jﬁ
.o f 2N (29 ( )—12(;—¢(x)) dx} +o(r M),
0
where now n* = N1/26, and
~ ;d’(ua‘;) 2 ~
(L,24) WNS;L(G) = 1 —@(uu—n) - ——qaﬁ——— {23 - 12V§ + ua + (2ﬂ—5)udn +
+ (72 arctn V2 - 221 + 1)?2 +
77 030 (20)o1) (1-0(x) i
_6[ W (20(x)-1) (1-0(x d§+om‘u
0 o(x)
where now n = (N)1/26. We note that theorem 4.2 ensures that (4.23) will

m

also hold for Van der Waerden's one sample test which is based on the ap-
. _ =1 N4 ] . .

proximate scores aj =9 (2(N+1))' To evaluate the integral in (L.23) and

(L.2Lh) we write

il
2

dx = log log N + log 2 +

|-

o™ (13 (28 (x)-1) (1= ()
(Lk.25) [ X ,

0

® (20(x)=1){x(1-8(x))-0(x)}
0 x¢(x)

-2 f log x ¢(x)dx + J dx + o(1) =
0

log log N + % log 2 + 0.05832... + 0(1),

N |-

where the final result is obtained by numerical integration.
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5. PERMUTATION TESTS

In this section we consider distributionfree tests other than rank
tests, viz. permutation tests. We limit our discussion to linear permutation

tests that reject the hypothesis of symmetry if

N
(5.1) ) n(x.) 2 £ (2)

with possible randomization if equality occurs. Here h is a function on R1,
7 = (Z1""’ZN) denotes the vector of order statistics of IX1|,...,IXN] as
before and Ea is chosen in such a way that under the hypothesis of symmetry

II-MZ

h(x,) 2 ga(z)lz) - a.s.

(5.2) P<1 1

with an obvious modification if there is randomization.
Since (5.1) is equivalent to Z{h(Xi)—h(—Xi)} > 2ga(z) - Z{h(Zj)+h(—Zj)},
we assume without loss of generality that h is antisymmetric about the ori-

gin, i.e.
(5.3) h(x) = -h(-x) for all x.

But then, under G and conditional on Z, Zh(Xi) is distributed as ZZaj(Vj_éj
with V. as in (2.3) and aj = h(Zj). This means that we can obtain an expan-
sion for this conditional distribution of Zh(Xi) if we can apply theorem 2.1,

2
this case theorem 2.1 yields an expansion for the conditional d.f. of

Urnider the hypothesis of symmetry, Pj =1 in (2.3) for all j. Hence in

1
Zh(Xi)/(ZhQ(Zj))2 that holds uniformly on the set of all values of Z for
which the aj = h(Zj) satisfy (2.35) and (2.36) for fixed c¢,C and §. If a
satisfies (3.6), this immediately leads to an expansion for ga(z). We find

(c.f. (3.13))

N
£ (z) h (Z.)
(5.4) o = u ! J

<zh2<zj>>1/2

3 -5/h
- (u’-3u ) + O(N )
o 12(zh2(zj))2 o o

¢ where, for fixed positive c¢,C and §, Zhg(z.) > cN,

I 0 23729
Zh (Zj) < CN and Mx I Ej Ix—h(Zj)l <z} > 8Nz for some ¢ = N log N.

uniformly on the set E
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Next we consider the contiguous location alternatives G(x) = F(x-6) of

section 3., Under these alternatives, theorem 2.1 yields an expansion for the

conditional d.f. of l{Zh Z(zP -1)n( }/{ZP )h (ZJ) 1172 wniformiy
on the set Ee where, for flxed pos1t1ve c c and S, ZP -Pj)h (Zj) > cN,
Eh < ON and AM{x | 3. |x-h(Zz.)] < ¢, e <P, < 1= e} > §Nr for some

z = _3/2log N. ! ! !

Since E. < E it suffices to show that P ( ) = O(N_S/h) in order to

: (x>

obtain an expansion to 0

S
for the condltlonal power given Z of the

permutation test. The unconditional power is then obtained by taking the
expectation. This is done in very much the same way as in sections 2 and 3
for linear rank tests, the only difference being that now not only the Pj
but also the aj depend on Z.

This program is carried out in ALBERS [197L4] for the special case of
the locally most powerful permutation test where h= —w1 =-f'/f, In theorem
5.1 we reproduce a version of this result without further proof. Of course
a similar result may be obtained for the general linear permutation test
(5.1) with h # U

Suppose that F is a d.f. with a density f that is positive, symmetric
about zero and five times differentiable. Define Y, and ¥, by (3.1) and
(3.15) and take h = -, Let nP(e) be the power of the permutation test
(5.1) against the alternative F(x-6) and define

(5.5) mh(8) = 1-0(u -n") +
(61
* * 1 h
no(u-n) S ¥, (t)dt
* 72§ { ? ; > ['6ui'3 * 3ua”* + 501 +
(/¥ (t)at)
1.2
127 ¥-(t)dt
- ——7952-————2 n*% % 9(1 - ua”* + n*Q)},
(fow1(t)dt)

where n* is given by (4.16).

ﬁEMEMS1.1@thmiwy(&S)ﬁmi;hn.ﬁtmdm 10, m, = ;1%=%
m = h’ - =1 and suppose that positive numbers C and e exist such that

0 <86 < CN -1/2 and € £ o £ 1-e. Take h = B2k Then there exists A > 0 de-
pending on N,F,6 and o only through F,C and e and such that
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Imo(6) = ni(e)] < v/t

For F = ¢, we have —w1(x) = x and theorem 5.1 provides an expansion for
the power of the permutation test based on EXi against normal shift alterna-
tives ®(x-6) with 0 < 6 < CI\I-1/2 and € < a < 1-e. We find that this power

equals

2 1/2
euu¢(ua—N 9)

= £ ooy,

(5.6) 1 - a(u -N1/2e) -
@ LN

But (5.6) is also the power of Student's one-sided one-sample test for @
against ¢(x-6) (c.f. HODGES & LEHMANN [1970]). It follows that for testing
the hypothesis ¢ against contiguous normal shift alternatives for fixed

0 < a < 1, the powers of the permutation test based on XXi and of Student's
-5/k -3/2

) ),
since ¢ satisfies the stronger regularity conditions needed to replace N_S/h

by 873’2 in theorem 5.1.

test differ by only O(N as N > o, In fact, this difference is O(N

The remainder of this section will be devoted to a further investiga-
tion of this rather striking phenomenon. Roughly speaking, we shall show
that for testing any given symmetric distribution against near alternatives,
the permutation test (5.1) is almost equivalent to Student's test applied
to h(X1),...,h(XN) with the correct level of significance for the given
null-distribution. Our proof differs from the one outlined above in that we
do not use power expansions to establish the near equivalence of the two
tests. Instead, we show that the critical regions of the tests are almost
identical. This more direct approach has the additional advantage of pro-
viding a simple explanation of our result.

Let F be the d.f. of a distribution that is symmetric about zero and
consider the problem of testing the hypothesis that X1""’XN have d4.f. F
against the alternative that they have another d.f. G. For this testing
problem and an arbitrary h satisfying (5.3) we compare the permutation test
(5.1) with Student's test applied to h(X1),...,h(XN) that rejects the hy-
pothesis if

Lh(X;)

-T2 -1
[yn"(x; )-8 (Jn(x,))

~ -1.1/2
21/ -y ) 7 =t

(5.7)
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with possible randomization if equality occurs. Here ta depends on o,h,F

and N and is chosen in such a way that the test (5.7) has level a.

THEOREM 5.2. Suppose there exist positive numbers c,C,s,n,61,62,... with
lim SN =0 and m > 8, such that nak and el are monotone and differen-—
N0
tiable on intervals I and Ig of length at least n where

d -1 a -1
(5.8) |35 B (£))] 2 ¢, | Bl (£))] 2 e,

and such that € < o < 1-g, and

IA

(5.9) f Ih(x) | Par (x)

c, [ In(x) "ac(x) < c,

(5.10) IJ 2% (x)ar(x)

J h2k(x)dG(x)| <8

N for k=1,2.

Then there exist A > 0 depending on N,F,G,h and o only through c,C,n and e,
and B > 0 depending only on m, such that the powers of the tests (5.1) and
(5.7) for F against G differ by at most A(N~B+6N)N_1.

