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1. INTRODUCTION 

Let x1, •.• ,~ be independent and identically distributed random vari­

ables with a common absolutely continuous distribution. For N=1,2, ... , con­

sider the problem of testing the hypothesis that this distribution is sym­

metric about zero against a sequence of alternatives that is contiguous to 

the hypothesis as N + 00 • The level a of the sequence of tests is fixed in 

(0,1). Standard tests for this problem are linear rank tests and linear per­

mutation tests and expressions for the limiting powers of such test are of 

course well-known. In this paper we shall be concerned with obtaining asymp­

totic expansions to order N- 1 ~or the powers TIN of these tests, i.e. expres-
-2 -1 ( -1 sions of the form TIN= c0+c 1N +c2 ,~ +a N ). Of course this involves es-

tablishing similar expansions for the distribution function of the test sta­

tistic under the hypothesis as well as under contiguous alternatives. For 

simplicity we shall eventually limit our discussion to contiguous location 
1 

alternatives and in this case terms of order N-2 do not occur in the expan-

sions. 

One reason to consider these problems would be to obtain better numeri­

cal approximations for the critical value of the test statistic and the pow­

er of the test than can be provided by the usual normal approximation. A num­

ber of authors have investigated this possibility, usually dealing only with 

the hypothesis in order to obtain critical values and more often for the two­

sample case than for the one-sample tests we are concerned with here. For an 

account of this work we refer to a review paper of BICKEL [1974], which inci­

dentally also contains a preview of the present study. Here we merely note 

that, with the exception of a recent paper of ROGERS [1974], all previous 

work is based on formal Edgeworth expansions. One of the purposes of the pre­

sent paper is to give a rigorous proof of the validity of such expansions. 

ROGERS [1974] has given such a proof for the two-sample Wilcoxon test under 

the hypothesis. In a companion paper (BICKEL and VAN ZWET [1974]) expansions 

will be derived for the general two-sample linear rank test under the hypoth­

esis as well as under contiguous location alternatives. 

Here we shall not dwell on the numerical aspects of the expansions we 

obtain. Numerical results are contained in the Ph.D. thesis of ALBERS [1974]. 

We only mention that the expansions for the power seem to behave as might be 

expected. In those cases where the normal approximation already produces rea­

sonably good results, the expansions perform even better and often much bet-
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ter. On the other hand, in cases where the normal approximation is known to 

be disastrous -the Wilcoxon test for Cauchy alternatives for instance- the 

expansion is as bad or even worse. 

We shall concentrate on a different aspect of the expansions for the 

power. Consider two sequences of tests {TN} and {TN} for the same hypothesis 

at the same fixed level a. Let TTN(eN) and TTN(eN) denote the powers of these 

tests against the same sequence of contiguous alternatives parametrized by 

a parameter e. If TN is more powerful than TN we search for a number kN = 

= N+~ such that_ TTN(eN) = TT~(eN). Here~ and~ are treated as continuous 

variables, the power TTN being defined for real N by linear interpolation be­

tween consecutive integers. The quantity~ was named the deficiency of {TN} 

with respect to TN by HODGES and LEHMANN [1970], who introduced this concept 

and initiated its study. Of course, in many cases of interest,~ is analy­

tically intractable and one can only study its asymptotic behavior as N tends 

to infinity. 

Suppose that for N ➔ 00 , the ratio N/~ tends to a limit e, the asympto­

tic relative efficiency of {TN} with respect to {TN}. If O < e < 1, we have 

~ ~ (e- 1-1)N and further asymptotic information about~ is not particular­

ly revealing. On the other hand, if e=1, the asymptotic behavior of~, which 

may now be anything from 0(1) to o(N), does provide important additional in­

formation. Of special interest is the case where~ tends to a finite limit, 

the asymptotic deficiency of {TN} with respect to {TN} (c.f. HODGES and LEH­

MANN [1970]). 

Of course, an asymptotic evaluation of~ is a more delicate matter than 

showing that e=1. What is needed is an expansion for the power of the type we 

discussed above. With the aid of such expansions we arrive at the following 

results. Let F be a distribution function with a density f that is symmetric 

about zero and let b be a positive real number. Consider the problem of test-
1 

ing the hypothesis F against the sequence of alternatives F(x-bN- 2 ) at level 

a. Let dN denote the deficiency of the locally most powerful rank test with 

respect to the most powerful test for this problem. Under certain regularity 

conditions on F we establish an expression for~ with remainder o(1) and 

show that this expression remains unchanged if the exact scores in the local­

ly most powerful rank test are replaced by the corresponding approximate 

scores. The asymptotic behavior of~ is found to be governed by that of 

( 1. 1 ) f 1-1 /N ( 2 ~2 
IN= d 2 f(F- 1( 1;t)) t(1-t)dt 

1/N dt 
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rn the sense that ~ = O(IN) as N ➔ co, By taking F to be the normal distri­

bution we find that the deficiency of both the normal scores test and van 

der Waerden's test with respect to the X-test for contiguous normal alterna­

tives tends to co at the rate of ;1og log N. For logistic alternatives the 

deficiency of Wilcoxon's signed rank test with respect to the most powerful 

parametric test tends to a finite limit. Another typical result is that for 

contiguous normal alternatives the deficiency of the permutation test based 

on' X. with respect to Student's test tends to zero for N ➔ co, [, l 

Combining numerical and Monte Carlo methods, ALBERS [1974] has evalua-

ted the deficiency of the normal scores test with respect to the X-test for 

N = 5-(1)-10, 20 and 50, The results agree reasonably well with the asymp­

totic expression for ~· 

To every linear rank test with nonnegative and nondecreasing scores, 

there corresponds an estimator of location due to HODGES and LEHMANN [1963]. 

A similar correspondence exists between the locally most powerful parametric 

test and the rnaximum likelihood estimator. We shall exploit this correspon­

dence to obtain asymptotic expansions for the distribution functions of these 

estimators. We shall show that, when suitably defined, the deficiency of the 

Hodges-Lehmann estimator associated with the locally most powerful rank test 

with respect to the maximum likelihood estimator is asymptotically equivalent 

to the deficiency of the parent tests. 

In section 2 we establish an asymptotic expansion for the distribution 

function of the general linear rank statistic for the one-sample problem un­

der the hypothesis as well as under alternatives. We specialize to contigu­

ous location alternatives in section 3 and derive an expansion for the power 

of the linear rank test. In section 4 we deal with the important case where 

the scores are exact or approximate scores generated by a smooth function J. 

Linear permutation tests are discussed in section 5, The results on defi­

ciencies of di~itributionfree tests are contained in section 6. Finally, sec­

tion 7 is devoted to estimators. 

Although the basic ideas underlying this paper are simple, the proofs 

are a highly technical matter. The most laborious parts are dealt with in 

two appendices. We have omitted the proofs of theorem 5,1 and lemma 6.1 be­

cause we felt that their inclusion would entail much repetition without es­

sentially new ideas. Some relevant results have been left out altogether for 

much the same reasons. We are referring to a treatment of contiguous alterna­

tives other than location alternatives for linear rank tests, to expansions 

for the power of locally most powerful parametric tests, most powerful per-
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mutation tests and randomized rank score tests. These missing parts may all 

be found in the Ph.D. thesis of ALBERS [1974]. 
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2. THE BASIC EXPANSION 

Let x1 , ... ,XN be independent and identically distributed (i.i.d.) ran­

dom variables (r.v. 's) with common distribution function (d.f.) G and den­

sity g, and let O < z1 < Z2 

solute values of x1 , ... ,XN. 

( 2. 1 ) V. = 
J 

0 

denote the order statistics of the ab-< •• ·< ZN 

If IXR_ I = 
J 

if XR. > 0 
J 

otherwise. 

Z., define 
J 

We introduce a vector of scores a= (a1, ... ,~) and define the statistic 

(2.2) 
N 

T = I 
j=1 

a. V .• 
J J 

We shall be concerned with obtaining an asymptotic expansion for the distri­

bution of T as N + 00 • 

Our notation strongly suggests that we are considering a fixed under­

lying d.f. G and perhaps also a fixed infinite sequence of scores as N + 00 • 

However, this is merely a matter of notational convenience and our main con­

cern will in fact be the case where the d.f. depends on N and the scores form 

a triangular array a. , j=1, ... ,N, N=1,2, .... Since we are suppressing the 
J,N 

index N throughout our notation we shall formally present our results in 

terms of error bounds for a fixed, but arbitrary, value of N. However, as we 

shall point out following the proof of theorem 2. 2, these results are really 

asymptotic expansions in disguise. 

The r.v. Tis of course the general linear rank statistic for testing 

the hypothesis that g is symmetric about zero. Under this hypothesis, 
. . . P( 1 ' 1 . v1 , ... ,VN are i.i.d. with Vj= J = 2. For general G, v1 , ... ,VN are not inde-

pendent. However, one easily verifies that, conditional on Z = (z 1 , ... ,ZN), 

the r.v. 's v1 , ... ,VN are independent with 

g( z.) 
(2.3) P. = P(V.=1 I Z) 

J J 
= 

g( Z.) + g( -Z. ) 
J J 

As independence allows us to obtain expansions of Edgeworth type, we 

shall carry out the following program to arrive at an expansion for the dis-



6 

tribution of T. First we obtain an Edgeworth expansion for the distribution 

of I aj Wj, where w1, ... ,WN are independent with pj = P(Wj=1) = 1-P(Wj=O). 

Having done this we substitute the random vector P = (P 1, ••. ,PN) defined in 

(2.3) for p = (p 1, •.• ,pN) in this expansion. The expected value of the re­

sulting expression will then give us an expansion for the distribution of T. 

In carrying out the first part of this program we shall indicate any 

dependence on p = (p1, .•. ,pN) in our notation. Consider the r.v. 

(2.4) 

where 

(2.5) 

N 
l a.(W.-p.) 

j=1. J J J 
,(p) 

2 
T (p) = 

N 

I 
j=1 

2 
p. ( 1-p. )a. 

J J J 

denotes the variance of la. W .. Obviously (2 •. 4) has expectation O and var-
J J l 

iance 1; its third and fourth cumulants, multiplied by N2 and N respective-

ly, are 

(2.6) 
I 3 

1 p.(1-p.)(2p.-1)a. 
K3(p) = - N2 J J ,] J 

3 ' T (p) 

(2,7) 
I 2 4 

p.(1-p.)(1-6p.+6p.)a. 
K4(p) = N J J J J J 

4 
T (p) 

Let Rand p denote the d.f. and the characteristic function (c.f.) of (2.4), 

thus 

(2.8) = P(I a. ( w. -p . ) 
R(x,p) -~•-1-J..,_~J-,(p) 

(2,9) p(t,p) 
N [ a.t a.t ] 

= TT pJ. exp{i( 1-p.) __J_( ) } + ( 1-p.) exp{-i p. __J_( ) } • 
j=1 J T p J J T p 

-1 A formal Edgeworth expansion to order N for the d.f. R 1s given by 

(CR.A.MER [ 1946]; FELLER [ 1966] ) 
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(2.10) 

where it> and ~ denote the d.f. and the density of the standard normal distri-

bution, and 

Q1 (x,p) 
K3(p) 2 - - 6 (x -1), 

(2.11) 

K4(p) 
2 

Q2(x,p) 
3 K3{p) 

(x5-1ox3+15x). - - 24 (x -3x) -
72 

Let ;(x,p) be the derivative of R(x,p) with respect to x. In what follows 

we shall need an expression for the Fourier transform p(t,p) = 

= Jexp(itx);(x,p)dx of; and one easily verifies that 

(2. 12) 

4 2 6 
3K4(p)t - K3(p)t l +-----------72N f ' 

To justify a formal Edgeworth expansion like (2.10), i.e. to show that 

IR-RI is indeed o(N- 1), one usually invokes the following result (FELLER 

[1966]). 

LEMMA 2.1. Let R be a d,f. with vanishing e:x:peatation and c.f. p, Suppose 

that R-R vanishes at ±00 and that R has a derivative; such that l;I ~ m. 

Finally, suppose that; has a continuously differentiable Fourier transform 

p such that p(O) = 1 and p'(O) = O. Then for all x and T > O, 

(2.13) ~ -1 JT IR(x) - R(x) I 
1T -T 

p(t)-p(t) 
t 

dt + 24m 
1TT 

To prove that IR-RI= o(N- 1), it therefore suffices to show that e.g. 
3/2 -1 for T = bN , the integral in (2.13) is o(N ). For the case we are con-

sidering this may be done in the standard manner (FELLER [1966]) with one 

important modification at the point where it is shown that lp(t,p)/tl is 

sufficiently small -when It! is of the order .(p) or larger. Here one usual­

ly makes what FELLER calls the extravagantly luxurious assumption that the 
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c.f. 's of all summands are uniformly bounded away from 1 in absolute value 

outside every neighborhood of 0. Obviously this condition is not satisfied 

in our case where the sw:nmands a.W. are lattice r.v. 's. Weaker sufficient 
J J 

conditions of this type are known, but all seem to imply at the very least 

that the sum itself is non-lattice. In our case this would exclude for in­

stance both the sign test and the Wilcoxon test. 

Although the assumptions mentioned above may be unnecessarily strong, 

it is clear that one has to exclude cases where the sum (2.4) can only as­

sume relatively few different values. As R is continuous, one can not allow 
-1 R to have jumps of order N or larger. Thus the sign test where jumps of 

1 

order N- 2 occur, will certainly have to be excluded. However, it is exactly 

the simple lattice character of this statistic that makes it easily amenable 

to other methods of expansion (see for instance ALBERS [1974]). For the Wil­

coxon statistic on the other hand, all Jumps are O(N-312 ) and the assump­

tions we shall make will not rule out this case. 

For O < E <;ands> 0 consider the set of those a. for which the cor­
J 

responding p. satisfies E ~ p. ~ 1-e, and let y(e,s,p) denote the Lebesgue 
J J 

measure\ of the s-neighborhood of this set, thus 

(2.14) y(e,s,p) = \{x I 3. Ix-a.I< s, E ~ p. ~ 
J J J 

1-E}, 

LEMMA 2.2. Suppose that positive nwribers c,C,o and E exist such that 

(2.15) 

(2.16) 

1 N 2 
N l pJ.(1-pJ.)aJ. ~ c, 

j=1 

1 N 4 
-N l a. ~ C, 

. 1 J J= 

for some s ~ N-3/ 2 log N. 

Then there exist positive nwribers b,B and S depending on N, a and p only 

through c,C,o and e, such that 

J 0( t ,p)~;( t ,p) J dt " B N-slog N, 

log(N+1)~1tl~bN312 

PROOF. Since (2.15) implies that IK 3(p)I -2 
~ Cc , 
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I 
ltl;;;:log(N+1) 

where B1,s1 > 0 depend only on c and C. Also, for all t, 

(2.17) Ip( t ,P) I 
N { a.t }l/2 

= TT 1 - 2p. ( 1-p.) ( 1-cos ....sL( ) ) ~ 
j=1 J J T p . 

J 1 2 ct 4 } 
~ expl-~ + 2 • 

96c N 

1 1 2 
For ltl ~ 4cC-2N2 this is~ exp(-t /3). Hence, if b' = there exist 

positive constants B2 and s2 such that 

I 1 lp(t~p) I dt 

log(N+1)~1tl~b'N 2 

As y(E,s,p)/s is nonincreasing ins, we may assume thats~ 1 in (2.16). 

