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1. INTRODUCTION

Let XXy 0)

Xl,...,X are identically distributed with common distribution function F
m

XN, N = m+n, be independent random variables such that

and density f and Xm ..,XN are identically distributed with distribution

-
function G and densi:; g. For N=1,2,... , 0 < e <m/N < l-g < 1, consider
the problem of testing the hypothesis F = G against a sequence of alter-
natives that is contiguous to the hypothesis. The level o of the sequence
of tests is fixed in (0,1). Standard tests for this two-sample problem are
linear rank tests and expressions for the limiting powers of such tests are
well-known. In this paper we shall establish asymptotic expansions to order

of such tests, i.e. expressions of the form
-1

N_1 for the powers =
1 N

= -2
My = S TN T ey N

expansions for the distribution function of the test statistic under the

+ O(N_l). Of course this involves finding similar

hypothesis as well as under contiguous alternatives. For simplicity we shall
eventually limit our discussion to contiguous location alternatives. Ex-
tension of the results to general contiguous alternatives is straightforward
but messy.

The paper is thus the natural counterpart of the first four sections
of ALBERS, BICKEL and VAN ZWET (ABZ) [1976] where the same program is carried
out for the one-sample problem. In view of the strong similarity between
the one- and two-sample cases, it is not surprising that many of the techniques
developped in ABZ [1976] also play an important part in the present paper.
However, there also exist significant differences that make the two—sample
problem essentially more complicated. Two of these differences are worth
mentioning at this stage. In the one-sample case a conditioning argument

reduces the rank statistic to a sum of independent Bernoulli random variables.

A similar argument in the two-sample case leads to a much more complicated

random variable connected with rejective sampling. A second difference is

2 in the ex-

that in the one-sample location problem the terms of order N
pansions vanish because of certain symmetries that are present in this case.
In general, there are no such symmetries in the two-sample location problem

}

and the presence of terms of order N ? creates several additional technical
difficulties.

A number of authors have computed formal expansions for the



distributions of two-sample rank statistics without proof of their validity.
For an account of this work we refer to a review paper of BICKEL [19741].
ROGERS [1971] has given a proof for the two-sample Wilcoxon statistic under
the hypothesis.

In section 2 we point out that for arbitrary F and G, the conditional
distribution of the two-sample linear rank statistic given the order sta-
tistics of the combined sample is the same as the distribution of the sample
sum in a rejective sampling scheme. We establish an expansion for the dis-
tribution of such a sample sum, which may be of interest in its own right.
As a corollary we immediately obtain an expansion for the distribution
function of the rank statistic under the hypothesis. In section 3 we return
to general F and G and obtain an unconditional expansion for the distribution
function of the rank statistic. We specialize to contiguous location alter-
natives in section 4 and derive an expansion for the power of the rank test.
In section 5 we deal with the important case where the scores are exact or
approximate scores generated by a smooth function.

As was explained in the introduction of ABZ [1976], an important ap-—
plication of asymptotic expansions of the power of rank tests is the com-
putation of asymptotic deficiencies in the sense of HODGES and LEHMANN
[1970] of these rank tests with respect to their parametric competitors.

For the one-sample case such deficiency computations for rank tests and
for the associated estimators were given in sections 6 and 7 of ABZ [19761].
For the two-sample case these computations will be given in a seperate

paper.



2. AN EXPANSION FOR THE CONDITIONAL DISTRIBUTION OF TWO-SAMPLE RANK
STATISTICS AND ITS APPLICATION TO REJECTIVE SAMPLING

Let X],X
such that X

2,...,XN, N =m + n, be independent random variables (r.v.'s)
1,...,Xm are identically distributed (i.d.) with common distri-

bution function (d.f.) F and density f and Xm+1"

d.f. G and density g. Let Zl < 22 < ... < ZN denote the order statistics of

X]""’XN’ define the antiranks Dl’DZ""’DN by XDj = Zj and let

..,XN are i.d. with common

(2.1) VJ.=1 ifm+1snjsN

0 otherwise.

For a specified vector of scores a = (a],az,...,aN) define a two-sample

rank statistic by
N
(2.2) T= ) a. V..