(P)

PROOF. We denote probabilities and expected values under G (F) by PG P

and EG (EF). By (5.9) and (5.8) we have

(5.11) oé(h(X1)) < EGhE(X1) < [EGhu(X1)]1/2 < ¢?/m,
n/2 2.3
(5.12) cé(h(X1)) > 2f (ct)%at = 012 ,

0

so that these moments are bounded away from O and . For positive integer
k < 4, Markov's inequality, the Marcinkievitz-Zygmund-Chung inequality
(CHUNG [1951]) and (5.9) yield

B 1T (0, )-B 0™ () 1%

Kk X G G
(5.13) pG(|Z(h (Xi)-EGh (Xi))l > N) < (TN)m/k <
< B ( 2N)—m/(2k)EG|hR(X1)—Eth(X1)|m/k < Bmc(fdm/kN'm/(gk),
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where Bm depends only on m., Choose
(5.14) B = min(s—x

Taking T = I\T_B in (5.13) and using (5.3) we find that

(5.15)  +78%(z,) = + (k) = Ep°F(x.) + 0@ P),  k=1,2,
J N G 1
(5.16) 7 In°(x,) - |+ Jn(x )12 = oo(n(x,)) + ow®)
2 N L TN i’] T % »
uniformly on a set with probability 1 - O(N_1—B) under G.

Assumption (5.3) implies that
1
x| 3, lx—h(Zj)I <zl zgMx |3, |x-h(x.)| < c},

and under G the right-hand side is distributed like

1

1. . -
Mx | aj | x-h(G (Uj:N))I <z},
where U, o < ... < Up . are order statistics from a uniform distribution
on (0,1). Now for n > 1
N! J=1 n-1 N-j-n
=-U. < = - - - - <
P(Us iy Y5y < 2) J f G T(a-1)T(Mjay:s  (t=s)7 (1-t)7 7 "dsat
0<s<t<1
t-s<z
n-1 . . . n-1
- (Nz) (N-n+1)! sJ-1(1—t)N_J_ndsdt - (Nz)
- (n-1)! (3-1)1(N=j-n)! (n=1)! °

O<s<t<1

1N—3/2

Taking n=6 and z = 2¢ log N we see that

> 2c—1N_3/2log N for all 1 < k < [gﬂ-1) >

P(U6(k+1):N'U6k:N

> 1 - g{Zc_1N_1/210g M2 =1 - o By,
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3/2

Together with (5.8) this implies that for £ = N ~/“log N

(5.17) Mx | 35 lx-n(z)] < g} 2 %quC

_1_5)

with probability 1 - O(N under G.

Now (5.11), (5.12), (5.15) and (5.17) ensure that expansion (5.4) holds

uniformly except on a set E, with P (EO) = O(N—1—B). Simplifying this expan-

G
sion by using (5.11), (5.12) and (5.15) once more, we arrive at the conclu-

sion that the power against G of the test (5.1) is given by

(5.08)  rple) = oo o T
5.1 T (G) =P =2 u -
P G\(Zhe(xi))1/2 o 12N(EGh2(X1))2

o By,

Here the first remainder term depends on Z but may now be taken to be uni-
formly o(n~ '8y,
The inequality Zh(Xi)/(Zhg(Xi))T/2 > a is algebraically equivalent with

In(x;)

(i (x ) (Jn(x,)P3E (1_%§)1/2

a

on the set where Zh2(Xi)—N_1(Zh(Xi))2 # 0 and provided that a2 < N. We may
apply this to (5.18) in view of the condition € < a < 1-g, (5.11), (5.12)

and (5.16). At the same time we may replace E, by E_ in (5.18), and by (5.10)

G F
this only involves adding O(GNN_1) to the first remainder term in (5.18). In

this way we obtain

+3
. _ ~ a o F 3 TNy
(5:19)  mple) = By(F 2y r 22 3 + o) +

o By,

~

where T is the statistic in (5.7).

By (5.11), (5.12) and (5.16) we have for B > 0,
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(5.20) sup PG(t <T < t+BN_1(N_B+6N)) <
t
/ . N-EZh(Xi) -1, -8 \ _1-g
< s:p PG\t < oG(h(X1)) < t+2BN (N +5N)/ + 0(N ).

Now (5.8) ensures that under G the distribution of h(X1) has an absolutely
continuous part; in fact, this distribution may be written as a mixture Q =
= n§1 + (1—n)§2 where 51 is an absolutely continuous distribution with den-
sity 51 < (cn)—1. Moreover, (5.9) and Markov's inequality imply that
51([-01,01]) z'%-where c, = max(1,(2C/n)1/8). It follows that @ = (n/2)Q, +
+ (1--n/2)Q2 where Q1([-C1,C1]) = 1 and Q1 is absolutely continuous with den-
sity q, S ¢, = 2(cn)_1.

Let o, be the c.f. of Q1. Obviously, for any fixed t # O, |p1(t)l <

< |51(t)| where 51 is the c.f. of the distribution with density

n

c forye U [-C, + 251, -C, + §§£ﬁ§§]
1 w=o 1 ltl 1 It

qT(y) = <

LO elsewhere,

with n = [C1]tl/n] and (n+1)c12£/[t| = 1., An easy calculation yields
lo,(t)] = (sin g)/g; for |t]| 2 /C, we have £ > m/(ke C.). It follows that
there exists b > O depending only on n,c and C, such that the c.f. of h(X1)
under G satisfies

ith(X1)

(5.21) ]EG e | < 1-b for |t| = .

Because1of (5.9), (5.12) and (5.21) the d.f. of

-1 -3 . .
G (h(X1))N z(h(Xi)—EGh(Xi)) under G has an Edgeworth expansion; uniformly

for all G satisfying (5.8) and (5.9) for fixed c¢,C and n, the derivative of

9]

this expansion is bounded and its remainder term is O(N_3). Applying this

result and (5.20) to (5.19) we find

(5.22) nP(G) =P B+6N))

~ ~ -1, -
G(T > ta) + 0(N (N

uniformly for fixed c¢,C,n and e, where
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ct?
]
o
+
|

(5.23) 5 (u3—3ua).

2
12N(EFh (X1))

Let t  be as defined in (5.7). Since F satisfies all assumptions im-

posed on G, (5.22) will hold under F as well as under G. We have m1_(F) = a

(
P
_1(N_B

and hence %u = ta where |o-o] = O(N +8_)) uniformly for e < a < 1-g,

N |m=

but of course also uniformly for g-s a < 1-

a and %a has a bounded derivative with respect to a for %-S a < 1—%, it fol-

lows that

. Because ta is decreasing in

(5.24) b o=t o+ o~ (nB

o +6N))

uniformly for € < o < 1-e. In view of (5.22) and the preceding part of the

proof this implies that

(5.25) nP(G) = PG(E > ta) + O(N_1(N_B+6N))

uniformly for fixed c¢,C,n and e. This completes the proof. [

It may be useful to comment briefly on assumption (5.10) in theorem
5.2. Of course this assumption is satisfied for a sequence of alternatives

GN that tends to F in an appropriate manner. It is easy to see, for instance,

that if the sequence Gg is contiguous to FN, (5.9) implies (5.10) with GN =

= O(N_1/2). Similarly, (5.9) will imply (5.10) for some sequence GN = 0(1)

if h is continuous and GN converges weakly to F.
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6. DEFICIENCIES OF DISTRIBUTIONFREE TESTS

Let F be a fixed d4.f. with density f that is positive, symmetric about
zero and five times differentiable. Consider the problem of testing, on the
basis of X1""’XN’ the hypothesis G = F against the alternative G(x) =
= F(x-6) at level a. For any particular 6, the maximum power ﬂ+(e) is attain-
ed by the test based on the statistic ){log f(Xi—e)-log f(Xi)}. This statis-
tic is a sum of i.i.d. random variables and therefore its d.f. admits an
Edgeworth expansion under the usual conditions. By expanding the cumulants
of the statistic ALBERS [19T74] obtains an expansion for n+(6). Define Wi by
(3.15) and take

(6.1) %+(9) =1 - @(ua—n*) +
* * 1.4
n¢(u-n") S ¥ (t)dt
* T {( ?;( )2 [3(u§-1)-3n*ua+2n*2] +
SyS(t)at
0" 1
1,2
3/ ¥, (t)at
- ? g 2 e - 9[(u§-1)—n*ua]},
(fOW1(t)dt)

where n* is given by (L4.16). Lemma 6.1 is a version of Albers' result.

LEMMA 6.1. Let F satisfy (4.5) for m, = 5/i, i=1,...,5, and suppose that

3
1
positive numbers C and e exist such that 0 < 6 < CN ° and ¢ < a < 1-e. Then
there exists A > 0 depending on N,F,0 and o only through F,C and e and such

that

(6.2) 177 (8)=7"(8)| < an~3/2.