Because of (2.15), for any M >~the number of la.I ;;;: M-s can be at most 
4 1 J 4 

CN(M-s)-; choosing M = (8C/o) 4 + 1 we have CN(M-~)- ~ oN/8 ~ y(E,~,p)/8~. 

It follows that 

)lx I 3. la. I ;;;: M-s, Ix-a. I 
J J J 

y(E.;.p) 
4 

Together with (2.16) this implies that for every real t 

E ~ P < 1-~} > 3ltly(E.;.p) 
j - ~ - 4T(p) • 

Take b 
l 1 l 3/2 

= o[(32M/nc 2 )+(16/b')]-. Then, for every !ti E [b'N 2 ,bN J 
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{ Mit I < 2z;bN312 
A z I lzl ~ ,(p), lz-k1rl - ,(p) for some integer k} ~ 

~ (2Mltl +1) 4z;bN312 
n(p) -r(p) 

~ (2Mltl, +hl;-\ 4bN312 y(E,z;,p) = 
\1r(cN)2 b'N2/ -r(p) oN 

and hent!e 

A z 

2z;bN3/ 2 
I z-k7T I > , ( p) for every integer k 

It ly(E .z; ,p) 
4-r ( p) 

As sltl ~ sbN312 , this implies that the number of indices j for which 

l(a.t/-r(p))-k1rl > sbN312!-r(p) for every integer k and£~ p. ~ 1-£, is at 
J J 

least equal to 

It Jy(E .z;.p) 
2-r (p) 

oN 
~ T. 

For such an index j we have for all Jtl E [b'N~,bN312 J, 

2 and hence, as 4-r (p) 

Jp(t,p) I 

2 2 3 'l 
exp{- £(1-E)s b N l 

( 7TT(p) )2 f 

This implies that for some B3 ,s3 > 0 depending on c,C,o and£, 

which completes the proof. D 



We now justify expansion (2.10). 

THEOREM 2.1. Suppose that positive nwribers c,C,o and, E exist such that 

(2.15) and (2.16) are satisfied. Then there exists A> 0 depending on N,a 

and p only through c , C , o and E such that 

(2.18) sup 
:x: 

jR(x,p) - R(x,p)j s AN-514 . 

11 

PROOF. For Os y s 1 and -f s z sf, Re[y exp{i(1-y)z} + (1-y)exp{-iyz}] :?:¾, 
and hence we have the following Taylor expansion (mod. 2Tii) 

(2.19) 
1 2 1 . 3 - 2 y(1-y)z + 6 y(1-y)(2y-1)iz + 

1 2 4 
+ 24 y(1-y)(1-6y+6y )z + M1(y,z), 

where jM1(y,z)j s c1 lzi 5 for some fixed c1 > 0. If Jajt/T(p)j sf for all 

j, we can apply this expansion to the logarithm of every factor in (2,9) 

which yields 

(2.20) p(t,p) 

where IM2(t,p)I s c1 lt/T(p)i 5 I laji 5 . 
1 

Condition (2.15) implies that maxi a. I s (CN) 4 and hence that ia.t/T(p) I s 
2 l l J 2 ~/4 

s (Cc- )4 N- 4 it I for all j. We have al;eady seen that IK_1 (p) Is (Cc- ) and 

IK 4(p) I s Cc-2 ; because maxi a. I s (CN) 4 we also have T-J(p) I la. 1 5 s 
-2 5/4 -5/4 J J 

s (Cc ) N . It follows from these remarks th~t there exists c 1 > O, 

depending only on c and C, such that for itl s c 1 N4 expansion (2.20) is 

valid and also 

+ 

l 

Hence, for ltl s c1 N4 , Taylor expansion of (2.20) yields 

(2.21) 
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and Q is a polynomial with coefficients depending on c and C. This implies 

the existence of A1 > 0 depending on c and C and such that 

(2.22) p ( t ,p )-p ( t .p) 
t 

As c 1 depends only on c and C we m~y assume without loss of generality that 

N is so large that log(N+1) ~ c1 N4 • The theorem is now proved by combining 
~ a~ (2.22) and lemma 2.2, noting that r(x,t) = clxR(x,t) is bounded by a number 

depending only ·on c and C and applying lemma 2.1. D 

It will be clear that by requiring that I I a. 15 ~ C N in theorem 2. 1 one 

obtains IR-RI ~ A N-3/ 2 which is the "natural" o;der of the remainder. 

Before we replace p by the random vector P = (P 1, ... ,PN~ defined in 

(2.3) and compute the unconditional distribution of T by taking the expected 

value, we first have to change the standardization of I a. W. into one that 
J J 

does not involve p. As before, let w1, ••• ,WN be independent with P(Wj=1) = 

= 1-P(W.=O) = p., let p = (p1, •.• ,pN) be a vector with O ~ p. ~ 1 for all j, 
J J * ~ -1 ~ ' ~J 

and consider the d.f. R (x,p,p) of the r.v. T (p) l a.(W.-p.), thus 
J J J 

(2.23) (I a . ( w. -p . ) 
R* ( ~) = p _..._J -,-..w..J__..J_ X,p,p T(p) 

Here T2 (p) = l p.(1-pj)a~ in accordance with (2,5); similarly K3(p), K4(p), 
_, "' J _, J_, _, 

Q1(x,p), Q2(x,p) and R(x,p) are defined by replacing p by pin (2.6), (2,7), 

( 2 . 11 ) and ( 2 • 1 0) • 

For reasons that will become clear in the sequel we shall also at this 

stage expand T(p)/T(p) in powers of (T2 (p)-T2 (p))/T2(p); at the same time 

the numerators of 

Later on, when p. 
~J 

suring that P.-p. 
J J 

K 3(p) and K 4(p)_ will be expanded about~the point p = p. 

is replaced by P., we shall e.g. take p. = E P. thus en-
J 1J J 

-2 is roughly speaking a r.v. of order N . At the moment, 

however, we do not make any assumptions about p-p and as a result lemma 2.3 

provides only a formal expansion in the sense that we do not claim that the 

remainder term is at all small. 
* ~ The expansion for R (x,p,p) that we shall establish is 



(2.24) 

~ 

2 2 ~ 
R*(x,p,p) = R(x-u,p) - ~(x-u) {¾ T (~)=T (p) (x-u) + 

T (p) 

~ ~ ~2 3 
1 I(p.-p.)(1-6p.+6p.)a. 

+ - J J J J J 
6 T3(p) 

2 [{x-u) -1] + 

where R is given by (2.10) and 

(2.25) u = 
I (p .-p. )a. 

J J J 
T(p) 

13 

LEMMA 2.3. Let p = (p1, ... ,pN) be a vector of real nwribers in [0,1] and sup­

pose that positive nwribers c,C,o and E exist such that (2.15) and (2.16) are 

satisfied and that 

(2.26) 
1 N ~ ~ 2 - \ p . ( 1-p . ) a . 2: C , 
N L, J J J 

j=1 

Then there exists A> O depending on N,a,p and p only through c,C,o and E 

and such that 

(2.27) * ~ ~* ~ sup IR (x,p,p) - R (x,p,p)I ~ 
X 

{ -5/4 -3/2I( ~ )2 3 -3 2 2 ~ 3} ~AN +N p.-p. la.I +N IT(p)-T(p)I. 
J J J J 

PROOF. Changing the standardization in theorem 2.1 we find 

(2.28) sup IR*(x,p,p) - R((x-u) ~~~~,p) I ~ A N-514 . 
X 
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2 ~ 2 -; 2 2 ~ The assumptions of the lemma ensure that T (p)/T (p) ~ cC , T (p)/T (p) ~ 
1 ( -2 )3/4 (~) ( -2 )3/4 ( ) -2 ~ cC- 2 , I Kip) I ~ c C , IK3 p I ~ c C , IK4 p I ~ c C and 

~ ~ ~ IK 4(p)I ~ c C. It follows that the derivatives ofR((x-u)y,p) with respect 
2 1 

toy are bounded for y ~ cC- 2 and all x-u, and hence 

(2.29) ~( ilil ) ~ ~ ilil R (x-u) T(p)'p = R(x-u,p) + R'(x-u,p)(T(p) -1)(x-u) + 

+ ¾ R"(x-u,p)(:~~~ -1)2(x-u) 2 + o((~~~~ -1) 3), 

where R'(x,p) ~d R"(x,p) denote first and second derivatives of R(x,p) with 

respect to x. Since (T2(p)-T2(p))/T2(p) ~ -1 + cc-;, 

(2.30) 11.tl = 
T(p) 

2 2 ~ 
_l T (p)-T (p) 
2 i(p) 

2 2 ~ 2 
+ ]_ (T (p)-T (p)\ 

8 i(p) ) - . . . ' 

where the remainder is of the order of the first term omitted. As K3(p) and 

K4(p) are bounded, we obtain the following one and two term expansions with 

remainder for K3(p) and K4(p). 

(2.31) [ 
, ;)p.(1-p.)(2p.-1)-p.(1-p.)(2p.-1)}a~] (~t:::)')3 

K 3(p) = K (p) - N2 ' ,J J J J J J ,] ~ = 
3 T3(p) T(p) 

y ~ ~ ~2 3 r 2( ) 2(~)] 1 l(p.-p.)(1-6p.+6p.)a. 
= C) 1 - 1 TP -Tp + N2 .J J ,) J J + 

K3 p L 2 T2(p) T3(p) 

( -2 2 . 2 ~ 2 -1\ ~ 2 3 + 0 N (T (p)-T (p)) + N l(p.-p.) la.I + 
J J J 

-2 2 2 ~ \ ~ 3) + N IT (p)-T (p)l,.lpj-pjllajl , 

(2.32) 

In (2.29) we may now replace R, R' and R" by explicit expressions and 

substitute (2.32) and appropriate versions of (2.31) and (2.30). The algebra 
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is straightforward and will be omitted. Combining the result with (2.28) we 

find that (2.27) holds if a term 

( -2 ~ 3 4 -5/2 2 2 ~ ~ 3 0\ N L Ip. -p. I ( I a. I +a.) + N IT ( p )-T ( p) IL Ip. -p. I I a. I + 
' JJ J J JJ J 

is added to the right-hand side. Here, as well as above, the order symbol 

is uniform for fixed c and C. The lemma is now proved by noting that 

-2\ ~ 3 -5/2\ 3 -3/2\ ~ 2 3 N Llp.-p.lla.l ::::;N Lia.I +N L(p.-p.) la.I, 
J J J J J J J 

-2\ ~ 4 -5/2\ 5 -3/2\( ~ 2 3 N L Ip . -p . I a. ::::; N L I a. I + N L p . -p . ) I a. I , 
J J J J J J J 

-5/2 2 2 ~ \ ~ 3 -3/2\ ~ 2 3 N IT ( p )-T ( p) I l Ip. -p. I I a. I ::::; N L ( p. -p. ) I a. I + 
J J J J J J 

-7/2 2 2 ~ 2\ 3 + N (T (p)-T (p)) Lia. I , 
' J 

and that \la. 1 3 ::::; c314N and \la. 1 5 ::::; (CN) 514 • D 
L J L J 

~* ~ We shall. now replace p by P = (P 1 , ••• ,PN) in R (x,p,p) and take expec-

tations. Define the vector 7f = (1r 1 , •.• ,1rN) by 

(2.33) 1r.=EP., 
J J 

j=1, •.. ,N; 

~ it will play the role of p. Furthermore, for s > 0 we let y(s) denote the 

Lebesgue measure>.. of the s-neighborhood of the set {a1 , ••• ,8N}, thus 

(2.34) y ( d = A { x I 3 • Ix-a . I < s}. 
J J 

THEOREM 2,2. Let x1 , ••• ,~ be i.i.d. with corrunon d.f. G and density g, and 

let T,P a:nd TI be defined by (2.2), (2.3) and (2.33). Suppose that positive 
2 -1 nwnbers c,C,o,o' ands exist with o' < min(o/2,c c ) and such that 

(2.35) 
1 N 
- I 
N . 1 J= 

2 
a. ~ c, 

J 

1 N 4 - I a. ::::; c, 
N j=1 J 
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(2.36) y(z:;) 2: o N z:; -3/2 for some z;; 2: N log N, 

(2.37) ( 
g(X1) 

p e: < --,---,,----e---.,.-
- g(X1)+g(-X1) s:: 1-e:) 2: 1-0 1 • 

Then there exists A> O depending on N,a and G only through c,C,o,o' and 

e: , and such that 

(2.38) (
T - Ia.TI. 

sup I P J J 
X ,(1r) 

PROOF. We start by showing that a,P and TI satisfy the conditions for a,p and 

pin lemma 2.3 with large probability. 

The number of P. that lie in [e:,1-e:] is equal 
J 

g(X.)/(g(X.)+g(-X.)) in that interval. Applying an 

to the number of 

exponential bound for bi-
J J J 

nomial probabilities 2 -1 (OKAMOTO [1958]) we find that for o" E (o' ,min(o/2,c C )), 

(2.37) implies 

P( e: s; P. s; 1-e: for at least (1-o")N indices j) 
J 

-2N( o"-o' )2 
2: 1-e . 

Suppose that e: s; P. s; 1-e: for at least (1-o")N values of j. It then fol­
J 

lows from (2.36) that a and P satisfy condition (2.16) if o is replaced by 

o-20 11 > 0. For n E (0,1), suppose that a~ s; nc for exactly k indices j and 
J 

let E' indicate summation over the remaining N-k indices. Because of (2.35) 

l l 

C < l \a2 < f. nc + l \'a2 < nc + B.=!dN-1k \'aJ4·';2 <_ nc + (NN-k c;'2, - N l j - N N l j - N \ l 

2 . 2 2 -1 and hence the number of a.> nc is at least (1-n) c C N. By choosing n suf­
J 

ficiently small we can ensure that (1-nlc2c- 1 > o". This implies that 
-1 2 ~ ~ 2 2 -1 N , (P) 2: c, where c = ((1-n) c C -o")e:(1-e:)nc > O. This in turn ensures 

-1 2 -1 2 * * ~ 2 that N , (1r) 2: N E, (P) 2: c, where c = c(1-exp{-2(o"-o') }) > o. 
Thus we have shown that if c,C,o and e: are replaced by positive numbers 

c*,c,o-20 11 and e: depending only on c,C,o,o' and e:, then a and 1r satisfy (2.26) 

and the second part of (2.15), whereas a and P satisfy (2.16) and the first 

part of (2.15) except on a set E with P(E) s; exp{-2N(o"-0 1 ) 2 } = O(N-514 ). 
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Hence a,P and TT satisfy the assumptions of lemma 2. 3 on the complement of 
~* E. In dealing with the set E it will suffice to note that R (x,P,TT) is 

bounded since ( 2. 26) and the second part of ( 2. 15) ensure the boundedness 
. 2 2 2 , 3 3 ~* 

of K3(TT), K4(TT), (, (P)--r (TT))/T (TT) and llajl /T (TT). Of course R (x,P,TT), 

being a probability, is also bounded. 