For the same testing problem theorem 4.2 provides an expansion for the
power m(6) of the locally most powerful rank test. Together, theorem 4.2 and
lemma 6.1 will enable us to find the deficiency dN of the locally most power-
ful rank test with respect to the most powerful parametric test. To ensure
that F satisfies the assumptions of both theorem 4.2 and lemma 6.1, we re-

quire that F ¢ F1, where
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DEFINITION 6.1. F1 is the class of d.f.'s F on R1 with positive densities T

that are symmetric about zero, five times differentiable and such that (L4.5)

is satisfied for i=1,...,5 with m, =6, m, =3, m3=5/3, mu=5/l+, g = 1, and
such that (4.6) holds.

Furthermore, define

1. L
Sy (t)dt
{ 5 [3(u§—1)-2n*uu—n*2] +

(t)at)

1

(6.3) EN =3 01

*2 2 * *2
>N - 3[(ua—1)—2n utn o]+

(v (t)2t(1-t)dt }

with n* as in (L4.16).

THEOREM 6.1. Let dy be the deficiency of the locally most powerful rank test

with respect to the most powerful parametric test for testing G = F against

G(x) = F(x-0) on the basis of XisenesXy and at level a. Suppose that F ¢ F,
1 1

and that cN 2 < 8 < CN °, e < o £ 1-¢ for positive c,C and e. Then, for every

fixed F,c,C and e, there exist positive numbers A, 61, 62,... such that
lim 6y =0 and for every N
N0
. -1/ 5 ]
- 1 -
(6.4) IdN dNI < 8 + AN J1/N (w1(t)) (t(1-t))°dt.

This result continues to hold if the locally most powerful rank test is re-
placed by the rank test with the corresponding approximate scores a; =

= —WT(j/(N+1)).

PROOF. As F1 c F, the remark following theorem L.2 shows that

[1—1/N 5

(v ()2 (6 (1-) ) at = o(@*/3)
1/N

for v=1,3.

(6.5) :

. . + .
Theorem 4.2 and lemma 6.1 provide expansions for m(6) and 7 (6). In view of
1

3

(6.5), the boundedness of u, and the fact that ¢ < N°8 < C, it is clear from
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these expans1ons that dN = of 1/3). To find dN we replace N by N+dN and n*

by n 1+dNN é in the expansion for w(6) and equate the result to the ex-
+ . . -1 . .
pansion for m (6). Taylor expansion with respect to N 1 in (4.18) yields

* * 1 h
n ¢(u -n") Jo¥, (t)at 2 x 2
(6.6) ——TEEE——_—'{126N + 1 2(t)dt) [—3(ua—1)+2n u *n ]+
oY
srpaedas o, e M) Pe-tar
-5 sn 3(ua—1)—6n u +3n " - 5 =
(fow1(t)dt) IOW1(t)dt
1=1/N X
= o) + om‘”[ (v2(6))2(6(1-8))2at) ,
VB

uniformly for fixed F ¢ F1, ¢, C and e. As n*¢(ua—n*) is bounded away from
zero, (6.4) follows. The last assertion of the theorem is an immediate con-

sequence of theorem 4.2. [J

Obviously (6.3) and (6.4) imply that under the conditions of theorem 6.1

1-1/N 5
(6.1 a = O(L/N (#1(£))%e(1-)at)

for N + . Hence dy remains bounded as N > « if f;(w{(t))zt(1—t)dt converges.
Fortunately, in most cases of interest theorem 6.1 provides more detailed in-
formation than (6.7) and remarks similar to those following theorem 4.2 ap-

ply. Typically W{ will be bounded near 0 and the asymptotic behavior of dN
will be determined by the rate of growth of W{ near 1. If W1(t) = o((1-t)" )
near 1, then dN = 5N+0(1). If W{(t) is of exact order (1—t)—1, then

f;_1/N(W{(t))2t(ﬁ-t)dt o)
= + 1
dN 1wf(t)dt

and d will be of the order log N. Finally, if w{(t) ~ (1-1:)“1"S for t - 1
and some O < § < 1/6, then the expansion (6.4) reduces to dy = O(Nza), which
is nothing but (6.7).

We shall give two applications of theorem 6.1. First we consider the
problem of testing the hypothes1s G = ¢ against the alternative G(x) =
= ¢(x-0), where cl\I_2 <6 <CN 2. Let d be the deficiency of the normal
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scores test (or van der Waerden's test) with respect to the most powerful

parametric test based on X. Computations similar to those in section 4 yield

1, 2 ¢_1(1'$) (20 (x)-1)(1-0(x))
(6.8) dy = plum1) + JO $(x)

dx + o(1) =
1 1,.2 1
= ilog log N + E(ua'” + 3log 2 + 0.05832... + o0(1).

In this case dN ~ 3log log N -~ = for N + =, Note that there is no dependence
on 6 in this expansion for dN and that the leading term is also independent
of a.

As a second example we take the logistic d.f. F(x) = (1+e_x)_1 and con-
sider the testing problem G = F against G(x) = F(x—bN_%),_where b >0 is
fixed. Now dN is the deficiency of Wilcoxon's signed rank test with respect

to the most powerful parametric test for this problem. We find
(6.9) = L {18+12u"+Ly3bu +b°} + 0(1)
Ay 60 a a

and here dN tends to a finite limit for N - o,

Having shown that the deficiency of a distributionfree test with res-
pect to the best parametric test may tend to a finite limit, we now address
ourselves to the intriguing question whether this limit can be zero. To an-
swer this question we first have to decide what is meant by the best para-
metric test. So far, we have compared the performance of a distributionfree
test with that of the most powerful parametric test for known scale against
a simple location alternative, thus in effect comparing with envelope power.
Of course this comparison is not quite fair. Computed in thié way, the de-
ficiency of a distributionfree test reflects the losses incurred by using
(i) the same test against every location alternative 6 > 03 (ii) a scale in-
variant test; (iii) a distributionfree test. Since our main interest is the
deficiency due to (iii), it is more appropriate to compare with the uniform-
ly most powerful scale invariant test, if such a test exists. Unfortunately,
invariant tests are in general rather intractable, the main exception being
Student's test for the normal location case. We note that HODGES and LEHMANN
[1970] have shown that the deficiency of Student's test with respect to the
most powerful parametric test based on X tends to a finite but positive 1i-
mit, so that it does indeed matter whether one compares with Student's test

or with envelope power.



We are thus led to consider the normal location case with Student's
test as the best parametric test. To establish the existence of a distribu-
tionfree test with deficiency tending to zero, the obvious candidate is the
permutation test based on Z Xi‘ Theorem 6.2 is an immediate consequence of

theorem 5.1 and the remark following it.

THEOREM 6.2. Let dy be the deficiency of the permutation test based on ) X,
with respect to Student's test for testing G = ¢ against G(x) = ¢(x-06) on the
basis of XpseeesXy ?nd at Zeve% a. Suppose that positive numbers c,C and €
exist such that cN 2 < 0 < CN ° and e < o < 1-e. Then there exists A > 0 de-
pending on N,0 and o only through c,C and € and such that

(6.10) dy < AN'W‘.

Hence in this case we do find that dN tends to zero for N + «, Perhaps
the most surprising thing about this example is that asymptotically one has
to pay a certain price for scale invariance, but that once this price has
been paid, there is no additional penalty for using a distributionfree test.
We note that the remark following theorem 5.1 implies that (6.10) may be re-
placed by dy < AN_E-

Theorem 6.2 may of course be generalized considerably by taking theorem
5.2 for h(x) = x as a starting point instead of theorem 5.1. For dN as in
theorem 6.2, it is clear that dy = 0(1) for a much larger class of testing
problems than the normal location problem of theorem 6.2. Although Student's
test is generally not optimal for these problems, this shows how closely the

two tests resemble one another.
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T. EXPANSIONS AND DEFICIENCIES FOR RELATED ESTIMATORS

Let T = T(X1,...,XN) be given by (2.2) and suppose that the scores 8

are nonnegative and nondecreasing in j=1,...,N. Define the statistic M by

sup{t : 2T(X1-t,...,XN—t) > Zaj} +

LV

(7.1) M(X1,...,XN) =

+

-

inf{t : 2T(X1—t,...,XN—t) < Xaj}.

Suppose that X1,;..,XN are i,i.d. with common d.f. G(x) = F(x-u), where F
has a density f that is symmetric about zero. Then M is the midpoint of the
interval between the upper and lower 0.5 confidence bounds for u induced by
the statistic T. HODGES and LEHMANN [1963] proposed M as an estimator for u
and studied its connection with T. They showed that the normal approximation
to the power of the level % test based on T for contiguous location alterna-
tives could be used to establish asymptotic normality of M. We shall show
that, similarly, power expansions for level 3 yield expansions for the d.f.
of N%(Mmu). We restrict attention to the case where the scores are generated
by a smooth function J.

Let J and F be given by definition L.1, let m(6,3) denote the power of
the level 3 right-sided test based on T against the alternative F(x-6) and

define K, . and 7 oas in (L4.8)=(k4.10).
?

THEOREM T.1. Let F € F, J € J, suppose that J is nonnegative and nondecreas-
1

ing and let aj = EJ(Uj-N)' Take 6 = EN 2. Then, for every fixed J,F andC >0,
l —
(7.2) swp [P (W (1) < £) - m(0,3)] = 0wV,
lg|<C
1 ~ -
(7.3) swp [P (N2 () <€) - (1-K, (-3 = o(x7 ),
lgl<sc ¥ ’
(7.4) sup |P (N3(M-u) < &) - {1-Ke 2(—5)}1 =
lgl<C ?
1-1/N

- o(n 1) + o(N‘3/2 J 131 (8) | (|37 (+)] +[W%(t)|)(t(1—t))%dt).

1/N

PROOF. It follows from HODGES and LEHMANN [1963] that M is translation in-
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variant and that its distribution is absolutely continuous and symmetric
1

about p. Thus, for 6 = gN °,

1
(7.5) P (N5(M-u) < £) = Py(M 2 0),
and, in view of (7.1),

(7.6) Po(2T > Zaj) < P,

(M=20) < Py(2T 2 Zaj).

According to the proof of theorem 4.1, the conclusions of theorems 3.1 and

=

3.2 hold, which implies that Pe(2T = Zaj) = O(N—S/h) uniformly for |6| < CN °.
This proves (7.2). The remaining part of theorem 7.1 is now an immediate con-

sequence of theorem L4.1. [J

The case where J = —W1, with ¥, as in (3.15), is of course of special

1
interest. Theorem 7.2 deals with this case for exact as well as approximate

scores. Note that for F € F, the condition that -¥, is nonnegative and non-

1
decreasing is equivalent to concavity of log f, i.e. to strong unimodality

of f.

THEOREM T.2. Let F € F, suppose that f is strongly unimodal and let either
8; = —EW1(UJ:N) for j=1,...,N or a; = _W1(ﬁ%7) for j=1,...,N. Then, for every
fixed F and C > 0,

(7.7) sup [P (P(uew) = £) - n(en 1) = oY,
lgl<c M
1 |
(7.8) pu((NJwa(t)dt)é(M_u) < x) = o(x) +
1 4 1.2
. x6(x) { 2[ 5f0w1(t)dt i 12fOW2(t)dt \ 9] .
et (f;wf(t)dt)2 (féw?(t)dt)2 J
6f;w?(t)dt 36f]7§/N(W{(t))2t(1—t)dt 1
M 2~ 12 f +
(fow1(t)dt) fow1(t)dt

1-1/N 1
+ o)+ o( 32 Twne))Peti-etar)
1/N
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wniformly for |x| < C.

PROOF. The proof of (7.7) is identical to the proof of (T7.2) in theorem T.1.
Expansion (7.8) follows from (7.7) and theorem 4.2. [

The estimators in theorem 7.2 are efficient and their natural competi-

tor is the maximum likelihood estimator M' which solves

(7.9)

Ne~—=

=M =
. ¢1(Xj M') =0
J=1 .
with w1 as in (3.1). The performance of M' is connected with that of the
locally most powerful test for F against F(x-6), which is based on the sta-
tistic -2w1(xj). Let n'(06,2) be the power of the level 3 right-sided test

based on —Zw1(Xj) for F against F(x-8).

LEMMA T.1. Suppose that f is positive, symmetric about zero and strongly
wnimodal and that (4.5) is satisfied for n3.=5/i, i=1,...,5. Then, for every

fixed F and C > 0,

(7.10) sup [P (WM -y) < £) - n'(EN—%,%)| = o372y,
lgl<c ¥

1 1
(7.11) Pu<(Nf W?(t)dt)é(M'—u) < x) = o(x) +

0
1 4 1.2
L x (x) {X2[ SIOW1(t)dt i 12/OW2(t)dt . 9] .
ren (féw‘?(t)dt)2 (f;w?(t)dt)e

1 4
3/ v, (t)dt
(f0w1(t)dt)

wniformly for |x| < C.

PROOF. The estimator M' is translation invariant and its distribution is
1
symmetric about u. Thus, for 6 = &N 2, (7.5) holds with M replaced by M',

and in view of (7.9),

ol=

(7.12) Po(=1v,(X;) > 0) < P (N*(M'-u) < &) < Po(-Ju, (X,) = 0).
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Since f is everywhere positive and w1 is everywhere differentiable, the dis-
tribution of w1(X1) under 6 contains a fixed absolutely continuous component
for all 6 in a neighborhood of zero. Together with (4.5) for m1==5, this en-
sures that the d.f. of 2w1(Xj) under 6 pos§esses an Edgeworth expansion with
remainder O(N—3/2) uniformly for |6]| < CN 2. This implies that Pe(-2w1(X.)=0) =
= O(N_3/2) uniformly for |6] < CN_%, which proves (7.10). !

The expansion for the d.f. of 2w1(Xj) is used in ALBERS [19TL4] to estab-
lish an expansion for the power of the locally most powerful test under the
conditions of lemma 6.1. Specializing to the case where o = 2 and using

(7.10) we obtain (7.11). O

There is no unique natural measure of scale to assess the performance
of an estimator §| admitting an expansion of the form (7.8) or (7.11). One
possibility is to consider a family of measures determined by the quantiles

of {i. We can define o({i,s) to be the s-quantile of (ji-p) divided by u,_ =

= ®_1(s). As we are only considering estimators that are distributed sym-
metrically about u, o(il,s) may serve as a measure of scale for any 3 < s < 1.

If we fix a value of s, we can define the deficiency DN(S) of a sequence of

estimators {ue’N} with respect to an estimator | by equating 0(”2,N+D ,S)

N
»S), with the usual convention that o is determined by linear in-

1,N
and 0(ﬁ1’N
terpolation for nonintegral values of N + DN. Similarly, for two sequences
of level a tests, dN(a,s) will denote the deficiency as defined in section

1 for the case where the alternative 6 is chosen in such a way that the com-
mon power equals s.

Let F1 be given by definition 6.1.

THEOREM T.3. Let dN(%,s) be the deficiency for level 3 and power s of the
locally most powerful rank test with respect to the locally most powerful
test for testing F against F(x-0). Let DN(s) be the deficiency of the Hodges-—
Lehmann estimator associated with the locally most powerful rank test with
respect to the maximum likelihood estimator for estimating w in F(x-u). Sup-
pose that F € F1 and that £ is strongly wnimodal. Then, for fixed F and

;
2 < s <1,

(1.13)  Ipyls) = ap(d,s)| = o(n™ /),
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) f};;I/N(‘Y;(t))etU—t)dt : fg‘i’l;(t)dt :
(T.14) DN(S) = 12 -1 12 >ty *
IO?T(t)dt (fo‘{'1(t)dt)
(1) o( “1f1—1/N< (£))2(4(1-t))? )
+ 0(1) + 0{N"2 yI(t t(1-t))%at |.
iy

This result continues to hold if in the locally most powerful rank test and

the assoctiated estimator, the exact scores are replaced by the approximate

_;L_).

scores 8 = 'T1(N+1

PROOF. The conditions of theorem 7.2 and lemma 7.1 are satisfied. Writing

MN and Mﬁ for M and M', we see that for some g

LV

-3/2y

(7.15) B (WF(g-u) < &) = s + O(N

(116) 2, 0F 00, ) 5 €)= s v 0™/,

H(t) = o(((1-6))71/®)

and 1, and combining this with (7.8) and (7.11) we find that (7.15) and

By the remark following theorem 4.2 we have V¥ near O
(7.16) imply (7.13). The proof of (7.14) is now the same as that of theorem
6.1. O

An interesting property of the expansion (7.14) is that it is indepen-
dent of s. Thus, to the order considered, the deficiency DN(S) is asymptoti-
cally independent of the particular choice of the gquantile used to measure
the performance of the estimators. Of course, this reflects the fact that
the deficiency dN(%,s) is independent of the power in the same asymptotic
sense. Algebraically, the reason for this phenomenon is that the term in-
volving x3¢(x) is the same in (7.8) and (7.11).

We also note that upon formal substitution of a = 3 and 6 = 0 in (6.3),

(s) in

(s)

the expansion for dN in theorem 6.1 reduces to the expansion for DN

theorem 7.3. This shows that if the remainder in (7.14) is 0(1), then Dy
will tend to a nonnegative but possibly infinite limit.