As 

P(
~ - Ia.TT. \ 

J ,] :,:; X) 
' ,(TT) 

* =ER(x,P,TT), 

the left-hand side of ( 2. 38) is bounded above by 

(2.39) E sup I R * ( x , P , TT ) - R* ( x , P , TT ) I . 
X 

Applying lemma 2. 3 on the complement of E and using the boundedness of 
* ~* -5/4 

IR (x,P,TT) - R (x,P,TT)I together with P(E) = O(N ) we find that (2.39) is 

where the order symbol is uniform for fixed c,C,cS,cS' and i::. Now 

and since Ila. 1 5 :::; (CN) 514 and 
J 

\ 4 . la. :::; CN, this completes the proof. 
J □ 

~* We note that the boundedness of R (x,P,TT) on E plays an important role 

in the above proof. Because ,(P) may be arbitrarily small on E, this explains 

why we had to remove , (p) from the denominator of the expansion in lemma 2. 3 

by means of (2.30). 

Although theorem 2.2 is formally stated as a result for a fixed, but 

arbitrary value of N, it is of course meaningless for fixed N because we do 

not investigate the way in which A depends on c, C, cS, cS' and E:. In fact the 

theorem is a purely asymptotic result. Let us for a moment indicate depen-
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dence on N by a superscript. Thus, for N=1,2, ••. , consider the distribution 

of the statistic T(N) based on a vector of scores a(N) = (a~N) , ••. ,~N)) 

when the underlying d.f. is G(N)_ Fix positive values of c,C,o,o' ands with 

o' < min(o/2,c2c-1). The theorem asserts that if for every N, a(N) and G(N) 

satisfy (2.35)-(2.37) for these fixed c,C,o,o' ands, then the error of the 

approximation E R*(x,P(N) ,1r(N)) is 

as N ➔ 00 , Moreover, the order of the remainder is uniform for all such se­

quences a(N), G(N), N=1,2, .... 

Assumption (2.36) may need some clarification. It is clear from the 

proof of lemma 2. 2 that the role of conditions ( 2. 16) and ( 2. 36) in theorems 

2.1 and 2.2 is to ensure that the a. do not cluster too much around too few 
J 

points. Assumption (2.36) is certainly satisfied if for some k ~ oN/2, in-
-3/2 . 

~ 2N log N for 1=1, ... ,k-1. dices j 1, j 2 , .•. ,jk exist such that a. -a. 
Ji+1 Ji 

Under condition (2.35) this will typically be the case. Consider for instance 

the important case aj = E J(Uj:N), where u1:N < u2 :N<••·<UN:N are order sta­

tistics from the uniform distribution on (0,1) and J is a continuously dif­

ferentiable, nonconstant function on(0,1) with JJ4 < 00 • Here both (2.35) and 

(2.36) are satisfied for all N with fixed c,C and o. The same is true if 

a.= J(j/(N+1)) provided that J is monotone near O and 1. 
J 

For a large class of underlying d.f. 's G, the right-hand side of (2.38) 

is uniformly o(N- 1). Still theorem 2.2 does not yet provide an explicit ex­

pansion to order N- 1 for the distribution of T since we are still left with 
~* the task of computing the expected value of R (x,P,1r). This is of course a 

trivial matter under the hypothesis that g is symmetric about zero and, more 

generally, in the case where, for some n > O, g(x)/g(-x) = n for all x > O. 

In this case P. = n(1+n)- 1 with probability 1 for all j and an expansion for 
J 

the distribution of Tis already contained in theorem 2.1. For fixed alterna-
~* tives in general, however, the computation of ER (x,P,1r) presents a formid-

able problem that we shall not attempt to solve here. It would seem that what 

is needed, is an expansion for the distribution of a linear combination of 

functions of order statistics. 

In the remaining part of this paper we shall restrict attention to se­

quences of alternatives that are contiguous to the hypothesis. Heuristically 
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1 1 
the situation is now as follows. Since g(x)/(g(x)+g(-x)) = -2 + O(N- 2 ), P.- 2 

1 . 1 1 1 J 
and TT.- 2 will. be O(N- 2 ), whereas P.-TT. will be O(N-) instead of O(N- 2 ) as 

J J J ~* 
before. In the first place this allows us to simplify ER (x,P,TT) consider-

ably as a nurrilier of terms may now be relegated to the remainder and functions 
d d . 1 . 

of TT. may be expan e about the point TT.= 2. Much more important, however, 
J * -1 J _l 

is the fact that U = T (TT)L(P.-TT.)a. will now be O(N 2 ) and that we may 
~* J J J * 

therefore expand R (x,P ,TT) in powers of U . This means that we shall be 

dealing with low moments of linear combinations of functions of order sta­

tistics rather than with their distributions. We need hardly point out that 

a heuristic argument like this can be entirely misleading and that the actu­

al order of the remainder in our expansion will of course have to be inves­

tigated. The unduly compli~ated form of the remainder terms in the preceed­

ing theorem is, of course, preparatory to such further expansion. 

Define 

(2.40) K(x) 
\ 2 2 2 \ 

{ 
l a.E(2P.-1) -4a (la.P.) 

= 4) (x) + cp ( X) -~J~~•~1 --2----J ~J~ X + 
2}:a. 

J 

4 
2 I a. 

( X -1 ) + _ ___.J......__ 
12(Ia~? 

J 

2 where a (Z) denotes the variance of a r.v. Z. Carrying out the type of com-

putation outlined above we arrive at the following simplified version of 

theorem 2.2. 

THEOREM 2. 3 . :Theorem 2. 2 con tin:ues to ho Z.d if ( 2. 3 8 J is rep weed by 

(2.41) sup 
X 

(
2T - Ia. \ 

p < X) 
(Ia~) 1;2 -

~( l a . ( 2TT . - 1 ) ) 
K X - J J I ~ 

\ (\a~) 1/2 
L. J 

PROOF. The proof of this theorem becomes somewhat shorter if we use a modi­

fication of theorem 2.2 as a starting point rather than theorem 2.2 itself. 

We recall that theorem 2.2 was proved by an application of lemma 2.3 for 
~ p = TT. However, the proof clearly goes through for any other choice of p 

that satisfies ( 2. 26). Because of ( 2. 3 5) , we may therefore replace TT in 
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~ ~ 1 (2.38) by a vector p with pj = 2 for all j. Noting that for this choice of 

~ ~ ~ \ 4 \ 2 2 2 2 ~ 1 2 2 P, K3(p) = O, K4(p) = -2N la./(la.) , T (P)-T (p) = -4[(2P.-1) a., and add-
~*J J J J 

ing the last two terms in R (x,P,p) to the remainder, we obtain 

(2.42) 
(2T - ).a. ) 

p\ 2 17~ ~ X = o:a.) E ~(x-U) + 

J 

4 
~ { ). ai ~ 3 ~ + E cp(x-U) b 2 2 [{x-U) -3(x-U)] + 

12(Ia.) 

, 2 2 
L a.(2P.-1) 

+ . J J 

2}:a~ 
J 

J 

I a~( 2P .-1) 
(x-u) + J J 

3('a~)3/2 
L. J 

+ N-3/ 2 la~ E(2P.-1 )2), 
J J 

~ 2 1. [(x-U) -1]f + 

where U = L a.(2P.-1)/(}:a~)~. All order symbols in this proof are uniform for 
J J J 

fixed c,C,o,o' and e. The remainder in (2.42) may be simplified by noting 

that 

~ 2N-312E[l a~(2P.-1) 2]2 + N-3/ 2 ~ 2N-312 }:a~[E(2P.-1) 4 + 
J J J . J 

+ N-3/ 2 ~ 2C I{E(2P.-1) 4}514 + (2C+1) N-312 • 
J 
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2 l 2 l 
Define U = \ a.(P.-n.)/(\a.) 2 , so x-U = x-\a.(2n.-1)/(\a.) 2 - 2U. 

L J J J LJ LJ J L.J 
By expanding in powers of U under the expectation sign in (2.42) we find 

(2.43) 
~( l a . ( 2 n . - 1 ) ) 
K x - J J + 

(Ia~) 112 
J 

+ N-3/ 2\fa.i 3 i2P.-11}). 
L. J J 

Now 

-3/2\ 3 -2\ 4 -1\ 2 )2 N l I a . I I 2P . - 1 I ::; N L. a . + N La . ( 2P . -1 , 
J J . J J J 

where the last inequality is based on a bound obtained earlier in this proof. 

It follows that the remainder in (2.43) is of the order of the surn of its 

first three terms. The proof is completed by noting that 

EIUl 3 ::; (cN)-312E[I1a.l lP.-rr.1]3 ::; (cN)-312 fl2,a.{E IP.-n.1 31113f :-; 
J J J ' J J J -

Theorem :2,3 provides the basic expansion for the distribution of Tun­

der contiguous alternatives. In section 3 we shall be concerned with a fur­

ther simplifieation of this expansion and a precise evaluation of the order 

of the remainder term. 
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3, CONTIGUOUS LOCATION ALTERNATIVES 

The analysis in this section will be carried out for contiguous loca­

tion alternatives rather than for contiguous alternatives in general. The 

general case can be treated in much the same way as the location case but 

the conditions as well as the results become more involved. The interested 

reader is referred to ALBERS [1974]. 

Let F be a d.f. with a density f that is positive on R1 , symmetric a­

bout zero and four times differentiable with derivatives f(i), i=1, ••. ,4. 

Define functions 

( 3. 1 ) 
f(i) 

I/Ji = -f-- , i=1, •.• ,4, 

and suppose that positive numbers£ and C exist such that for 

(3.2) 
roo m. 

sup{j I I/Ji (x+y) I if(x)dx 
_oo 

I y I ~ £} ~ C, i= 1 , ... , 4. 

Let x1, ... ,~ be i.i.d. with common d.f. G(x) = F(x-6) where 

( 3. 3) 

for some positive C. Note that (3.2) and (3,3) together imply contiguity. 

Let a< z1 < z2 < ••• < ZN denote the order statistics of Jx1 I , ... ,l~I and 

let T be defined by (2.2). Probabilities, expected values and variances un-
2 

and cr 6 ; under F they will be indicated by der G will be denoted by P 6, E6 
2 . 

Pa, Ea and cra· Define 

(3.4) 

4 
f Ia. 

= 4l(x) + <j,(x) ,J 
l12(Iil 

J 

3 ( x -3x) - e 2 
(x -1) + 
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and 

( 3. 5) n = - e 

-1 
We shall show that K8 ( x-n) is an expansion to order N for the d. f. of 

( l )/(l ~!)1/2 . . . . 
2T- a. a.. . The expansion will be established in theorem 3. 1 and an 

, J ~I 
evaluation of the order of the remainder will be given in theorem 3.2. 

Let 1r(8) denote the power of the one-sided level a test based on T for 

the hypothesis of symmetry against the alternative G(x) = F(x-8). Suppose 

that for some E: > 0, 

(3.6) E: :<:::a:<::: 1-E:, 

We prove that an exp ans ion for TT ( 8 ) 1 s given by 

(3,7) i( e) 

4 
Ia. 3 

= 1 - K (u -n) + ¢(u -n) --- (u -3u ), 
e a a 12 (Ia~)2 a a 

J 

-· 1 where u = ~ (1-a) denotes the upper a-point of the standard normal distri­
a 

bution. 

THEOREM 3.1. Suppose that positive numbers c,C,8 and E: exist such that 

(2.35), (2.36'), (3.2) and (3.3) are satisfied. Then there exists A> 0 de­

pending on N,a,F and e only through c,C,o and E: and such that 

(3.8) 

( 3. 9) In I :-::: A, 

-1 82 :-:; AN , 
-1 

:-:; AN ' 

(3.10) 

-1 
AN • 
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If, in addition, (3.6) is satisfied there exists A' > O depending on N,a,F 

e and a onZy through c,C,o and e and such that 

(3.11) 

PROOF. We begin by checking assumption (2.37). One easily verifies that 

1
.1_ f(x-6)-f(x+e)I < .:!_I ( )I + .:!_I ( )I 
ae f(x-e)+f(x+e) - 2 ~1 x-e 2 $1 x+e · 

Hence the symmetry off and an application of Markov's inequality and Fu­

bini's theorem yield 

( g(X1) 
1-e\ Pe( 

f(X -6)-f(X +e) 
1-2e) 

1 1 
~ p6\E $ < = $ 

g(X1 )+g(-X1) - ) f(x 1-e)+f(x1+e) 

e 
:,; 2( 1-2d) ~ P6(f 0{l$ 1(x1-t)I + l$ 1(x1+t)l}dt ~ 

Take e <~and choose o' = ~min(o/2,c2c- 1). Because of (3.3) there exists 

NO > O depending only on c,C,o and e such that for N ~ NO, 26:,; e and 

e:,; (1-2e)c- 1160 1 • Then (3.2) implies that (2.37) is satisfied for N ~ NO• 

This is of course sufficient to ensure that the conclusion of theorem 2.3 

holds. 

The passage from (2.41) to (3.8) is achieved by Taylor expansion with 

respect to 6. Since this part of the proof is highly technical and laborious 

it will not be given in the body of the text. Instead we refer the interest­

ed reader to appendix 1 where the results we shall need are stated in corol­

lary A1.1. Using parts (A1.27), (A1.31) and (A1.32) of corollary A1.1 toge­

ther with the inequality L{E6(2Pj-1) 4}514 :;; IE6 j2Pj-11 5 we see that (3.8) 

will hold if a term 

(3.12) 
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is added on the right in (3.8). Here, and later in this proof all order sym­

bols are uniform for fixed c,C,8 and i::. Now 

4 \ -1/2 5 2 \ e o 0 (laj1)! 1 (zj)) + N e o0 (laj1)! 1 (zj)) :,;; 

:,;; 83+86o;(IajijJ1(Zj)) + N-1/283 + N-1/286cr;(IajijJ1(Zj)):,;; 

:,;; 2c 3N-312 [1 + e3cr~(Iaj1)! 1(zj))J, 

cr;(Iaj1)! 1(zj)):,;; E0 Jiaj(1)! 1(zj)-E01)! 1(zj))j 3 :,;; 

f \I I I 3 1/31 3 
:,;; LL aj {Eo 1/J1(zj)-Eo1/J1(Zj)I } J :,;; 

19/4 
:,;; (CN)3/4[I{Eol1/J1(zj)-Eo1/J1(zj)j3}4/9J , 

which proves (3.8). In view of (2.35) and (3,3) it is clear that (3,9) and 

(3.10) are merely restating parts (A1 .28)-(A1 .30) of corollary A1 .1. 

The one-sided level a test based on T rejects the hypothesis if 

(2T-\a.)(\'a~)"-l/2 2'. E;, with possible randomization if equality occurs. Tak-
L, J LJ a 

ing 8 = 0 in ( 3. 8) we find that 

4 
Ia. 

1-<D(E;, )-¢(E;, ) 2 2 
a a 12(Ia.) 