In section 6 we have already pointed out that an expansion like (T7.14)
may or may not be of interest, depending on the behavior of the remainder
term. We should stress that, even if the expansion (T7.14) is useless, (7.13)

still establishes the asymptotic equivalence of DN(s) and dN(%,s).
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We conclude our discussion with one example of theorem T7.3. For estimat-
ing normal location, the deficiency of either one of the Hodges-Lehmann es-
timators associated with the normal scores test and with van der Waerden's
test with respect to X is asymptotic to 3 log log N. The deficiency of one
of these Hodges-Lehmann estimators with respect to the other tends to zero

for N + o,
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APPENDIX 1. EXPANSIONS FOR THE CONTIGUOUS CASE

Our purpose in this appendix will be the justification of the passage
from (2.41) to (3.8) under the assumptions stated in section 3. Thus we

shall suppose throughout that f is positive and symmetric about O and that
g(x) = f(x-9).
Begin by defining a function &(x,t) for x > 0, t > 0, by

(A1.1) F(e(x,t)-t) + F(&(x,t)+t) = 2F(x).

Introduce also two other functions of two variables, p and 5, by

—_ f( —t) 9
(a1.2) P(x:t) = Trg)ee (art)
(A1.3) p(x,t) = p(&(x,t),t).

The basic property of the function & is, of course, that the joint dis-
tribution of (E(ZT,O),...,E(ZN,G)) under F is the same as the joint distri-

bution of (Z .,2.) under G. It follows that the joint distribution of

goe
(5(Z1,e),...1;(ZN,e§)'under F is the same as the joint distribution of
(P1""’PN) under G. It is evident therefore that our task is essentially
that of expanding p(x,t) around O as a function of t and giving suitable
estimates of the remainder terms. We begin by differentiating formally. For

convenience we shall, for any function of two variables q(x,t), write

i+]
o (x,t) = &—glut)

1,3 dxTatY

Differentiating (A1.1) with respect to t we get

(A1.L4) £ . = 2p-1.

0,1

It is now easy though tedious to obtain PO J(x t) in terms of the
p; k(E(x t),t) by replacing EO 1 by 2p—1 after each differentiation. Thus,
H)

for example,

(a1.5) By 4(x,t) = [pg 1+p; o(2p-1)1(E(x,t),t),
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~ _ 2
+2p7_o(20-1)1(E(x,8),t).

Calculation of the p; i is also tedious. Again we list the first few.
9

Define

(A1.7) W (6t) = (x-t), Sy, (x,8) = g (x4t),

where Y, = f(k)/f as defined in (3.1), and let

(41.8) P (at) = ((x,t)-2), LU (x,t) =y, (E(x,8)+t).
Then
(A1'9) p0,1 = 'P(1'P)[11P1+2‘P1]s p‘I,O = P(1-P)[1¢1'2‘P1]s
(a1.10)  py 5 = p(1—p)[1w2—2w2«2p~1w?+2(1—p)2¢?+2(1—2P)1w1'2¢1]s
2 2
P1’1 = P(1-P)[—1¢2"2‘P2+2P‘1‘P1+2(1—P)2w1],
_ 2 2

Substituting (A1.9) and (A1.10) into (A1.5) and (A1.6) at t = 0 and

employing similar manipulations with the third order derivatives we obtain

|
I\)é—-\
D

~ 'I ~
(A1.11) p(x,0) = 2> p0,1(x,0) = -

Moreover, from (A1.9), (A1.10) and the boundedness of p it is easy to see

that constants b1 and b2 exist such that

2
~ =~ ~ ~2
P B N PR S PN e

(A1.12) |p0’1| <b .
1=1

1.
1

I~

1

Similarly bounding first the P: g and expressing 50 ; appropriately, and
b 9

invoking the inequality |ab| < 1""1!a.lr+s_1lbls,f_1+s—1 = 1, we obtain
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for suitable b3 and bh

2
(A1.13) |p0’3| < by 121 Uiugl + 1o,

[3/2 3

+ 159,173,

i ~2 ~
/3 + LU, t .w?}.

2
|p0,h! < bh iZ1 {!iwhl + |i¢3l 5

We need the following application of Taylor's formula with Cauchy's
form of the remainder.

LEMMA Al1.1. Let q(x,t) be a function of two variables possessing derivatives

of order < k+1 in t in a neighborhood of 0. Then if S is any r.v. and m 2 1,

k tj m
(AT.14) E |a(8,t) - ) aq, :(8,0) 77| =
j:o O’J Jde
< [ (k+1)! sup(E |q0 k+1(83“t)| 0 <v <1},

Suppose moreover that for j=0,...,k, qu j(S,O) exists and is finite. Then
H

k gd
(a1.15) B [{a(s,t)-Ea(s,t)} - ) {aq, .(8,0)-BEq, .(5,0)} =7| =
,j=0 »d sd Je

IA

v < 1},

k+19m
m | |t] m
<2 [(k+1)!] sup{E |qo’k+1(8,vt)| : 0

PROOF. We have (cf. DIEUDONNE [ 19601 p.186, TITCHMARSH [1939] p.368)

k J k+1 1
(A1.16)  q(S,t) = ) ot

k
A5,0) =4 + 7/ k+1)(1- S,vt)d

provided that the integral converges. Hence the left-hand side of (A1.1L4)
is bounded by

rltlk+1]m m

1
LTE:TTTJ E Ifo(k+1)(1-v)kqo’k+1(8,vt?dv| .
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This obviously remains true even if the integral diverges for some values of
S. An application of Ljapunov's inequality and Fubini's theorem complete the

proof of (A1.14) and a similar argument disposes of (A1.15). 0O

Note that by using the same device one can show that the left-hand
side of (A1.1k4) and (A1.15) is O(Itlmk) for t > 0 if q is k times continu-
ously differentiable and

(A1.17)  lin B |q k(S,t)Im =E | (s,0)|™.

14
o 0.k
Of course (A1.17) holds if a4 k(S,-) is continuous at 0 and
’ 9

m+§

(A1.18) sup{E Iqo k(s,t)l [t] € 8} <

for some § > O.

- We introduce two final pieces of notation. If a ...,dN 1s a sequence

1’
of numbers we write

(A1.19) [lall =

ne~—m=

1
= la.|.
N 5=1 J

If x is a function of one variable and € > 0 is fixed we define

{oo]

(A1.20) x|l = SUP{{ Ix(x+y)£f(x)dax : |yl < e}.

-00

THEOREM Al1.1. Suppose that f is four times differentiable and that
1 1

0<20<e, Then if r 2 1, r +s = 1, there exists a numerical constant
B such that

N N
(A1.21) _21 aj(2ﬂj—1) = -9 .21 8 E, ¢1(zj) +

J J=

N
_93 ) a. E [v.(Z.)-6y (Z.) (z.)+30°(2,)] +M
T B R S LS N LACRS RS IS 1°

j
4 1 4 1/s
PR R N T R T I Tl R
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N
3 _ 3
(A1.22) 521 aj(2ﬂj—1) = -9 521 a3 B w1(zj) + My,
3,.3r,1/r 3s/2 3s ]1/8
A B R N T I T ol
N N
2 2 2 2
(A1.23) 521 Ee(zPJ.-w = 521 a3 By l[)_l(Zj) + M,

1/s
gl < o 10T g - 1320 e 3]s

(A1.2k) og'( li aJ. PJ.) = 9; ci(g aJ. xp1(ZJ.)> + Mh’

J=1 Jj=1
r . 2/r] 3s/2 3s 2/s
IR O B I I )
r 1/ 35/2 35, 1"/®
e e 17 LIS+ 12720 13 ] o (Dage, (2))).

Moreover, for m 2 1 and p > 0 there exist B' and B" depending only on m and

on m and p respectively, and such that

N
(A1.25) Y OE_[2P.-11" < B'we™ |yl
5=1 6 J 1
; M| Ve
(A1.26) {Z {Eg |P —1T| }"J Z{E]w —Emp(Z )| }] +
J=1
1/pg2ml | m(pv1) om(pv1) /o
+ B"N [Ilnp2 I+ 1w I+ 1] ,

where p vV 1 denotes the larger of p and 1.

PROOF. In (A1.14) we teke E = E, q(2,6) = Zaj(e;a(zj,e)-n, k
and find

L1}
w
B

]
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u
E! sup{E l22a pO h( Lv0)|l 0 v <1} <

IN

L
T 11T suptly 1 B 1B (25,0117 50 < v < 1,

IN

by Holder's and Ljapunov's inequalities. Since z ISO u(Zj’Ve)ls is symmet-
b

ric in Z1""’ZN’ we have
~ s
=+ 1B |Bg,1,(25v0) % = By By ,(1%;],ve)]

Now we apply (A1.13) and use the fact that the distribution of iEj(|X1|,ve)

under F(x) is the same as that of iwj(|X1|,\)6) under F(x-v8) to obtain

S

2
~ L
lpo’u(lx1|,ve)|s < b, E\)e[lz1 s, (X [ve) |+ |iw3(|X1|, 6)| /3,

2 4
+ (X [,ve) + i¢1(|x1|,ve>}15

Because s 2 1 and 0 < 2v6 < € for 0 £ v £ 1, this implies that

s 1 s

Hw“s/3

15,,01%, 1) ® < 85 uRtilvp Il + I+ 16220+ Hw?SH]’

which proves (A1.21),

The proof of (A1.22), (A1.23) and (A1.25) is similar. In each case we
can apply (A1.14), taking q(Z 9) = 2&3(25(Zj,6)-1), k=2, m=1 to prove
(A1.22), and q(Z,6) Za ,6)=1)¢, k=2, m=1 to prove (A1.23). In
1,...,ZN
here we use (A1.1L4) with q(|X1l,e) = 25(|X1|,6)—1, k=0 and the value of m
as in (A1.25).

To deal with (A1.24) we note that

(A1.25) the symmetry in Z is already present from the start, so

2 ~
og(Ja,P,)- 8- o0 (Taw, (2,))] = og(Ta,(B(z,,0) +5v,(2,)3) +
+ 0 co(Zajw1(zj))oo(§aj{5(zj,e) + 2y (z))).

Taking q(Z,8) = Zajg(Zj,e), k=2, m=2 in (A1.15) and then proceeding as
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before we find

6
%g sup{EO[Zajpo 3(Zj,v8)]2 : 0<v <1} <

IA

o5 (Vs (3(25,8) +30,(2,)3)

2.6

L G e

IA

s 3s/2 3s5,,-2/s
[Ilw3|l + ||¢2 I+ ilw1 [11] s

thus establishing (A1.2L4).

It remains to consider (A1.26). Since

p(Z.,6)-E p(Z. = o[p .,0)-E D . +
p(2;,8)-Ep(Z;,8) = 6[py 1(2,,0)-Ep; 1(Z,,0)]

2 1
e ~ ~
+ — ) - . -
) [O[po,2(ZJ,ve) EOPO,E(ZJ’ve)J2(1 v)dv,

- < 3 -
E, |P .7 <2 e E, Ip0’1(Zj,O) EqP, 1(z.,o)| +
eQm 1 -
+ — -— -—
5 £ folpo 5(Z, ,v6) Eopo,2<ZJ’“9)] 2(1-v)dv <
o™ m m-1 _2m m,
< = - - i -
< 5 B, [¢1(ZJ) EO¢1(ZJ)| + 2 JOEO lpoag(Z ,v8) | 2(1-v)av
Hence
o myp _ o _ m,p
I{E, IPj nj| 1< 0P IHE, |w1(zj) Eow1(Zj)l 3+
mp_ - 2mp ~ m(pv1)
+ 2 "Ne T[1 +sup{EO [po 2(|X1[,ve)| : 0 <v < 131
H

Proceeding as before we prove (A1.26) and the theorem. [

COROLLARY A1.1. Suppose that positive numbers c,C and e exist such that
(2.35), (3.2) and (3.3) are satisfied. Let K, Kg and n be defined by (2.40),
(3.4) and (3.5). Then there exists A > 0O depending on N,a,F and 6 only

through c,C and e, and such that
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: | |~< Ya (2n.-1)) i
At1,27 sup |Klx - K (x-n

< (za§)1/2 0

< w7 w6 (Ja (2,)) + 17 /26%62(] 2,0}

< l GO ajw1 5 a. w N
(A1.28) |7 a? Eow1(zj)[ < AN for m=1,3,
(a1.20) ] & B2, < A,

3
(A1.30) |y as Eo[w3(zj)—6w1(zj)wg(zj>+3w1(zj)1| < AN,
(A1.31) y E I2P —1| AN1_m/2 for 1 <m< 6,
I 9/L4

[ RV 3[ _ 3,479 -3/h

(a1.32) [Ty 12 3O < 0T v (2w (213 ] s a3,

PROOF. Since the corollary is trivially true for N < (20/5)2, we may assume

that 26 < QCN-'”2 < € and use the results in theorem Al1.1. We note that
(2.35) implies that la"|l < [c* max(1 N* )]1/“. In the notation of this

appendix (3.2) asserts that ||1p Y| £ ¢ for m, =6, m, =3, my %and m, = 1.
All order symbols in this proof are uniform for fixed c,C and €.

(A1.28)-(A1.30) follow from (2.35) and (3.2) by H8lder's and Ljapunov's
inequalities, e.g.

3/

11 a3 mgry (201 = owila* 13 'Y = o).

(A1.31) and (A1.32) are immediate consequences of (A1.25) and (A1.26).
Tﬂdngr=h,s=%in(A122%&AL2h)wefhm

-1

oMy, wy, = o + we's (J2,0,(2,))).

Hence, uniformly in x,
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_ ZaLf 3 JasE v, (2.)
(a1.34) R = o(x) + o) {—Fmg (F-30) - 6 LOASL (2o
12()a7) 3()a%)
J J
+ 0° [2 2 v2(2.) 2(2 (Z ))]
228?' I. a,'j o“’1 5 - OO aj¢1 3 JX} +

. o(m‘5/“ " e”oo(zaj¢1(zj))).

Taking r=«, s=1 in (A1.21) we have

Ya.(2m.=1) 63 5
(A1.35) —J———J—(ya?ﬂ/e = - W ZajEO[wB(zJ.)-6w1(zj)w2(zj)+3w1(zj)3 +
" d J

+ O(N3/heu),

where the second term on the right is 0(1\11/293) by (A1.30). Now we substi-
tute x - (Za?)—1/22aj(21rj—1) for x in (A1.34) and expand the right-hand side
around x-n. It follows from (A1.35), (A1.28) for m=3 and (A1.29) that in

this way we obtain (A1.27).
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APPENDIX 2. ASYMPTOTIC BEHAVIOR OF MOMENTS OF FUNCTIONS OF ORDER STATISTICS

Our aim in this appendix is twofold. In the first place we provide a
proof of theorem 3.2 where the order of the remainder in expansion (3.8) is
evaluated. Secondly, we obtain asymptotic expressions for the leading terms
in the expansion for the case where exact or approximate scores are used,
thus in effect proving theorems 4.1 and 4.2,

Let Upow < Yooy <77 < Uy
from the uniform distribution on (0,1).

be order statistics of a sample of size N

LEMMA A2.1. If A = E%T then for all N=1,2,... , j=1,...,N and t = 0,

2
N 1/2 3t
P(IUJ:N-AI(}\“——(‘I—A)) > t) < 2 exp{— 6t+8}.

PROOF. The probability on the left is equal to

(A2.1) B(j,N,A-t(A 1{1 )%) + B(N-j+1,N,1-A-t(ii%fll)%>

where

with h(s) = 3s(2s+6)_1. Application of this result gives after some algebra

( A(1-1) 3 [ 3 [t+(N(? A))%]e }
Bl j,N,A-t(——"5)% ) < -= ! ,
\’ N > U2 (3+07 )+t (WA (1-2) ) 20 (540 )—2T-2n £2

1 -
Noting that X < N(N+1)'1 and (NA(1-1))72 < 14N 1, we see that
exp{—3t2(6t+8)_1} is an upper bound for the first term in (A2.1). By inter-
changing j and (N-j+1) we find that the same is true for the second term in

(A2.1) which proves the lemma. [J
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LEMMA A2.2, If X = E%T’ k 28 a positive real number, Vi 18 the k-th abso-

lute moment of the standard normal distribution and I(a b) 18 the indicator
H
of (a,b), then uniformly for j=1,...,N and n = 3A(1-1) we have for N » =,

N_ 2k k . -3
o) B0 ) T (Ug ) = 2y + 000 (1-2))7%),
N 3k k ., -1
o) B 2 ) T ) (Usagg) = v+ 0CA(T-2)) 7).

i
PROOF. Let f be the density of Z = Qx($%x7)2(uj.N-x). Application of Stir-
ling's formula in the form log n! = (n+3)log(n+1)-(n+1)+3ilog 21 + O(n_1)
followed by expansion of logarithms yields