J 

and hence because of (2.35) and (3.6), 

(3.13) 

The power of this test against the alternative F(x-8) is 

(3.14) TT (El) 

In (3. 14) we expand K (t;, -n) around u -n. Noting that IE;, -u j = O(N- 1) and 
8 a a a a 

using (2.35) and (3.10) we arrive at the conclusion that (3.11) will hold if 

a term 
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is added on the right in (3.11). As we have already shown earlier in this 

proof that such a term does not change the order of the remainder in (3.11), 

the proof of theorem 3,1 is completed. D 

For i=1,2,3, define functions~- on (0,1) by 
1 

(3. 15) 

THEOREM 3,2. Suppose that positive nwribers Cando exist such that (3.3) is 

satisfied and that 1~1(t)I ~ C(t(1-t))-4/ 3+o for all o < t < 1. Then there 

exists A"> o depending on N,F and e only through c and o and such that 

For the highly technical proof of this result the reader is referred 

to appendix 2. Theorem 3,2 follows at once from corollary A2.1 in this ap­

pendix by taking h = ~1. 
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4. EXACT AND APPROXIMATE SCORES 

The expansions given in section 3 can be simplified further if we make 

certain smoothness assumptions about the scores a .. Consider a continuous 
J 

function Jon (0,1) and let U < U < ••• < UN:N denote order statis-1 :N 2 :N 
tics of a sample of size N from the uniform distribution on (0,1). For 

N=1,2, ... we define the·exact scores generated by J by 

( 4. 1 ) a.= a. N = EJ(U. N), 
J J' J: 

j = 1 , ••. ,N , 

and the approximate scores generated by J by 

( 4. 2) j=1, ... ,N. 

For almost all well-known linear rank tests the scores are of one of these 

two types. The locally most powerful rank test against location alternatives 

of type F is based on exact scores generated by the function -IJI 1 , where IJI 1 
is defined in (3.15). 

So far, we have systematically kept the order of the remainder in our 
. 0( -5/4) . . expansions down to N . From this point on, however, we shall be con-

tent with a remainder that is o (N- 1 ) , because otherwise we would have to im­

pose rather restrictive conditions. In the previous sections we have also 

consistently stressed the fact that the remainder depends on a and F only 

through certain constants occurring in our conditions, thus in effect indi­

cating classes of scores and distributions for which the expansion holds un­

iformly. As the number of these constants is becoming rather large, we pre­

fer to formulate our results from here on for a fixed score function J and 

a fixed d.f. F. The reader can easily construct uniformity classes for him­

self by using the results of section 3 and tracing the development of appen­

dix 2. 

DEFINITION 4. ·1. J is the class of functions J on ( 0, 1) that are twice con­

tinuously differentiable and nonconstant on ( 0, 1), and satisfy 

(4.3) J 
1 4 
OJ (t)dt < 00 , 

(4.4) lJ" ( t) I < ]_ lim sup t ( 1-t) J, ( t) 2 • 
t-:•O, 1 
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Fis the class of d.f. 's Fon R1 with positive densities f that are sym­

metric about zero, four times differentiable and such that,fcr 1/J. = f(i)/f, 
-1 1+t 4 1 

~i(t) = iµi(F (2 )), m1 = 6, m2 = 3, m3 = 3, m4 = 1, 

(4.5) foo m. 
lim sup liJJi(x+y)I 1 f(x)dx < 00 , 

y+O -oo 

i=1, .•• ,4, 

(4.6) 
~"(t) 

lim sup t(1-t) 1 < f. 
t+0,1 ~;(t) 

For J E J·and FE F, let 

(4.7) 

N . 

- 2 l cov(J(U.,N),~1(u .. N))}, 
j=1 J. J, 

f1-1/N 
- 2 JI ( t) ~ 1 ( t )t ( 1-t) dt}, 

1/N 



(4.10) 

(4.11) TT.(e) 
l 

J ~J(t)'¥1 (t)dt 

(f 1 J2 ( t ) dt ) 1 / 2 ' 
0 

= 1 - Ke .(u -n) + 
,i a 
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for i=1,2. Then, in the notation of section 3, we have for contiguous loca­

tion alternatives and exact scores 

THEOREM 4. 1. Let F E F, J E J, a.= EJ(U. N) ~or j=1, ... ,N, and let J J: J' 
-1/:2 

0 ~ e ~ CN , E ~a~ 1-E for positive C and E. Then, for every fixed 

positive numbers A, o1 , 02 , .•. such that J,F,C and E, there exist 

lim oN = o and for every N 
N-+m 

(4.12) 
(2T - fa. x) Ke 1(x-n)I 

-1 sup JP ~ - ~ oN N , 
X e o:a~) 1/2 ' 

J 

(4.13) ( - la- ) 
Ke,2(x-n)I sup 

IPe (Ia~)1/2 ~ x - ~ 

X 
J 

1 3/2 rl-l/N 1/2 
~ 0 N- + AN- J IJ'(t)[(IJ'(t)I +l'¥1'(t)l)(t(1-t)) dt, 

N 1/N 

(4.14) 

(4.15) I 7T ( e ) -TT 2 ( e ) I 

J1-1/N 
+ AN-312 [J'(t)J(IJ'(t)I +['¥1(t)i)(t(1-t)) 112dt. 

1/N 

PROOF. For fixed J E J, positive constants c,C and o exist for which (2.35) 

and ( 2. 36) hold for all N (cf. one of the remarks following the proof of 

theorem 2.2). Similarly, for fixed FE F, (3.2) is satisfied and it follows 

that the conclusions of theorem 3,1 hold with A and A' depending only on 

F,J,C and E, Also (4.5) ensures that'¥~ is summable and together with (4.6) 
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and the second part of corollary A2.1, this implies that the conclusion of 

theorem 3.2 holds with A" depending only on F and C. 

To complete the proof we now apply the results collected in corollary 

A2.2to the expansionsK8 (x-n) and ;(e) in theorem 3,1 and then expand these 

functions of n around the point n = n, while noting that n-n = o(N- 112 ) by 

(A2.22) and (A2.23). 0 

In general, the expansions given in theorem 4.1 will not hold if the 

exact scores are replaced by approximate scores aj = J(*,), because n - n 

will then give_rise to a different term of order N- 1• If J =-t1,however, 

it is clear from corollary A2.2 and the proof of theorem 4.1 that expansions 

(4.13) and (4.15) are valid for approximate as well as exact scores. Also 

for J = -t1, these expansions may be simplified because FE F implies that 

by partial integration 

It follows that in this case n, K8 2 (x-n) and TI2 (e) reduce to 
' 

(4.16) 

(4.17) * = <t>(x-n ) + 

1 4 
+ :(x-n*) { 1ot1(t)dt 3 2 2 3 

~- - ------ [6(x -3x)+6n*(x -1)-3n* x-5n* J + 
72N (J1t2(t)dt)2 

,0 1 

36J 1- 1/N(t'(t)) 2t(1-t)dt 
*3 *2 ( *) __ 1.;..1,/""'"N'---_-'-1 ______ *} n +9n x-n + 1 2 n , 

JO t 1 ( t )dt 



(4.18) * 7f (8) = 

12! ~'l'~(t)dt 

(J 1'1'2 ( t)dtl 
0 1 

2 * *2 [-6(u -1)+3n u +5n J + 
a. a. 

*2 * * n -9n (u -n ) -a. 

31 

Finally we note that for FE f, -'1' 1 can not be const~t on (0,1) because the 

density f(x) =·~A e-Alxl of the double exponential distribution is not dif­

ferentiable at zero. It follows that -'1' 1 E J for every FE f. We have proved 

THEOREM 4.2. Let FE f and let either a.= -E'l' 1(u .. N) for j=1, ... ,N or 
. J J, 1/2 

aj = -'1' 1(*1) for j=1, •.• ,N. Suppose that O ~ e ~ CN- and£~ a.~ 1-£ 

for positive C and£. Then, for every fixed F,C, and£, there exist posi­

tive nwnbers A, o1, 02 , •.• such that lim oN = O and for every N 
N~ 

(4.19) 

(4.20) 

sup 
X 

l1r(e)-1r*(e)I 

x) -

1-1/N 
~ o N- 1 + AN-312 I ('1''(t)) 2 (t(1-t)) 112dt. 

N 1 /N 1 

At this point it may be useful to make some remarks concerning the as­

sumptions in theorems 4.1 and 4.2. Conditions (4.4) and (4.6) ensure that 

J' and '1'1 do not oscillate too wildly near O and 1. They also limit the 

growth of these functions near O and 1, but in this respect conditions (4.3) 

and (4.5) for i = 1 are typically much stronger. Together with (4.4) and 

(4.6) they imply that J'(t) = o((t(1-t))-514 ) and '!'1(t) = o((t(1-t))-7/ 6 ) 

near O and 1 (cf. the proof of corollary A2.1). 

For expansions (4.13), (4.15), (4.19) and (4.20) to be meaningful ra­

ther than just formally correct, even stronger growth conditions have to be 

imposed. Consider, for example, expansion (4.20) and suppose, as is typically 
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the case, that~, remains bounded near 0. If ~1(t) = o((1-t)- 1) near 1, then 

the right-hand side in (4.20) is o(N-1) and the expansion makes sense. How­

ever, if ~1(t) is of exact order (1-t)-1, the expansion reduces to 

7T( e) 

• • f ( ) ( )-1-0 1 Finally, if ~1 t ~ 1-t fort+ 1 and some O < o < 6, then all we have 

left in (4.20).is 1r(e) = 1-qi(u -n*) + O(N- 1+20 ). Of course, in these cases 
a 

too, more exact results can be obtained by paying careful attention to the 

behavior of the extreme order statistics. 

We conclude this section with a few applications of theorems 4.1 and 

4.2. The tedious computations will be omitted. First we consider the power 

7TW N(e) and 7TW L(e) of Wilcoxon's signed rank test (W) against normal (N) 
, ' 

and logistic (L) location alternatives G(x) = qi(x-6) and G(x) = 

= (1+exp{-(x-e)})- 1 respectively, where e = O(N- 112 ). We find 

(4.21) = 1-4l(u-n) 
a 

nqi(u -n) 
a {26 _ . lri2 _ §.2_ 2 + 

N 5 ye 20 ua 

+ (.1.§2 _ 2\13)u n _ (103 _ 2\13 _ 2!:.)~2 + 
20 3 a 20 3 9 n 

where n = (3N) 112e and 
7T ' 

(4.22) 

* N 1/2 where n = (3) e. 

* = 1 - qi ( u -n ) -
a 

As a second example we consider the one sample normal scores test which 
-1 1+U. ·N 

is based on the scores aj = Eqi ( /· ) • Its power 7TNS,N(e) and 7TNS,L(e) 

against the normal and logistic location alternatives described above satis­

fies 



(4.23) * = 1 - qi ( u -n ) 
a 

* * n rt> ( u -n ) 
a 

4N {-1 + 
2 

u + 
a 

-1 1 ) I q:, ( 1 -2rJ ( 2q:, ( X )-1 ) ( 1-ill ( X) ) dx") -1 ) + 2 ...,_____,__..___, __ _,___,_,_ L + O ( N , 
0 cp(x) J 

where now n* = N112e, and 

(4.24) = 1 -ill(u -n) 
a 

+ (72 arctn 1/2 - 22TT + 1)n2 + 

-1 1 

6 fq:, ( 1-2N)(2ill(x)-1)(1-ill(x)) } -1 - ...,____.__.__--'-.,_,__,~-'- dx + o ( N ) , 
0 cp(x) 

where now n = (!) 112 e. We note that theorem 4.2 ensures that (4.23) will 
TT 

also hold for Van der Waerden's one sample test which is based on the ap-
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-1(N+j+1) (4 ) proximate scores aj = ill 2 (N+ 1) . To evaluate the integral in .23 and 

(4.24) we write 

(4.25) 

-1 ( 1 ) 

Jill 1-2N (2q:,(x)-1)(1-ill(x)) 1 1 
dx = - log log N + -2 log 2 + 

0 cp(x) 2 

2 fooOlog x cp(x)dx + fooO (2ill(x)-1){x(1-lll(x))-p(x)} dx + o(1) = 
xcp ( x) 

1 1 
= 2 log log N + 2 log 2 + 0.05832 ... + o(1), 

where the final result is obtained by numerical integration. 
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5, PERMUTATION TESTS 

In this section we consider distributionfree tests other than rank 

tests, viz. permutation tests. We limit our discussion to linear permutation 

tests that reject the hypothesis of symmetry if 

N 
( 5. 1) I 

i=1 
h(X.);:: s (Z) 

1. a. 

with possible randomization if equality occurs. Here h 1.s a function on R1, 

Z = (z 1, .•• ,ZN) denotes the vector of order statistics of IX1 1, •.• , l~I as 

before and sa. 1.s chosen in such a way that under the hypothesis of symmetry 

(5.2) 
N P( I h(X.);:: s (z)lz) = a. 

i=1 1 a. 
a.s. 

with an obvious modification if there is randomization. 

Since (5.1) is equivalent to 2{h(X. )-h(-X.)};:: 2s (Z) - 2{h(Z.)+h(-Z.)}, 
1. 1. a. J J 

we assume without loss of generality that his antisymmetric about the ori-

gin, i.e. 

(5.3) h(x) = -h(-x) for all x. 

But then, under G and conditional on Z, 2h(X.) is distributed as 22a.(v __ l) 
1. J J 2 

with V. as in (2.3) and a.= h(Z.). This means that we can obtain an expan-
J J J 

sion for this conditional distribution of 2h(X.) if we can apply theorem 2.1. 1. 
Urider the hypothesis of symmetry, Pj =½in (2.3) for all j. Hence in 

this case theorem 2.1 yields an expansion for the conditional d.f. of 
2 1 

2h(X. )/(Lh (Z.)) 2 that holds uniformly on the set of all values of Z for 
1. J 

which the a.= h(Z.) satisfy (2~35) and (2.36) for fixed c,C and o. If a. 
J J 

satisfies (3.6), this immediately leads to an expansion for s (Z). We find a. 
(c.f. (3.13)) 

s ( z) 
a. (5.4) 

uniformly on the 

2h 4(z.) :;; CN and 
J 

C \ 2 set E0 where, for fixed positive c,C and o, lh (Z.);:: cN, 
3/2 J 

A{x I 3. lx-h(Z.) I < s};:: oNs for some s;:: N- log N. 
J J 
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Next we consider the contiguous location alternatives G(x) = F(x-8) of 

section 3, Under these alternatives, theorem 2.1 yields an expansion for the 

conditional d.f. of ½£Ih(X.)-2(2P.-1)h(Z.)}/{2P.(1-P.)h2(z.)} 112 uniformly 
C 1 J J J J J 2 

on the set E8 where, for fixed positive c,C and c, IP.(1-P.)h (Z.) ~ cN, 
4 J J J 

2h (Z.) ~ CN and \{x I 3. lx-h(Z.)I < s, E ~ P. ~ 1-E} ~ cNs for some 
s ~ NJ3/ 2log N. J J J 

Since E0 c E8 it suffices to show that P8(E8 ) = O(N-514 ) in order to 

obtain an expansion to O(N-514 ) for the conditional power given Z of the 

permutation test. The unconditional power is then obtained by taking the 

expectation. This is done in very much the same way as in sections 2 and 3 

for linear rank tests, the only difference being that now not only the P. 
J 

but also the a. depend on Z. 
J 

This program is carried out in ALBERS [1974] for the special case of 

the locally most powerful permutation test where h = -1}J 1 = -f' /f. In theorem 

5.1 we reproduce a version of this result without further proof. Of course 

a similar result may be obtained for the general linear permutation test 

( 5 . 1 ) with h ::f -1/J 1 • 

Suppose that Fis a d.f. with a density f that is positive, symmetric 

about zero and five times differentiable. Define 1/J. and,. by (3.1) and 
1 1 

(3.15) and take h = -iJJ 1• Let ~p(e) be the power of the permutation test 

(5.1) against the alternative F(x-8) and define 

(5.5) 

* where n is given by (4.16). 

THEOREM 5.1. Let F satisfy (4.5) for i=1, ... ,5 and m1 = 10, m2 =~, m3 =½, 
5 m4 = 4, me;= 1 and suppose that positive numbers C and E exist such that 

o ~ e ~ 6N- 112 and E ~a.~ 1-E. Take h = -iJJ 1. Then there exists A> Ode­

pending on N, F, e and a. on Zy through F, C and E and such that 
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For F =~,we have -w 1(x) = x and theorem 5,1 provides an expansion for 

the power of the permutation test based on Ix. against normal shift alterna-1. 
tives ~(x-0) with O ~ e ~ CN-112 and E ~a~ 1-E. We find that this power 

equals 

(5.6) 

But (5.6) is also the power of Student's one-sided one-sample test for~ 

against ~(x-0) (c.f. HODGES & LEHMANN [1970]). It follows that for testing 

the hypothesis~ against contiguous normal shift alternatives for fixed 

0 <a< 1, the powers of the permutation test based on 'X. and of Student's /, 1. 
test differ by only O(N-5/ 4) as N ➔ 00 , In fact, this difference is O(N-312 ), 

. . . . . . -5/4 since~ sat1.sf1.es the stronger regularity cond1.t1.ons needed to replace N 

by N-3/ 2 in theorem 5,1. 

The remainder of this section will be devoted to a further investiga­

tion of this rather striking phenomenon. Roughly speaking, we shall show 

that for testing any given symmetric distribution against near alternatives, 

the permutation test (5,1) is almost equivalent to Student's test applied 

to h(X1), .•. ,h(~) with the correct level of significance for the given 

null-distribution. Our proof differs from the one outlined above in that we 

do not use power expansions to establish the near equivalence of the two 

tests. Instead, we show that the critical regions of the tests are almost 

identical. This more direct approach has the additional advantage of pro­

viding a simple explanation of our result. 

Let F be the d.f. of a distribution that 1.s symmetric about zero and 

consider the problem of testing the hypothesis that x1 , .•. ,~ have d.f. F 

against the alternative that they have another d.f. G. For this testing 

problem and an arbitrary h satisfying (5.3) we compare the permutation test 

(5,1) with Student's test applied to h(X1), ••. ,h(~) that rejects the hy­

pothesis if 

(5,7) (1-N-1) 1/2 ~ t 
a 



with possible randomization if equality occurs. Here t depends on a,h,F 
a 

and N and is chosen in such a way that the test (5.7) has level a. 

THEOREM 5.2. Suppose there exist positive nwribers c,C,E,n,o 1,o2 , .•• with 
-1 -1 

lim oN = O and m > 8, suah that hF and hG are monotone and differen-
N+oo 

tiable on intervals IF and IG of length at least n where 

(5.8) 

and suah that E ~a~ 1-E, and 

(5.9) 

(5.10) for k=1,2. 

37 

Then there exist A> O depending on N,F,G,h and a only through c,C,n and E, 

and 8 > O depending only on m, suah that the powers of the tests (5,1) and 

(5.7) for F against G differ by at most A(N-8+oN)N- 1• 

PROOF. We denote probabilities and expected values under G (F) by PG (PF) 

and EG (EF). By (5.9) and (5,8) we have 

(5.11) c2/m 
' 

(5 .12) 

so that these moments are bounded away from O and 00 • For positive integer 

k ~ 4, Markov's inequality, the Marcinkievitz-Zygmund-Chung inequality 

(CHUNG [1951]) and (5,9) yield 

(5.13) 
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where B depends only on m. Choose 
m 

(5.14) . ( m-8 1) 
S = min 2m+8' 4 · 

Taking,= N-S in (5.13) and using (5,3) we find that 

(5.15) 

(5.16) 

uniformly on a set with probability 1 - O(N-l-S) under G. 

Assumption (5,3) implies that 

k=1 ,2, 

>-{x I 3. lx-h(Z.)I < s:};,: -2\{x I 3. lx-h(X.)I < d, 
J J 1 1 

and under G the right-hand side is distributed like 

-2
1>-{x 3. lx-h(G- 1 (u. N))I < d, 

J J: 

where u 1:N < ••• < UN:N are order statistics from a uniform distribution 

on (0,1). Now for n;,: 1 

P( u. -U. ~ z) = f I J+n:N J:N 
N! j-1( )n-1( )N-j-n 

( · 1 ) , ( 1) , (N • ) , s t-s 1-t dsdt ~ J- • n- . -J-n. 

~ _,_( N;.;..z=)._n_-_1 
(n-1 ) ! J f 

O<s<t<1 

O<s<t<1 
t-s~z 

(N-n+1)! j-1 )N-j-n 
( . 1), (N . ) , s ( 1-t dsdt J- . -J-n • 

= (Nz)n-1 
(n-1 ) ! 

Taking n = 6 and z -1 -3/2 = 2c N log N we see that 

-1 -3/2 N 
P(U6 (k+l):N-u6k:N;,: 2c N log N for all 1 ~ k ~ [6]-1);,: 
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Together with (5,8) this implies that for i: = N-3121og N 

( 5. 17) 
1 

A{x I 3. lx-h(Z.)I < s} > -nNi: 
J J - 2 

1 - O(N-1-8) with probability under G. 

Now (5.11), (5.12), (5.15) and (5.17) ensure that expansion (5.4) holds 

uniformly except on a set E0 with PG(E0 ) = O(N- 1- 8 ). Simplifying this expan­

sion by using (5.11), (5.12) and (5.15) once more, we arrive at the conclu­

sion that the power against G of the test (5,1) is given by 

(5.18) 0( -1-8)\ + N ) + 

Here the first remainder term depends on Z but may now be taken to be uni­

formly O(N- 1- 8 ). 

The inequality Lh(X. )/(Ih2 (X. )) 112 ~ a is algebraically equivalent with 
l l 

Lh ( X. ) 
l a 

2 
(1-~)1/2 

N 

on the set where Lh2 (x. )-N- 1(2h(X.)) 2 # 0 and provided that a2 < N. We may 
l l 

apply this to (5.18) in view of the condition E ~a~ 1-E, (5.11), (5.12) 

and (5.16). At the same time we may replace EG by EF in (5.18), and by (5.10) 

this only involves adding O(oNN- 1) to the first remainder term in (5.18). In 

this way we obtain 

(5.19) 

3 4 
(~ ua -ua EFh (X1) 3 

= P T ~u +----------(u -3u) 
G a 2N 1 2N ( E h 2 ( X )) 2 a a 

F 1 

where Tis the statistic in (5,7). 

By (5.11), (5.12) and (5.16) we have for B ~ O, 
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(5.20) PG(t 
~ t+BN- 1 (N-f3+oN)) sup ~ T ~ ~ 

t 
1 

( N-2 Lh(X.) 
t+2BN- 1(N-f3+oN)) + O(N-1-B). ~ ~ 

1 
~ sup PG\t crG(h(x1)) t 

Now (5.8) ensures that under G the distribution of h(X1) has an absolutely 

continuous part; in fact, this distribution may be written as a mixture Q = 

= nQ1 + (1-n)Q2 where Q1 is an absolutely continuous distribution with den­

sity q1 ~ (cn)- 1. Moreover, (5.9) and Markov's inequality imply that 
~ -1 1/8 Q1([-c1,c1J) ~ 2 where c1 = max(1,(2C/n) ). It follows that Q = (n/2)Q1 + 

+ (1-n/2)Q2 where Q1([-c1,c1J) = 1 and Q1 is absolutely continuous with den-

't < - 2( )- 1 si y q1 - c 1 - en 

Let p1 be the c.f. of Q1• Obviously, for any fixed t ~ O, lp 1(t)I ~ 

~ lp1(t)I where p1 is the c.f. of the distribution with density 

r c1 

n 
+ 2k,r 2kir+2~] for ye: u [-C -c, + 

k=O 1 It I' ltl 

<i,(y) = < 

l0 elsewhere, 

with n = [C1 ltl/ir] and (n+1)c 12~/ltl = 1. An easy calculation yields 

lp 1(t)I =(sin~)/~; for ltl ~ ir/c 1 we have~~ ir/(4c 1c 1). It follows that 

there exists b > 0 depending only on n,c and C, such that the c.f. of h(X1) 

under G satisfies 

(5.21) 
ith(X1) 

IEG e I ~ 1-b for It! ~ ir. 

Because of (5.9), (5.12) and (5.21) the d.f. of 

cr~\h(X1))N-~ L (h(Xi)-EGh(Xi)) under G has an Edgeworth expansion; uniformly 

for all G satisfying (5.8) and (5.9) for fixed c,C and n, the derivative of 

this expansion is bounded and its remainder term is O(N-3). Applying this 

result and (5.20) to (5.19) we find 

(5.22) 

uniformly for fixed c,C,n and E, where 



(5.23) t 
0: 

= u + 
0: 

3 u -u 
0: 0: 

2N 
3 ( u -3u ) . 
0: 0: 

Lett be as defined in (5,7). Since F satisfies all assumptions im­o: 
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posed on G, (5.22) will hold under Fas well as under G. We have np(F) = a 

and hence t = t~ where l;-o:I = O(N- 1(N-8+oN)) uniformly for E ~ o: ~ 1-E, 
0: ct 

. E E 
but of course also uniformly for 2 ~ o: ~ 1-2. Because to: is decreasing in 

~ E a and to: has a bounded derivative with respect to a for 2 ~ o: ~ 
E 1-2, it fol-

lows that 

(5.24) 

uniformly for E ~ o: ~ 1-E, In view of (5.22) and the preceding part of the 

proof this implies that 

(5.25) 

uniformly for fixed c,C,n and E, This completes the proof. D 

It may be useful to comment briefly on assumption ( 5. 10) in theorem 

5.2. Of course this assumption is satisfied for a sequence of alternatives 

GN that tends to Fin an appropriate manner. It is easy to see, for instance, 

that if the sequence G: is contiguous to ~, ( 5. 9) implies ( 5. 10) with oN = 

= O(N- 112 ). Similarly, (5.9) will imply (5.10) for some sequence oN = o(1) 

if h is continuous and GN converges weakly to F. 
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6. DEFICIENCIES OF DISTRIBUTIONFREE TESTS 

Let F be a fixed d.f, with density f that is positive, symmetric about 

zero and five times differentiable. Consider the problem of testing, on the 

basis of x1, ••• ,~, the hypothesis G = F against the alternative G(x) = 

= F(x-8) at level a. For any particular e, the maximum power TT+(e) is attain­

ed by the test based on the statistic I{log f(X.-8)-log f(X.)}. This statis-
J. J. 

tic is a sum of i.i.d. random variables and therefore its d.f. admits an 

Edgeworth expans_ion under the usual conditions. By expanding the cumulants 

of the statistic ALBERS [1974] obtains an expansion for TT+(e). Define,. by 
J. 

(3, 15) and take 

( 6. 1 ) 
~+ TT (8) = * 1 - qi(u -n ) + 

a 

3J~,~(t)dt 

(f 1, 2(t)dtl 
0 1 

*2 n 

2 * *2 [3(u -1)-3n u +2n J + a a 

2 * l 9[(u -1 )-n u JJ, 
a a 

* where n is given by (4.16). Lemma 6.1 is a version of Albers' result. 

LEMMA 6.1. Let F satisfy (4.5) form.= 5/i, i=1,.,.,5, and suppose that 
J. 1 

positive numbers C and e exist such that O 5 e 5 CN- 2 and e 5 a 5 1-e. Then 

there exists A> O depending on N,F,e and a only through F,C and e and such 

that 

(6.2) + ~+ I TT ( e ) -TT ( e ) I 

For the same testing problem theorem 4.2 provides an expansion for the 

power TT(8) of the locally most powerful rank test. Together, theorem 4.2 and 

lemma 6.1 will enable us to find the deficiency~ of the locally most power­

ful rank test with respect to the most powerful parametric test. To ensure 

that F satisfies the assumptions of both theorem 4.2 and lemma 6.1, we re­

quire that FE F1 , where 
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DEFINITION 6. 11. F 1 is the class of d. f. 's F on R 1 with positive densities f 

that are symmetric about zero, five times differentiable and such that ( 4. 5) 

is satisfied for i=1, ... ,5 with m1 = 6, m2 = 3, m3 = 5/3~ m4 = 5/4, m5 = 1, and 

such that ( 4. 6) holds. 

Furthermore, define 

(6.3) 2 * *2 [3(u -1)-2n u -n J + 
a a 

J 1- 1/N(~'(t) 2t(1-t)dt 
+ 12 1 /N 1 ; } ' 

J ~ (t)dt 
0 1 

* with n as in (4.16). 

THEOREM 6. 1. Let ~ be the deficiency of the locally most powerful, rank test 

with respect to the most powerful, parametric test for testing G = F against 

G(x) = F(x-e~ on the ba~is of x1 , ..• ,~ and at ZeveZ a. Suppose that FE F1 

and that cN- 2 ~ e ~ CN- 2 , E ~a~ 1-E for positive c,C and E. Then, for every 

fixed F,c,C a:nd E, there exist positive nwnbers A, o1 , 02 , •.• such that 

lim oN = 0 and for every N 
N+oo 

(6.4) 

This result continues to hold if the locally most powerful rank test is re­

placed by the 1°ank test with the corresponding approximate scores a. = 
J 

= -~ 1(j/(N+1)). 

PROOF. As F1 c F, the remark following theorem 4.2 shows that 

( 6. 5) for v=1,~. 

+ 
Theorem 4. 2 an.d lemma 6. 1 provide expansions for 1T ( e) and 1T ( e). In view of 

1 

(6.5), the boundedness of u and the fact that c ~ N2 8 ~ C, it is clear from 
a 
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these expansio~s that~= o(N 113 ). To find~ we replace N by N+~ and n* 

by n*(1+~N- 1) 2 in the expansion for TI(8) and equate the result to the ex­

pansion for TI+(e). Taylor expansion with respect to y~1 in (4.18) yields 

(6.6) 
* ( *) J 1'"4(t)dt n ~ u -n { Or1 2 * *2 

24; 12~ + - 1;;......;2---2 [-3(ua.-1 )+2n ua. +n J + 
(f 'l' (t)dt) 

3! ~'l'~(t)dt 

(J1li'2(t)dt)2 
0 1 

*2 
n 

0 1 

1-1 /N , 2 
2 * *2 12!1/N ('1' 1(t)) t(1-t)dt} 

+ 3(u -1 )-6n a +3n - ---""""~---'------- = 
a. a. J 1'1'2 (t)dt 

0 1 

1 3/2J1-1/N 2 , 
= o(N-) + O(N- ('1'1(t)) (t(1-t)) 2 dt), 

1/N 

uniformly for fixed F € F1, c, C and E. As n*~(ua.-n*) is bounded away from 

zero, (6.4) follows. The last assertion of the theorem is an immediate con­

sequence of theorem 4.2. D 

Obviously (6.3) and (6.4) imply that under the conditions of theorem 6.1 

(6.7) J
1-1/N 

~ = 0( ('1'1(t)) 2t(1-t)dt) 
1/N 

for N ➔ 00 • Hence~ remains bounded as N + 00 if f~('l'1(t))2t(1-t)dt converges. 