3 3
1 21-1 1 AT+H(1=2) 2
log f(z) = -=log 27 + T2z - =[1- Jz= +
2 (FA(1-2))2 2 NA(1-2)
3
+ O/ |z] T+ 1)
(NA(1—A))2 NX(T—A)/
for z2 <N min(;%iyliA). Hence, for |z]| < (NA(1-A))1/6 < [N mln(1 )J1/2,
2 3
1 -1z lz]+]|z] 1
(A2,2) f(z) = 5=— e ° [1 + 0( - + )
1
uniformly in j. Since n(;z%%XT)e > %(NA(1-A))1/6, (A2.2) and lemma A2,1 im-
ply that
] 1/6
k _ 1 2 (MA(1-2)) k —%22 1+|z|+|z|3 1
E Z I(K’A+n)(Uj:N) = Vor Jo z e [1 + O(Z————————EOJ dz +
” k -3z 1 -%
+ 0( z e 2%3z) = 2v, + O((NA(1-1))"2),
s(ma(1-2)) /8

which proves the second part of the lemma. The first part now follows by

noting that Uj:N and 1- UN— +1:N have the same distribution. [J

REMARK. One easily verifies that lemma A2.2 continues to hold when n 1is



6k

1
taken as small as [c A(%;A | 1og Nx(1-x)|]2 for any ¢ > 1. It should also
be noted that when j or (N-j+1) remains bounded as N -+ «, lemma A2.2 merely

states that E |UJ..N->\]k = oK),

CONDITION Rr. For real r > 0, a function h on (0,1) Zs said to satisfy con—

dition R i1f h 18 twice continuously differentiable on (0,1) and

h"(t)
h'(t)

| <1+ 1
r

lim sup t(1-t) |
£+0,1

LEMMA A2.3. Let r1,...,r

0° k1,...,km be positive real numbers, j=1,...,N,

A= = and v. the k-th absolute moment of the standard normal distribution.
N+1 k
Suppose that h,,...,h satisfy conditions R_ ,...,R_ respectively and that
ip 1 m r r p Y
. m
Y =% < 1. Define
r.
1
;
sZk.
1 1 1 m k.
1= ALT=A) 2 -3
R IR o m ARG R I LY CO T ¥
i=1
Then, uniformly in j, we have for N -
m k. 37k, m k.
ALT=A
EN Ihi(U..N)—hi()\H = (—(N—)) Vo, T |hi(>\)[ T 0(m)
i=1 J¢ i i=1
and for integer k1,...,km
m ki
Ei];l1(hl(Uj:N)-hl()\)) = (M) if Ik is odd,
3Tk m k
A(1=1) ¢ i
= (N ) Fvg T (RIOD) T+ 00
ii=1

if k. 18 even.

PROOF. For reasons of symmetry it is sufficient to consider only J < ,

N+1
1 1 2

i,e. X < > Since h, satisfies condition Rr , there exist 0 < g < T 1

and C > 0 such that for i=1,...,m *
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h!'(t) 1 1

(A2.3) IE%TE71 < (1 + ;—?)t for 0 < t < 3e,
= i

(A2.4) lhg(t)| <C for e £t £ 1-¢,
b (%) 1 -1

(A2.5) IETTETI < (1+ =)(1-t) for 1-3e < t < 1.
4 i

Suppose first that A < 2e. Integration of (A2.3) shows that for

0 <t <A and i=1,...,m,

Ly n!(t) [
(&) < 2 < (2)
A h!(x) t >
1
1 1
r.tT 2+r T h.(A)-h.(t) r.T
—+ o = <r.tAl(2) T -
2r. t+1 A h!()) i
1 1
It follows that
h.(x)-h, (t) 2
(a2.6) L 17 o)+ 022t por 1 <t <2
hi(x) A >
1
h. (A)-h. (t) r.tT
1 1 Ay 1
| R < r TA(T) for 0 < t < 3A.
Application of lemma A2.2 with n = 32\ yields
m hi(A)—hi(Uj.N)\ki
A2, ET : I U. =
(A2.7) 1_1( h!(A) /] (o,x)( J:N)
1
1Tk, Ik,
_ 1 A(1=A) 2% -3 (A 1/t )
B Eﬁ N ) “Zki[1+0((Nk<1‘A)) )1+ O\K E(UJ._N) I(o,%x)(Uj:N) ’
k. ]
where we have made use of ) ;3- < 1, For2 < j < §(N+1),

1
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1 -
(42.8) AZkiE( \ ) /rI W - A2ki+1/rTH_EU.1 1/t . © v
Uj_n (0,31)" J:N J=1""3=1:N=17(0,31) " j=1:N=-1" ~
Tk, 3Ik. ]
1 1 _ A(1-2) 1 —5\
<2x TR(Uy gy q<Er) = 0<( T ) (NA(1-1)) )
by lemma A2.1. For j=1 we have
1
Tk, -Ik.-1/1  (2(N+1)
(A2.9) 1A 1/TI U = (N+1 1 N u—1/T 1-u N_1du =
A E(U ) (o,%x)( j:N) (N+1) . (1-u)

“j:N

-Ik. 3Tk, 1
=0 )= 0((244§:&l) S (1-0)7

N—

Together, (A2.8) and (A2.9) ensure that the second remainder term in (A2.7)

may be omitted.

A similar analysis based on (A2.3)-(A2.5) shows that for A < 2e but

t > A, (A2.6) holds for A < t < %} and

h.(t)-n.(A) r.T
i 1 t 1 3A
|——I_1:(-ﬂ——l <r TMT) for _é— <t < 3¢,
- _ 1
r.T r.T
= O(A T(1-t) * ) for 3e < t < 1

Hence by lemmas A2.2 and A2.1 and a change from Uj'N to U"N 1 as in (A2.8),

(A2.10) Ei§1<hl(Uj:gi(i)(x)>ki1(x,1)(UJ q) =
= %(&%—Al)%wi vZkiD £ 0((M(1-0))72)7
+ O(AZki expl-2(0)?) + A—Zki_1/TE(1'Uj:N-1)1_1/TI(3e:,1)(UJ':N-1)> )
= 22 };”)mi o L 0((MA(1-3)) 7)1,
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Combining (A2.7)-(A2.10) and noting that (A2.7) and (A2.10) remain valid
when absolute values are taken inside the expectation signs, we see that

the lemma is proved for A < 2e.

If 2 < A < %3 (A2.3)-(A2.5) imply that

n!(A)(t-2) + 0((t-2)%)  for e < t < 1-g,
1

r.t
0((t(1-t)) ) for t < e ort > 1-g,

hi(t)-hi(x)

!hi(t)—hi(k)]

% follows by noting that hi(k) is
bounded and arguing as e.g. in (A2.10). 0O

and the proof of the lemma for 2¢ < A <

REMARK. Although the remainder M in lemma A2.3 consists of two terms, only
one of these plays arole for any particular value of A. For 2e < A < 1-2¢,
hi(k) and (}\(1—>\))_1 are bounded and we need only retain the first term of
M. It follows from (A2.T7)-(A2.10) that for A < 2e or A > 1-2¢ only the se-

cond term of M is needed.

LEMMA A2.L. Lemma A2.3 continues to hold for central moments, i.e. if hi(x)
s replaced by E hi(Uj-N) for i=1,...,m, provided only that r. = 1 for

1=1, .00 ,M,
PROOF. As r, > 1, lemma A2.3 contains as a special case

/ 1>\+|h(>\)\
(A2.11) |E hi(Uj:N) -h; (M| = \ T )

The lemma is proved by expanding the central moments in terms of moments
centered at the hi(A) and applying (A2.11), lemma A2.3 and the remark fol-
lowing it. [

We also note the following extension of a result of HOEFFDING [1953].

LEMMA A2.5. Let h1,...,hm be continuous functions on (0,1), q a continuous
function on R" and Q a convex function on R" such that lql < Q. Suppose that
f;lhi(t)ldt < o for i=1,...,m and that f;Q(h1(t),...,hm(t))dt < », Then

(1

)seeesBh (U, o)) = J q(h1(t),...,h (t))at.

(U. .
m' J:N 0 m

lim i

N>

N
) q(Eh1

1

=)

J
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PROOF. Because hi is continuous and summable, lemma 2.2 of BICKEL [1967]

implies that for any ¢ > O, Ehi(Uj 'N)_hi(jN(N+1)-1) + 0 uniformly for
-
g < ‘jN(NH)_1 < 1-¢ as N > », Since q is continuous and q(h1,...,hm) is
summable, the lemma is proved if we show that
1 Le(n+1)] N \
lm1hmswpﬁ( ) + % ﬂqmmNU_NL.“,mhuﬁw)H = 0.
e¥o N J=1 =L (1-e)(N+1)] Ji J:

t is obviously sufficient to prove this for Q instead of g, but as Q has
the same properties as q and is moreover nonnegative, this is equivalent

to showing that

(1
Q(En,(U. .),...,Eh (U

. 1
<
1im sup 175N m j:N)) - JO 1 ‘ m

v N

ne~—m=

1

As Q is convex this follows from Jensen's inequality. [

LEMMA A2.6. Let k1,...,km be positive integers and ToseeesT positive real
k

numbers such that ) ;i < 1. Suppose that hos....h are continuous functions

1
r

on (0,1) for which félhi(t)l Yt < o for i=1,...,m. Then

1 N m ki 1T m k.
Lin ] M (Bn(U;0) - f

Nowo © §=1 i=1 0 i=1

If, in addition, h, s monotone in neighborhoods of 0 and 1, then also

1

ml Y iyr k, 1 om k,
lim —-_Z (hy(y)) 1 (Bny (U5,0)) © = Jo I (n(t)) “at.