Fortunately, in most cases of interest theorem 6.1 provides more detailed in­

formation than (6.7) and remarks similar to those following theorem 4.2 ap­

ply. Typically 'l'{ will be bounded near O and the asymptotic behavior of~ 

will be determined by the rate of growth of 'l'{ near 1. If 'l';(t) = o((1-t)-1) 

near 1, then~= ~+o(1). If 'l'~(t) is of exact order (1-t)-1 , then 

~= + 0(1) 

and~ will be of the order log N. Finally, if 'l'~(t) ~ (1-t)_1_0 fort ➔ 1 

and some O < o < 1/6, then the expansion (6.4) reduces to~= O(N20 ), which 

is nothing but (6.7), 

We shall give two applications of theorem 6.1. First we consider the 

problem of testing the hypothesis G =~against the alternative G(x) = 
1 1 

= ~(x-8), where cN-2 ~ 8 ~ CN- 2 • Let~ be the deficiency of the normal 



scores test (or van der Waerden's test) with respect to the most powerful 

parametric tes:t based on X. Computations similar to those in section 4 yield 

(6.8) 
cI>-1(1--1) 

a.__ = ..:!..( u 2 - 1 ) + I 2N ( 24> ( X )-1 t ~ -4> ( X) ) dx + 0 ( 1 ) = 
7'l 2 a Q cpX 

= ~log log N + ½(u!-1) + ~log 2 + 0.05832 ... + o(1). 

In this case dN ~ ~log log N + 00 for N + 00 • Note that there is no dependence 

on 8 in this exp_ansion for ¾I and that the leading term is also independent 

of a. 
-x -1 As a second example we take the logistic d.f. F(x) = ( 1+e ) and con-, 

sider the testing problem G = F against G(x) = F(x-bN- 2 ),_ where b > 0 is 

fixed. Now ¾I is the deficiency of Wilcoxon's signed rank test with respect 

to the most powerful parametric test for this problem. We find 

(6.9) a.__= -61 {18+12u2+4v'3bu +b2 } + o(1) 
~ 0 a a 

and here~ tends to a finite limit for N + 00 • 

Having shown that the deficiency of a distributionfree test with res­

pect to the best parametric test may tend to a finite limit, we now address 

ourselves to the intriguing question whether this limit can be zero. To an­

swer this question we first have to decide what is meant by the best para­

metric test. So far, we have compared the performance of a distributionfree 

test with that of the most powerful parametric test for known scale against 

a simple location alternative, thus in effect comparing with envelope power. 

Of course this comparison is not quite fair. Computed in this way, the de­

ficiency of a distributionfree test reflects the losses incurred by using 

(i) the same test against every location alternative 8 > O; (ii) a scale in­

variant test; (iii) a distributionfree test. Since our main interest is the 

deficiency due to (iii), it is more appropriate to compare with the uniform­

ly most powerful scale invariant test, if such a test exists. Unfortunately, 

invariant tests are in general rather intractable, the main exception being 

Student's test for the normal location case. We note that HODGES and LEHMANN 

[1970] have shown that the deficiency of Student's test with respect to the 

most powerful parametric test based on X tends to a finite but positive li­

mit, so that it does indeed matter whether one compares with Student's test 

or with envelope power. 



We are thus led to consider the normal location case with Student's 

test as the best parametric test. To establish the existence of a distribu­

tionfree test with deficiency tending to zero, the obvious candidate is the 

permutation test based on l x .• Theorem 6.2 is an immediate consequence of 
i 

theorem 5.1 and the remark following it. 

THEOREM 6.2. Let~ be the defiaienay of the perrrrutation test based on l Xi 

with respeat to Student's test for testing G =~against G(x) = ~(x-0) on the 

basis of x1,···,~ ~ at lever a. Suppose that positive nwnbers c,C and E 

exist suah that cN-2 $ 0 $ CN-2 and E $a$ 1-E. Then there exists A> Ode­

pending on N,0 and a only through c,C and E and suah that 

(6.10) 

Hence in this case we do find that¾ tends to zero for N ➔ 00 • Perhaps 

the most surprising thing about this example is that asymptotically one has 

to pay a certain price for scale invariance, but that once this price has 

been paid, there is no additional penalty for using a distributionfree test. 

We note that the r~mark following theorem 5.1 implies that (6.10) may be re-
-~ 

placed by dN $ AN • 

Theorem 6.2 may of course be generalized considerably by taking theorem 

5.2 for h(x) = x as a starting point instead of theorem 5.1. For~ as in 

theorem 6.2, it is clear that~= o(1) for a much larger class of testing 

problems than the normal location problem of theorem 6.2. Although Student's 

test is generally not optimal for these problems, this shows how closely the 

two tests resemble one another. 



7. EXPANSIONS .AND DEFICIENCIES FOR RELATED ESTIMATORS 

Let T = T(X1, ••• ,~) be given by (2.2) and suppose that the scores aj 

are nonnegative and nondecreasing in j=1, ••• ,N. Define the statistic M by 

( 7. 1 ) M(X 1 , ••• ,~) = ~ sup{t 2T(X1-t, ••• ,~-t) > Iaj} + 

+ ~ inf{t : 2T(X1-t, ••• ,~-t) < Iaj}. 

Suppose that x1 , ••• ,~ are i.i.d. with common d.f. G(x) = F(x-µ), where F 

has a density f that is symmetric about zero. Then Mis the midpoint of the 

interval between the upper and lower 0.5 confidence bounds forµ induced by 

the statistic •r. HODGES and LEHMANN [ 1963] proposed M as an estimator for µ 

and studied its connection with T. They showed that the normal approximation 

to the power of the level~ test based on T for contiguous location alterna-

tives could be used to establish asymptotic normality of M. We shall show 

that, similarly, power expansions for level 1 yield expansions for the d.f. 2 
1 

of N2 (M-µ). We restrict attention to the case where the scores are generated 

by a smooth fw~ction J. 

Let J and F be given by definition 4.1, let n(e,~) denote the power of 

the level~ right-sided test based on T against the alternative F(x-e) and 

define Ke. and n as in (4.8)-(4.10). 
,i 

THEOREM 7.1. Let FE F, J E J, suppose that J is nonnegative and nondecreas­, 
ing and let aj = EJ(Uj:N). Take e = E,;N- 2 • Then., for every fixed J,FandC > O, 

(7.2) 
1 

O(N-5/4)' sup IP (N 2 (M-µ) $ tJ - n(e,~)I = 
Is I :s;c µ 

(7.3) 
1 -1 sup IP (N 2 (M-µ) $ s) - { 1 - K ( -n n 1 = o(N ) , 

Is J:s;c µ e, 1 

(7.4) 
1 

sup IP (N 2 (M-µ) 5 s) - { 1 - Ke 2 (-n)} I = 
Is l:s;c µ 

' 

( / f 1-1 /N 1 ) 
= 0 ( N- 1 ) + 0 N-J 2 I J' ( t) I ( I JI ( t) I + I '¥ 1 ( t) I ) ( t ( 1-t) ) 2 dt . 

1/N 

PROOF. It follows from HODGES and LEHMANN [ 1963] that M is translation in-
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variant and that its distribution is absolutely continuous and symmetric 
1 

aboutµ. Thus, for 8 = sN-2 , 

(7.5) 

and, in view of (7.1), 

(7.6) ~ Ia.). 
J 

According to the proof of theorem 4.1, the conclusions of theorems 3,1 and 

3,2 hold, which implies that P8(2T = Iaj) = O(N-5/ 4 ) uniformly for ISi ~ CN-~. 

This proves (7.2). The remaining part of theorem 7.1 is now an immediate con­

sequence of theorem 4.1. D 

The case where J = -f1, with , 1 as in (3.15), is of course of special 

interest. Theorem 7,2 deals with this case for exact as well as approximate 

scores. Note that for FE F, the condition that -J1 is nonnegative and non­

decreasing is equivalent to concavity of log f, i.e. to strong unimodality 

of f. 

THEOREM 7,2. Let FE F, suppose that f is strongly unimodal and let either 

aj = -Ef 1(uj:N) for j=1, •.• ,N or aj = -,1(*1") for j=1, •.• ,N. Then, for every 

fixed F and C > o, 

(7.7) 

(7.8) 

sup 
lsl~c 

12/~J;(t)dt 

(J 1 ,2 ( t ) dt ) 2 
0 1 

+ o(N- 1) + 0 N-3 2 (J'(t)) 2(t(1-t)) 2 dt ( / !1-1/N , ) 

1/N 1 



uniformly for lxl ~ C. 

PROOF. The proof of (7.7) is identical to the proof of (7,2) in theorem 7,1. 

Expansion (7.8) follows from (7.7) and theorem 4.2. D 

The estimators in theorem 7,2 are efficient and their natural competi­

tor is the maximum likelihood estimator M' which solves 

(7.9) 
N 
l iµ 1 ( XJ. -MI ) = 0 

j=1 

with iµ 1 as in (3.1). The performance of M' is connected with that of the 

locally most powerful test for F against F(x-0), which is based on the sta­

tistic -Iiµ 1(xj). Let ~'(0,~) be the power of the level~ right-sided test 

based on -Iiµ 1(xj) for F against F(x-0). 

LEMMA 7.1. Suppose that f is positive, symmetria about zero and strongly 

unimodal and that (4.5) is satisfied form. =5/i, i=1, ..• ,5. Then, for every 
1 

fixed F and C > O, 

(7.10) 

(7.11) 

sup 
1,1~c 

3! ~'i'~(t )dt 

(f 1'¥2(t)dt)2 
0 1 

uniformly for Ix I ~ C. 

12!~'¥~(t)dt 

(J1'¥2(t)dt)2 
0 1 

PROOF. The estimator M' is translation invariant and its distribution is 
1 

symmetric aboutµ. Thus, fore= ,N- 2 , (7.5) holds with M replaced by M', 

and in view of (7,9), 

1 

(7.12) P0 (-Iiµ 1(xj) > o) ~ Pµ(N 2 (M'-µ) ~ ,) ~ P0(-Iiµ 1(xj) ~ o). 
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Since f is everywhere positive and $ 1 is everywhere differentiable, the dis­

tribution of $ 1(x1 ) under e contains a fixed absolutely continuous component 

for all e in a neighborhood of zero. Together with ( 4. 5) for m1 = 5, this en­

sures that the d.f. of L$ 1(x.) under e possesses an Edgeworth expansion with 

remainder O(N-312 ) uniformlyJfor l~I ~ CN-~. This implies that P8(-L$1(xj)=O) = 
= O(N-312 ) uniformly for ISi ~ CN- 2 , which proves (7.10). 

The expansion for the d.f. of l$1(xj) is used in ALBERS [1974] to estab­

lish an expansion for the power of the locally most powerful test under the 

conditions of lemma 6.1. Specializing to the case where a=~ and using 

(7.10) we obtain (7.11). D 

There is no unique natural measure of scale to assess the performance 

of an estimatorµ admitting an expansion of the form (7,8) or (7.11). One 

possibility is to consider a family of measures 

ofµ. We can define cr(µ,s) to be the s-quantile 

= ~-1 (s). As we are only considering estimators 

determined by the quantiles 

of(µ-µ) divided by u 1 = 
-s 

that are distributed sym.-

metrically aboutµ, cr{µ,s) may serve as a measure of scale for any~< s < 1. 

If we fix a value of s, we can define the deficiency DN(s) of a sequence of 

estimators {µ 2 N} with respect to an estimator G1 N by equating cr{µ 2 N+D ,s) 
, , ' N 

and cr(P 1 ,N,s), with the usual convention that cr is determined by linear in-

terpolation for nonintegral values of N + DN. Similarly, for two sequences 

of level a tests, ~(a,s) will denote the deficiency as defined in section 

1 for the case where the alternative e is chosen in such a way that the com­

mon power equals s. 

Let F1 be given by definition 6.1. 

THEOREM 7,3. Let ~(~,s) be the deficiency for level~ and powers of the 

locally most powerful rank test with respect to the locally most powerful 

test for testing F against F(x-e). Let DN(s) be the deficiency of the Hodges­

Lehmann estimator associated with the locally most powerful rank test with 

respect to the ma:x:imum likelihood estimator for estimatingµ in F(x-µ). Sup­

pose that F c: F 1 and that f is strongly unimodal. Then, for fixed F and 

~ < s < 1, 

(7.13) 
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(7.14) 
1 

+ 4 + 

This result continues to hold if in the locally most powerful rank test and 

the associated estimator, the exact scores are replaced by the approximate 
- (.:..L) scores aj - -\J! 1 N+ 1 • 

PROOF. The conditions of theorem 7.2 and lemma 7.1 are satisfied. Writing 

~ and ~ for M and M' , we see that for some E;. 

(7.15) 

(7.16) 

By the remark following theorem 4.2 we have IJ!1(t) = o((t(1-t))-716 ) near 0 

and 1, and com·bining this with (7.8) and (7.11) we find that (7.15) and 

( 7. 16) imply ( '7. 13). The proof of ( 7. 14) is now the same as that of theorem 

6. 1. □ 

An interesting property of the expansion ( 7. 14) is that it is indepen­

dent of s. Thu:s, to the order considered, the deficiency DN(s) is asymptoti­

cally independent of the particular choice of the quantile used to measure 

the performance of the estimators. Of course, this reflects the fact that 

the deficiency ~(~,s) is independent of the power in the same asymptotic 

sense. Algebraically, the reason for this phenomenon is that the term in­

volving x3¢(x) is the same in (7.8) and (7.11). 

We also note that upon formal substitution of a = ~ and 8 = 0 in ( 6. 3) , 

the expansion for~ in theorem 6.1 reduces to the expansion for DN(s) in 

theorem 7,3. This shows that if the remainder in (7.14) is 0(1), then DN(s) 

will tend to a nonnegative but possibly infinite limit. 

In section 6 we have already pointed out that an expansion like ( 7. 14) 

may or may not be of interest, depending on the behavior of the remainder 

term. We should stress that, even if the expansion ( 7. 14) is useless, ( 7. 13) 

still establishes the asymptotic equivalence of DN(s) and ~(Ls). 
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We conclude our discussion with one example of theorem 7.3. For estimat­

ing normal location, the deficiency of either one of the Hodges-Lehmann es­

timators associated with the normal scores test and with van der Waerden's 

test with respect to X is asymptotic to ~ log log N. The deficiency of one 

of these Hodges-Lehmann estimators with respect to the other tends to zero 

for N-+ 00 • 
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APPENDIX 1. EXPANSIONS FOR THE CONTIGUOUS CASE 

Our purpose in this appendix will be the justification of the passage 

from ( 2. 41 ) to ( 3. 8) under the assumptions stated in section 3. Thus we 

shall suppose throughout that f is positive and symmetric about O and that 

g(x) = f(x-8). 

Begin by defining a function ~(x,t) for x ~ O, t ~ O, by 

(A1.1) F(~(x,t)-t) + F(~(x,t)+t) = 2F(x). 

Introduce also two other functions of two variables, p and p, by 

(A1 .2) p(x,t) = f(x-t) 
f(x-t)+f(x+t) 

(A1. 3) p(x,t) = p(~(x,t),t). 

The bas:i.c property of the function~ is, of course, that the joint dis­

tribution of (~(z 1 ,8), ... ,~(ZN,8)) under F is the same as the joint distri­

bution of (z 1 , ••• ,ZN) under G. It follows that the joint distribution of 

(p(Z 1 ,e), ... ,p(ZN,8)) under Fis the same as the joint distribution of 

(P 1 , ... ,PN) under G. It is evident therefore that our task is essentially 

that of expanding p(x,t) around Oas a function oft and giving suitable 

estimates of the remainder terms. We begin by differentiating formally. For 

convenience we shall, for any function of two variables q ( x, t), write 

q .. (x,t) 
:L ,J 

= ai+jg(x,t) 

axiatj 

Differentiating (A 1. 1) with respect to t we get 

(A1 .4) ~(), 1 = 2p-1. 

It is now easy though tedious to obtain p 0 . (x, t) in terms of the 
~ ,J 

Pi,k(~(x,t),t) by replacing ~0 , 1 by 2p-1 after each differentiation. Thus, 

for example, 

(A1,5) 



(A 1.6) 

2 
+2p 1 0 (2p-1)J(t(x,t),t). 

' 

Calculation of the p .. is also tedious. Again we list the first few. 
i , J 

Define 

(A1. 7) 

= f(k~/f as defined in (3.1), and let 

(A1 .8) 

Then 

(A1 .9) 

(A1 .10) 

Substituting (A1.9) and (A1.10) into (A1.5) and (A1.6) at t = 0 and 

employing similar manipulations with the third order derivatives we obtain 

(A1.11) p(x,O) 1 
= -2' 

p0 2 (x,o) = o, 
' 

:i?0 , 1(x,o) 1 
=-~1(x), 

Moreover, from (A1.9), (Al.10) and the boundedness of pit is easy to see 

that constants b 1 and b2 exist such that 

(A1.12) 

Similarly bounding first the p. k and expressing p0 . appropriately, and 
i, ,J 

. . . . I I - 1 1 Ir _, I Is ._, -l . invoking the inequality ab ~ r a +s b ,r +s = 1 , we obtain 



for suitable b3 and b4 

(A1 .13) 

We need the following application of Taylor's formula with Cauchy's 

form of the remainder. 
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LEMMA A1 .1. Let q(x,t) be a function of two va:riabZes possessing derivatives 

of order ::,; k+1 in t in a neighborhood of o. Then if S is any r. v. and m ~ 1, 

k tj m 
E lq(S,t) - I q0 .(s,o) -:,I ::::; 

j=O ,J J. 
(A1.14) 

< r ltlk+1]m 
- l(k+1)! sup{E jqO,k+1(S,vt)lm: 0::,; v::,; 1}. 

Suppose moreover that for j=O, .•• ,k, Eq0 .(S,O) exists and is finite. Then 
,J 

(A1.15) 
k tj m 

E l{q(S,t)-Eq(s,t)} - I {q0 .(s,o)-Eq0 .(s,o)} -.,I ::,; 
j=O ,J ,J J• 

m [ It lk+1 ]m 
::,; 2 (k+1)! sup{E lqo,k+1(S,vt)lm o::::;v::::;1}. 

., 
PROOF. We have (cf. DIEUDONNE [1960] p.186, TITCHMARSH [1939] p.368) 

(A1.16) q(S,t) 

provided that the integral converges. Hence the left-hand side of (A1.14) 

J.S bounded by 

r ltlk+1]m J1 k m 
l(k+l)! EI 0(k+1)(1-v) qO,k+l(S,vt)dvl. 
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This obviously remains true even if the integral diverges for some values of 

S. An application of Ljapunov's inequality and Fubini's theorem complete the 

proof of (A1.14) and a similar argument disposes of (A1.15). D 

Note that by using the same device one can show that the left-hand 

side of (A1.14) and (A1.15) is o( ltlmk) fort ➔ 0 if q is k times continu­

ously differentiable and 

(Al. 17) 

Of course (A1.17) holds if q0,k(S,•) is continuous at O and 

(A1.18) I lm+o 
sup{E qO,k(S,t) It I :s; o} < 00 

for some o > 0. 

· We introduce two final pieces of notation. If d1, .•• ,~ is a sequence 

of numbers we write 

(A1.19) 
1 N 

lldll = -N I Id. I. 
. 1 J J= 

If xis a function of one variable and£> 0 is fixed we define 

(A1.20) llx 11 = sup{f:~x(x+y) lf(x)dx 

THEOREM A 1. 1. Suppose that f is four times differentiable and that 
. -1 -1 

O :s; 28 :s; e. Then ~fr~ 1, r +s = 1, there exists a numerical constant 

B such that 

(A1.21) 
N 

I 
j=1 

a.(21r.-1) = - e 
J J 

N 

I aJ. Eo 1/11(ZJ.) + 
j=1 

3 N 

-T jI1 aj Eiljl3(zj )-61/1 1 (Zj )1/12 (Z j )+31/lf (Zj) J + M1, 

IM1 I :s; BNe 4 11ar11 11r[ll1/14II + ll1/l~s/3 11 + 111/l~sll + 111/l~sl!r 1\ 
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(A1.22) 
N 3 N 3 I a.(2TI.-1) = - e I a. E0 iJ, 1(z.) + M2, 

j=1 J J j=1 J J 

(A1 .23) 
N 2 2 2 N 2 2 
I a. E0(2P.-1) = e I aJ. EO iJ, 1(zJ.) + M3, 

j=1 J J j=1 

(A1 .24) 2 ( N ) e2 2( N ) cr0 .I a. P. = 4 crO .I a. iJ, 1(z.) + M4, 
J=1 J J J=1 J J 

IM4l < BN2e6llarl12/rf lll/lsll + 111/13s/2II + 111/13s11]2/s + - L 3 2 1 

+ BNe 411arll 1/r[111/l;II + 111/1~6 / 2 11 + 111/lf5 llr/\0 (IajiJ,1(Zj)). 

Moreover, for m ~ 1 and p > O there exist B' and B" depending onZy on m and 

on m and p re speati ve Zy, and suah that 

(A1 ,25) 

(A1 .26) 

where p v 1 denotes the Zarger of p and 1 • 

PROOF. In (A1.14) we take E = E0 , q(Z,e) = Ia.(2p(Z.,0)-1), k = 3, m = 1, 
J J 

and find 
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4 
< Ne r 1 /r 1 t ~ ( ) s 1 /s - 12 11 a 11 sup {[ N l E O I p O, 4 z j , v e I J 0 ::; V ::; 1}, 

by Holder's and Ljapunov's inequalities. Since l jp0 , 4(zj,ve)js is symmet­

ric in z 1, •.. ,ZN' we have 

Now we apply (A1.13) and use the fact that the distribution of .i.(lx1 j ,ve) 
i J 

under F(x) is the same as that of .~.(jx11 ,ve) under F(x-ve) to obtain 
i J 

Because s ~ and O::; 2v8::; E for O::; v::; 1, this implies that 

which prdves (A1.21). 

The proof of (A1.22), (A1.23) and (A1.25) is similar. In each case we 

can apply (A1.14), taking q(Z,e) = }:a~(2p(Z.,8)-1), k=2, m= 1 to prove 

(A1.22), and q(Z,e) = Ia~(2p(Z.,e)-1)~, k=t m= 1 to prove (A1.23). In 
J J 

(A1.25) the symmetry in z 1, ... ,ZN is already present from the start, so 

here we use (A1.14) with q(jx1 j,e) = 2p(jx1 j,e)-1, k=O and the value of m 

as in (A1 .25). 

To deal with (A1.24) we note that 

Taking q(Z,e) = Ia.p(Z.,e), k=2, m=2 in (A1.15) and then proceeding as 
J J 
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before we find 

thus establishing (A1.24). 

It remains to consider (A1.26). Since 

82 f, ~ ~ 
+ 2 [p0 2(Z.,ve)-E0p0 2 (z.,ve)J2(1-v)dv, 

0 ' J ' J 

and m 2: 1 , we have 

em f, 
< - E [ 1)! 1 ( Z. )-E0 1)! 1 ( Z. ) Im + 2m- le 2m E Ip ( z. , v e) I m2 ( 1-v) dv. 
- 2 0 J J O O O ,2 J 

Hence 

mp 2mp I~ I m( p v 1 ) + 2 Ne [ 1 + sup { E O p O , 2 ( X 1 I , v e ) I 0:5:v:5:1}]. 

Proceeding as before we prove (A1.26) and the theorem. D 

COROLLARY A 1. 1. Suppose that positive numbers c ,c and E exist such that 

(2.35), (3.2) and (3.3) are satisfied. Let K, K 8 and n be defined by (2.40), 

(3.4) and (3. 5). Then there exists A> O depending on N,a,F and e only 

through c,C and E, and such that 
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(A1.27) ( 
Ia. (21r .-1 )) ~ ,J J < sup jK x - 2 112 - K9(x-n) I -

x (Ia.) 
J 

(A 1.28) for m=1 ,3, 

(A1.29) 

(A 1. 30) 

(A1.31) for 1:;; m:;; 6, 

(A 1. 32) 

PROOF. Since the corollary is trivially true for N:;; (2C/e) 2 , we may assume 
-1/2 . that 29:;; 2CN :;; £ and use the results in theorem A1.1. We note that 

(2.35) implies that llarll :;; [Cr max(1,Nr-4)] 114 . In the notation of this 
m· 4 

appendix (3.2) asserts that lliJii 1 11 :;; C for m1 = 6, m2 = 3, m3 =3 and m4 = 1. 

All order symbols in this proof are uniform for fixed c,C and£, 

(A1.28)-(A1.30) follow from (2.35) and (3.2) by Holder's and Ljapunov's 

inequalities, e.g. 

(A1.31) and (A1.32) are immediate consequences of (A1.25) and (A1.26). 

Taking r = 4, s =* in (A1 .22)-(A1 .24) we find 

(A1.33) 

Hence, uniformly in x, 
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(A 1. 34) 

4 
{ 

Ia. 
i(x) = ~(x) + •(x) J 2 2 

12(Ia.) 
J 

2 
(x -1) + 

Taking r = 00 , s = 1 in (A1 .21) we have 

(A1.35) 
Ia.(21r.-1) 

J ,] = n -
e3 3 
2 112 Ia.E0[1/J3 (z.)-61/i 1(Z.)l/i2(z.)+31/J 1(z.)J + 

6(Ia.) J J J J J 
J 

where the second term on the right is O(N 112e3 ) by (A1.30). Now we substi­

tute x - ('a~)- 112,a.(2,r.-1) for x in (A1.34) and expand the right-hand side 
l J L. J J 

around x-n· It follows from (A1.35), (A1.28) for m=3 and (A1.29) that in 

this way we obtain (A1.27), 
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APPENDIX 2. ASYMPTOTIC BEHAVIOR OF MOMENTS OF FUNCTIONS OF ORDER STATISTICS 

Our aim in this appendix is twofold. In the first place we provide a 

proof of theorem 3.2 where the order of the remainder in expansion (3.8) is 

evaluated. Secondly, we obtain asymptotic expressions for the leading terms 

in the expansion for the case where exact or approximate scores are used, 

thus in effect proving theorems 4.1 and 4.2. 

Let u1:N < u2 :N < ••• < UN:N be order statistics of a sample of size N 

from the uniform distribution on (0,1). 

LEMMA A2.1. If.A= Ni 1 then for aZZ N=1,2, ••• , j=1, ••• ,N and t ~ O, 

) 3t2 
~ t ~ 2 exp{- 6t+8}. 

PROOF. The probability on the left is equal to 

(A2. 1) 

where 

N 
( . ) , (Nk) pk( 1-p)N-k. B J,N,p = l 

k=j 

For J > Np Bernstein's inequality (cf. HOEFFDING [1963] p.17) yields 

( . N ) _< f J.::!iE. h ( j-Np) l 
B J , , p expl - 1-p Np J 

with h(s) = 3s(2s+6)-1• Application of this result gives after some algebra 

Noting that A~ N(N+1)- 1 and (NA(1-A))-~ ~ 1+N-1, we see that 

exp{-3t2(6t+8)- 1} is an upper bound for the first term in (A2.1). By inter­

changing j and (N-j+1) we find that the same is true for the second term in 

(A2.1) which proves the lemma. D 
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LEMMA A2.2. If A = *,, k is a positive real nWIU)er, vk is the k-th abso­

lute moment of the standard normal distribution and I(a,b) is the indicator 

of (a,b), then uniformly for j=1, ... ,N and n;,: ~A(1-A) we have for N-+ 00 , 

1 

~vk + O((NA(1-A))-2), 

PROOF. Let f be the density of Z = (A(l~A))~(Uj:N-A). Application of Stir­

ling's formula in the form log n! = (n+~)log(n+1)-(n+1)+~log 2TI + O(n-1) 

followed by expansion of logarithms yields 

1 2A-1 1 A3+(1-A) 3 2 
log f(z) = - 2log 2TI + 1 z - ~1- NA( l-A) ]z + 

(NA(1-A)) 2 

+ o( I z I 3 1 \ 
(NA(1-A))2 + NA(1-A)) 

2 . ( A 1-A) I I for z < N min l-A'_A_. Hence, for z ~ (N'(l-'))1/6 < [ . ( A 1-A.) 7 1/2 
I\ I\ N min 1_A ,-A- J , 

(A2. 2) f(z) = _1_ e-h2[, + 0( lzl+lzl31 1 )] 
Y2TI (NA(l-A))2 + NA(1-A) 

uniformly in j. Since n(A(,~A))~;,: ½(NA(1-A)) 116 , (A2.2) and lemma A2.1 im­

ply that 

1 IHNA(1-A))1/6 k _,z2[ I I I 13] 
= Y2TI z e 2 1 + 0 ( 1 + z + z l) dz + 

0.. (NA(1-A)) 2 

1 

~vk + O((NA(1-A))-2), 

which proves the second part of the lemma. The first part now follows by 

noting that Uj:N and 1-UN-j+,:N have the same distribution. D 

REMARK. One easily verifies that lemma A2.2 continues to hold when n is 
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taken as small as [c \( 1-\) llog N\(1-\)j]~ for any c > 1. It should also 
N 

be noted that when j or (N-j+1) remains bounded as N ➔ 00 , lemma A2..2 merely 

I k -k 
states that E Uj:N-\I = O(N ). 

CONDITION Rr. For real r > 0, a function h on ( 0, 1) is said to satisfy con­

dition Rr if h is -twice continuously differentiahZe on ( 0, 1) and 

h"(t) 
lim sup t ( 1-t) I h, ( t) J < 1 

t+O, 1 

1 
+ -. r 

LEMMA A2..3. Let r 1 , ... ,r, k 1, ... ,k be positive real, numbers, j=1, ... ,N, . m m 
A=~ and vk the k-th ahsoZute moment of the standa,rd normal, distribution. 