PROOF. The first part of the lemma is a special case of lemma A2.5, obtain-
k

. r.
. _ 1 _ 1 .
ed by taking q(x ,...,xm) =T x~ and Q(x1,...,xm) = 1+lei| . To establish

1
the second part we follow the proof of lemma A2.5 for these choices of g and

Q but with Eh1(Uj:N

where it suffices to show that

) replaced by h (j(N+1)_1), until we arrive at the point

1
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r 1 m

[|h (—i—ﬁl L ? |En. (U, )]riJ < J ) [h.(t)lridt.
L' 1 N+ i2o it 7J:N 0izq 1

As |h ! is continuous and summable, its monotonicity near O and 1 amply

N
-1 -1, 51 1 g
guarantees that N 2|h1(j(N+1) ) - f0|h1(t)| dt. Application of Jen-

sen's inequality to the remaining terms completes the proof. [

We now state the results needed to prove theorems 3.2, 4.1 and 4.2 in

the form of two corollaries.

COROLLARY A2.1. Suppose that positive numbers C and § exist such that
' (t)| < C(t(1—t))_h/3+6 for all 0 < t < 1. Then there exists A > 0 depend-
ing on N and h only through C and § and such that

N L/9
3177 a9
z )| | < Ay /7,

{E lh(Uj:N)—Eh(Uj:N

Jj=1

The above condition is fulfilled if h satisfies condition R, and
f;h6(t)dt < o,

PROOF. Define A = E%T' For all 0 < t < 1, |h(t)-h(A)| is maximized by taking

-4/3+8

h'(t) = c(t(1-t)) and for this particular choice of h' the function h

satisfies condition R3. Hence, by lemma A2.3, we have in general

E|n(U.

s [ = o UL (1) (4/3-0))

for 0 <k £ 3. It follows that
4/9 N L/9
T o( 1 e -

J=1

1—1/N
= oln'/3 f (t(1—t))_1o/9dt) = o).
iy

Condition R1 ensures that for € as in (A2.3) and 0 < t < 3u < €,

[h(t)-h(2e)| = & ulh'(u)| and hence for u -+ 0,
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=

u
u7(h'(u))6 <23 f (h(t)—h(2€))6dt > 0.

0

In the same way one shows that |h'(u)| = 0((1—u)_7/6) for u + 1, which com-
pletes the proof. [

’1(liE )

For i=1,2,3, let Y, = f(i)/f and Wi(t) = wi(F >

(3.15). Let J be a function on (0,1).

as in (3.1) and

COROLLARY A2.2. Suppose that (3.2) holds, that 0 < f;Jh(t)dt < » gnd that

both J and ¥, satisfy condition R,. Let either a; = &y = EJ(Uj-N) for
j=1,...,N or aj =85y = J(ﬁiqﬁ for j=1,...,N. Then, as N » =,
N 1
(a2.12) + ) a® = f 3°(t)at + o(1),
N .t J
J=1 0
N hx 1
(A2.13) ﬁ- L e EY, (U, )= J Jk(‘c)lif)4 K(e)at + o(1), k=1,...,4,
=1 J:N 0 1
, 1
G20 Ly B 0 - | sy an + o),
N 1
(A2.15) T Z a. EWB(U._N) = J J(t)W3(t)dt +0(1),

(A2.16)

If a; = EJ(UJ-N) for j=1,...,N, then also

N
12 321 a5 B (U ) f;J(t)W1(t)dt
(A2.17) N N, 1 = (152 72 7
(Y a%) Sy (t)at)
=1’
N
: .21 cov(T(Uy )t (Us.y)) : ng(t)W1(t)dt N 1
i 12 172 Tow 12 372 L 0TI ) o) =
(9" (t)at) (77 (t)at) 3=1 J:
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1-YN 7 [
1 f1/N J (t)W1(t)t(1-t)dt .

1/2 ~ N (I;Jz(t)dt)1/2

1
_ fOJ(t)w1(t)dt

1.2
(IOJ (t)at)

1
L fOJ(t)W1(t)dt (1-1/N

)2
(1158 (6)ae) 3/ Jim

(J'(t))"t(1-t)at + o(N_1) +

+

1-1/N
(w2 f @]+ e ee(-)Ea ),
1/

= - ) = - 1= = - —-J—
IfJ v, and either aJ. E‘}'1(UJ.:N) for j=1,...,N or 8 ‘P1(N+1) for

J=1,...,N, then

N
Y a. EY (U, ) 1=1/N, 2
DR E I I\ 1 i) (v!'(t))"t(1-t)dt
(a2.18) n~1/2 J'1N = - (f wf(t)dt)1/2 + AN 112 73
(3 a2.)1/2 0 2N(IOW1(t)dt)
=1 7

1-1/N
(w1 (£))2(t (1)) /2

+ o(N—1) + 0(1\1_3/2 ,( ]

\
n at ).

5 WB and J are continuous, that

PROOF. The assumptions imply that W1, Y
and Jh are summable and that J 1s monotone near 0 and 1.

6 3 L/3
Y Yoo 1Yl
Hence (A2.12)-(A2.15) follow from lemma A2.6.

For zaL'j = J(E%T) a proof of (A2.16) is essentially contained in STIGLER

[1969]. Our condition R2 for W1 ensures that W{ will satisfy STIGLER's con-

dition T at O and 1. As in the proof of corollary A2.1, one can argue that

near 0 and 1

(42.19)  wi(t) = o((£(1-6))77®), Fr(t) = o((s(1-8))7/Y),

Inspection of STIGLER's conditions for (A2.16) shows that in our case the

only missing ingredient is that ¥, is not necessarily increasing on (0,1).

1

However, ¥, is monotone where it matters, that is in a neighborhood of 0O

1
and 1.

To prove that (A2.16) remains valid for aj = EJ(U. ) we note that by

J:N

+
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lemma A2.4 and (A2.19)

2

2( § (v, )-s e ) < T JmsC (i .
o (321 EI(U;, )= (7)Y, Us.y)) < [jZ1|EJ Us.y)-d N+1)lo(w N))J =

23
(1=1/N =
- G(N_1[J1/N (6(1-t)) ‘2az]2) = o®’6).
For aj = EJ(UJ:N) we have
N r1 N
(A2.20) 1 ) a® = J J°(t)at - %- ) og(J(U ,N)),
3=1 0 j=1 :

, 1 ,
(A2.21) T Z 8 EY (Uj:N) = JOJ(t)W1(t)dt - ﬁ.jz1 cov(J(Uj:N),T1(Uj:N)).

By lemma A2.L4, condition R, for J, and (A2.19)

1-1/N
2 1 -
PG ) = 3 [1/N (37(£))26(1-t)dt +

(A2.22) %

o=

J=1

1-1/N 1-1/N 1
+ o(N'2 f (71 (8)%at + n3/2 4+ g3/ f (J'(t))z(t(1-t))2dt> -

).

1/N 1/N
1 1-1/8 2 -3/2 -3/2 1-1/x 2 2 -3
= ﬁ'f (J'(t))7t(1-t)at + O(N + N f (J'(t)) (t(1—t))2dt> = o(N ©
1/N 1/N
Similarly
;N 1 [1-1/N
(A2.23) T 521 cov(J(Uj:N),W1(Uj:N)) =3 f1/N Jv(t)w;(t)t(1-t)dt +

1-1/N 1
+ o<N‘3/2 + n3/2 f |Jv(t)w;(t)|(t(1_t))§dt> = o™"/13).
1/



Together (A2.20)-(A2.23) are sufficient to prove (A2.17).
If J = -Y, and a, = -EY_(U.. ), then (A2.17) reduces to (A2.18). To

1 J 1" J:N
prove that (A2.18) also holds if a'j = —W1(E%T), it suffices to show that
N . N . N 1/2
te2w) T ovhoen oo - | TG T e8] -
J=1 J=1 J=1
1-1/N S
= 0(1) + o(N‘”2 f/ (w;(t))g(tm_t))?dt).
1/N
It follows from lemma A2.3 and condition R2 for W1 that
N ) 1-1/N
2 (=1 -1 2.\
Y o{EY_ (U, )-v (=)} =o(n + W f (v!(t)%at) =
521 173N 1 N+ \ 1N 1 /
1-1/N ;
- O(N'1 sy V2 f (w;(t))z(t(l-t));dt>,
1/N

which suffices to establish (A2.24) and complete the proof. [J

[E
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