Suppose that h 1 , •.• ,h satisfy conditions R , ••• ,R respectively and that 
k. m r 1 rm 

' ...1:.. :::; 1. Define Lr. 
l 

Then, unifor•mZy in j, we have for N ➔ 00 

m k. 
E TT !h.(U. N)-h.(\)j l 

i= 1 l J : l 

( \( 1-\))~Eki m k. 
= N VEk. TT lh!(\)J l + O(M) 

and for integer k 1 , , • • ,km 

m k. 
E TT (h. (U. N)-h.(\)) l = O(M) 

i=1 l J: l 

l i=1 l 

if Ek. is odd, 
l 

m k. 
TT (h!(\)) l + O(M) 

l 

if Ek. 
l 

1,,s even. 

PROOF. For reasons of symmetry it is sufficient to consider 

i.e. A:::;¾· Since hi satisfies condition Rr., there exist 0 
l and C > 0 such that for i=1, ... ,m 

N+1 only j :::; 2 , 
1 

< E: < 6, T > 1 



(A2,3) 
h~' ( t) 

1 ) -1 
111\t)I 5 ( 1 +-t 

r.T 
l l 

for O < t 5 3s, 

(A2.4) I h '.' ( t ) I 5 C 
l 

for s 5 t 5 1-s, 

(A2,5) 
h~'( t) 

+ _1_)( 1-t )-1 
lit\t)I 5 ( 1 

r. T 
l l 

for 1-3s 5 t < 1. 

Suppose first that A 5 2s. Integration of (A2.3) shows that for 

0 < t 5 A and i=1, ... ,m, 

h ! ( t) 
5 _i __ ..,.. 

h ! (A) 
l 

2+-1 
r., [ r.T] 

__ l_ A 1-(f) l 5 
h.(A)-h.(t) 

l l 

~'r. ,+ 1 /\ 
l 

It follows that 

(A2.6) 
h.(A)-h.(t) 

l l 

h ! (A) 
l 

h! (A) 
l 

2 
= (A-t) + O((A-t) ) 

A 

h. (A)-h. (t) 

I l h!(A) I 5 
l 

Application of lemma A2.2 with n = ~A yields 

(A2,7) 

for ~A 5 t 5 A, 

for O < t 

k. 
where we have made use of I r~ 5 1. For 2 5 j 5 ½(N+1), 

l 

65 
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(A2.8) Ek.+1/T N 1-1/T 
A 1 -:---1 EU . 1 · N 1 I ( 0 1 ' ) ( U ' 1 · N 1 ) s J- J- . - , 21\ J- . -

Ek. ( ( ) ~Ek. 1) 
21 1 P(U 1 ') = 0 (A 1;A ) 1 (N'(1-'))-2 s /\ . 1·N 1<2/\ /\ /\ J- . -

by lemma A2.1. For j=1 we have 

(A2.9) 
-Ek.-1/T 

= (N+1) 1 N J2(N+ 1) -1/T N-1 
u (1-u) du= 

0 

Together, (A2.8) and (A2.9) ensure that the second remainder term in (A2.7) 

may be omitted. 

A similar analysis based on (A2.3)-(A2.5) 
3A t ~ ;x., (A2.6) holds for Ast s 2 and 

2+-1 
h.(t)-h.(A) t r.T 
I J. h!(A) I s riTA(i) i 

J. 

-1- _1 1 

= 0 A 1 (1-t) 1 ( 
r.T r.T) 

shows that for As 2£ but 

3A for 2 st s 3£, 

for 3£ s t < 1. 

Hence by lemmas A2.2 and A2.1 and a change from U. N to U .. N 1 as in (A2.8), 
J: J. -

(A2.10) 

( Ek. 1 -Ek.-1/T / \ 
+ 0 A 1 exp{-J(NA) 2 } + A 1 E(1-U. ) 1- 1 TI (U ) 

, .. J:N-1 (3£,1) j:N-1} = 



Combining (A2.7)-(A2.10) and noting that (A2.7) and (A2.10) remain valid 

when absolute values are taken inside the expectation signs, we see that 

the lemma is proved for A~ 2E, 

If 2E < A~;, (A2.3)-(A2.5) imply that 

h.(t)-h.(A) = h!(A)(t-A) + O((t-A/) 
l. l. l. 

1 
r., 

for E ~ t ~ 1-E, 
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lh.(t)-h.(A)I = O((t(1-t)) 1 ) 
l. l. 

fort< E or t > 1-E, 

1 and the proof of the lemma for 2E <A~ 2 follows by noting that hi(A) is 

bounded and arguing as e.g. in (A2.10). D 

REMARK. Although the remainder Min lemma A2.3 consists of two terms, only 

one of these plays arole for any particular value of A. For 2E <A< 1-2E, 

h!(A) and (A(1-A))- 1 are bounded and we need only retain the first term of 
l. 

M. It follows from (A2,7)-(A2.10) that for A~ 2E or A~ 1-2E only these-

cond term of Mis needed. 

LEMMA A2.4. Lemma A2.3 aontinues to hold for aentral moments, i.e. if h.(A) 
l. 

is replaaed by E hi(Uj:N) for i=1, ••. ,m, provided only that ri ~ 1 for 

i=1, ... ,m. 

PROOF. As r. ~ 1, lemma A2.3 contains as a special case 
l. 

(A2.11) 

The lemma is proved by expanding the central moments in terms of moments 

centered at the h.(A) and applying (A2.11), lemma A2.3 and the remark fol­
l. 

lowing it. D 

We also note the following extension of a result of HOEFFDING [1953]. 

LEMMA A2,5, Let h 1, ..• ,hm be aontinuous funations on (0,1), q a aontinuous 

funation on Rm and Q a aonvex funation on Rm suah that lql ~ Q. Suppose that 

J~lhi(t) ldt < 00 for i=1, •.• ,m and that f~Q(h 1(t), •.• ,hm(t))dt < 00 • Then 

1 N 
lim -N ' q ( Eh 1 ( U . N ) , ••• , Eh ( U . N ) ) 

l J: m J: N+oo j=1 
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PROOF. Because h. is continuous and summable, lemma 2.2 of BICKEL [1967] 
1. 

implies that for any£> O, Eh.(U. ·N)-h.{jN{N+1)- 1) + 0 uniformly for 
1. JN, 1. 

£ ~ jN{N+1)- 1 ~ 1-£ as N + 00 • Since q is continuous and q(h 1, •.• ,hm) is 

summable, the lemma is proved if we show that 

i([E{N+1)] N \ 
lim lim sup l + Y ;lq(Eh1(u .. N), ••. ,Eh (U .. N))I = O. 
£4-0 N j=1 j=[{1-EJ(N+1)] J. m J. 

It is obviously sufficient to prove this for Q instead of q, but as Q has 

the same properties as q and is moreover nonnegative, this is equivalent 

to showing that 

1 N 
lim sup -N \ Q(Eh1(U. N), .•• ,Eh (U. N)) 

l J: m J: N j=1 

As Q is convex this follows from Jensen's inequality. D 

LEMMA A2.6. Let k 1, ••• ,k be positive integers and r 1, ••• ,r positive real 
k. m m 

numbers such that l ..1:.. ~ 1. Suppose that h 1, ••• ,h are continuous functions r. m 
1. 

1 r. 
on (0,1) for which f0 1hi(t)I 1 dt < 00 for i=1, •.• ,m. Then 

1 N m k. = J
0
1 m 

lim N l TT (Eh.(U. N)) 1 TT 
N➔oo j=1 i=1 1 J: i=1 

k. 
( h. ( t) ) 1 dt. 

1. 

If, in addition, h 1 is monotone in neighborhoods of O and 1, then also 

m 
TT 

i=1 

k. 
( h. ( t) ) 1 dt. 

1. 

PROOF. The first part of the lemma is a special case of lemma A2,5, obtain-
k. r. 

ed by ta.king q(x1, •.. ,x) = TT x. 1 and Q(x1, ..• ,x) = 1+\lx. I 1 • To establish m 1. m l 1. 

the second part we follow the proof of lemma A2.5 for these choices of q and 

Q but with Eh 1(uj:N) replaced by h 1{j(N+1)- 1), until we arrive at the point 

where it suffices to show that 
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r 
As jh1 J 1 is continuous and summable, its monotonicity near O and 1 amply 

r r 
guarantees that N- 1IJh1(j(N+1)-1)1 1 + J~Jh 1(t)J 1dt. Application of Jen-

sen's inequality to the remaining terms completes the proof. 0 

We now state the results needed to prove theorems 3,2, 4.1 and 4.2 in 

the form of two corollaries. 

COROLLARY A2. 1. Suppose that positive numbers C and 8 exist suah that 

lh'(t)I ~ C(t(1-t))-4/ 3+o for all o < t < 1. Then there exists A> o depend­

ing on N and h only through C and 8 and suah that 

N { 3L4/9 
\ E lh(U. N)-Eh(U. N)I J ~ 

j~1 J: J! 

The above condition is fulfilled if h satisfies aondition R1 and 

f 1h6(t)dt < 00 , 
0 

PROOF. Define A= N~1 '. For all O < t < 1, jh(t)-h(A)J is maximized by taking 

h'(t) = C(t(1-t))-4/ 3+o and for this particular choice of h' the function h 

satisfies condition R3 . Hence, by lemma A2.3, we have in general 

for O < k ~ 3, It follows that 

Condition R1 ensures that fore as in (A2.3) and O < t < ~u < e, 

lh(t)-h(2e)I ~ l ulh'(u)I and hence for u + o, 
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In the same way one shows that lh'(u)I = 0((1-u)-716 ) for u + 1, which com­

pletes the proof. D 

For i=1,2,3, let~-= f(i)/f and ,.(t) = ~.(F-1( 1+2t)) as in (3.1) and 
1 1 1 

(3.15). Let J be a function on (0,1). 

COROLLARY A2.2. Suppose that (3.2) hoZds., that O < f~J 4(t)dt < 00 and that 

both J and , 1 satisfy condition R2 • Let either a.= a. N = EJ(U .. N) for 
. J J' J. 

j=1, ... ,N or aj = aj,N = J(*,) for j=1, .•. ,N. Then., as N + 00 , 

(A2.12) 1 N 2 f1 2 - L a.= J (t)dt + o(1), 
N j=1 J 0 

(A2.13) 
1 N k 4-k f1_k 4-k 
N j I, a j E, 1 ( U j : N) = O ~- ( t), 1 ( t) dt + o ( 1 ) , k= 1 , • , , , 4, 

(A2.14) 

(A2.15) 

(A2.16) 
N r1f 1 

1 ,/( l a., 1(u .. N)) = J J(s)J(t), 11 (s),1(t)[sAt-st]dsdt + o(1). 
N j=1 J J. 0 0 

If aj = EJ(Uj:N) for j=1, ... ,N, then aZso 

(A2. n) 
-1/2 

N 

N 
L a . E, 1 ( U .• N ) 

j=1 J J. 

N ( I a~) 1 ;2 
j=1 J 



1 
1 J0J(t)'¥,(t)dt r1-1/N 2 

+ 2N 1 2 312 j (J'(t)) t(1-t)dt + o(N- 1) + 
(f 0J (t)dt) 1/N 

I1-1/N 
+ o(N-312 IJ'(t)l(IJ'(t)I + 1'¥1(t)IHt(1-t)) 112dt). 

1/N 

If J = -'¥1 and either aj = -E'¥ 1(uj:N) for j=1, ••• ,N or aj = -'¥ 1(Ni1) for 

j=1, ••• ,N, then 

N 
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(A2.18) 
l a j E'¥ 1 ( U j : N ) I 1 f 1 - 1 /N ( '¥ ' ( t ) ) 2 t ( 1-t ) d t 

N-1 /2 ..._j=_1 ______ = _ ( '¥2 ( t) dt) 1 /2 + ____,1 /_N __ 1 ___ ___,.. __ + 

( I l) 1 /2 0 1 2N (f ~ '¥~ ( t) dt) 1 / 2 

j=1 J 

PROOF. The assumptions imply that '¥ 1, '¥2 , '¥3 and J are continuous, that 

'¥6 '¥3 j'¥ 1413 and J 4 are summable and that J is monotone near O and 1. 1' 2' 3 
Hence (A2.12)-(A2.15) follow from lemma A2.6. 

For aj = J(Ni 1) a proof of (A2.16) is essentially contained in STIGLER 

[1969], Our condition R2 for '¥ 1 ensures that '¥ 1 will satisfy STIGLER's con­

dition T at O and 1. As in the proof of corollary A2.1, one can argue that 

near O and 1 

(A2.19) '¥ 1 ( t) : 0 ( ( t ( 1-t) )-7 / 6 ) , JI ( t) : 0 ( ( t ( 1-t) )-5 / 4 ) , 

Inspection of STIGLER's conditions for (A2.16) shows that in our case the 

only missing ingredient is that '¥ 1 is not necessarily increasing on (0,1). 

However, '¥ 1 is monotone where it matters, that is in a neighborhood of 0 

and 1. 

To prove that (A2.16) remains valid for aj = EJ(Uj:N) we note that by 
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lemma A2.4 and (A2.19) 

For a.= EJ(U. N) we have 
J . J: 

(A2.20) 
1 N 2 r1 2 1 N 2 - l a.= J J (t)dt - N l a (J(U .. N)), 
N j=1 J O j=1 J. 

(A2.21) 
1 N f 1 1 N 
N l a. E'1' 1(u .. N) = J(t)'1' 1(t)dt - N- l cov(J(U .. N),'¥ 1(u .. N)). 

j=1 J J• 0 j=1 J. J. 

By lemma A2.4, condition R2 for J, and (A2.19) 

(A2.22) 
N I1-1/N 

N
1 l cr2 (J(U .. N)) = -N1 (J'(t))2t(1-t)dt + 

j=1 J. 1/N 

+ 0 N-2 (J'(t)) 2dt + N-3 2 + N-3 2 (J'(t))2 (t(1-t)) 2dt = ( I
1-1/N / / !1-1/N 1 \ 

1/N 1 /N ) 

= .l fl-l/N(J'(t)) 2t(1-t)dt + o(N-312 + N-3/ 2 fl-l/N(J'(t)) 2 (t(1-t))~dt) = o(N-~). 
N 1/N 1/N 

Similarly 

(A2.23) 
1 N 1 I1-1/N 
N _l cov(J(U .. N),'1' 1(u .. N)) = -N J'(t)'1' 1'(t)t(1-t)dt + 

J=1 J. J. 1 /N 

( / / f1-1/N 1 \ 
+ 0 N-3 2 + N-3 2 IJ'(t)'l''(t)I (t(1-t)) 2 dt = o(N-7112 ). 

1~ 1 ) 
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Together (A2.20)-(A2.23) are sufficient to prove (A2.17), 

If J = -'¥1 and a.= -E'¥ 1(u .. N), then (A2.17) reduces to (A2.18). To 
J J. . 

prove that (A2.18) also holds if aj = -'¥1(*,), it suffices to show that 

(A2.24) 
N f N . N 11 /2 
l ,,(...sLN+1)E'¥,(UJ ... N) - l I ,2(__J_) I (E'Y (U. ))2J = 

j=l j=l 1 N+1 j=l 1 J :N 

It follows from lemma A2,3 and condition R2 for '¥ 1 that 

which suffices to establish (A2.24) and complete the proof. 0 
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