Our aim is to obtain an asymptotic expansion as N -+ « for the distribution
of T for suitable sequences of pairs of d.f.'s (FN,GN), arrays of scores
{aj N}’ 1 < j £ N, and sample sizes (mN,nN). As in ALBERS, BICKEL and VAN
3
ZWET (ABZ) (1976) we shall suppress dependence on N whenever possible and
formally present our results in terms of error bounds for fixed, but arbi-
trary, values of N.
Under the null-hypothesis that F = G,
P(V =v V..=v ) = L
1 "1°°°°°'N N N
(n)
for any vector (Vl"'°’VN) with m co-ordinates equal to 0 and n co-ordinates
equal to 1. In general, conditional on Z = (Zl"°"ZN)’
Ny —
‘o 1o dae)'Ti,

(2.3) P(V1=v1,...,VN=vN | Z) =c¢ O

where
kg(Zj)
(2.4) Py = (DI + Aez)




(2.5)

>
[}
Z|s

N w. 1-w.
(2.6) e =Y m pJ0-p) I,
j=1 J J

and the summation is over all vectors (wl,...,wN) consisting of m zeros and

n ones.
Let wl’w2’°"’WN be independent r.v.'s with P(Wj=]) =1 - P(Wj=0) = pj,
1 £ j < N. Suppose that

p. =0 for at most m indices j

(2.7)

I
—

P. for at most n indices j

]

and consider the conditional distribution of ) a; Wj given that ) Wj = n.
Note that if we replace p = (pl,...,pN) by P = (Pl""’PN)’ then this is

the distribution of T given Z. For general p this distribution is of in-
terest in its own right since ) a, Wj given ) Wj = n is the sample sum we
obtain when we use a rejective sampling scheme with parameters Pys-esPy

in selecting a sample of size n from the sampling frame {al,az,...,aN}

(see HAJEK (1964) for details).

Define
- N N
(2.8) p(t,p) = E(exp{itN ? § a.(W.-p.) | )} W.=n),
j=1 J J J J=1 J
- N N
(2.9) R(x,p) = P(N .Z aj(Wj-pj) < x l .Z Wj=n).

j=1 j=1

Our program for obtaining an Edgeworth expansion for the d.f. of T parallels
in part that of ABZ (1976). We obtain a formula for p. From this formula

we obtain an expansion for p which we can rigorously translate into an
Edgeworth expansion for R. Because of the connection with rejective sampling
we isolate this result as the only theorem in this section. In the next
section we proceed with our main program and obtain an expansion for the
d.f. of T by replacing p by P and taking the expectation of the resulting

expression. We begin with



LEMMA 2.1. Define

N N
(2.10) Y(s,t,p) = exp{isN_% z (p.-\)} 1 [p. exp{iN_%(l—p.)(s+a.t)}
52104 e 3 j i
- _ Nt
. + (1 pj)exp{ iN pj(s+ajt)}],
N2
(2.11) v(t,p) = J v(s,t,pl)ds,
“HN%
N We 1-w.
(2.12) cp) =Y m pJI(-p.) I,
j=1 J J

where the last summation is over all vectors (w],...,wN) consisting of m

zeros and n ones. Then, if (2.7) is satisfied,

nN%

_ 1 = V(tsp)

(2.13) p(t,p) ;;:z;;;y J % Y(s,t,p)ds v(0,p)
-mN

PROOF. Begin with the identity

-1
iN 2 - -
E(exp{iN 2[s Z(Wj pj) + t z aj(Wj pj)]})

N -
= ) E(exp{itN-%Za.(W.—p.)}IZW.=k)P(ZW.=k)exp{isN %(k-Zp.)}.
=0 i3I j j j
Because the system {(21rN§)_l exp(iksN—%): k=0, £+ 1,...} is orthonormal on
1
[ - nN?%, nN%] this implies
wN%
p(t,p) = (21rN%P(ij=n))_1 J exp{isN_%Z(pj—A)}
-mN
-1
x E(exp{iN 2Z(s+ajt)(wj—pj)})ds.

Elementary considerations now yield (2.13). O

Note that if pj = X for all j - which corresponds to the null-hypothesis
in the two-sample problem - our formula agrees with that of ERDOS and

RENYI for random sampling without replacement (cf. RENYI (1970) p. 462).



In fact their result motivated our approach.
In our asymptotic study of ¢, v and p we shall repeatedly come across

the following functions of p.

. N
(2.14) w®) =N ) (p.mA),
j=1 J
2 -1
(2.15) o“(p) =N ) p.(1-p.),
j=1 J J
N N
(2.16) a(p) = jzl p;(1-p.)a, / jzl p;(1-p.),
2 -1 ¥ 2 _ 1 ¥ 2 2, 2
(2.17) T (p) =N ) p.(l-p.)(a.,-a(p))” =N ) p.(I-p.)a: —o"(p)a(p),
P 775 P 773
(2.18) €, .(p) =N ? (1-p.) (1-2p.) (a.-a(p)) i=0,1,2,3
* 3’i p J'=] pj pj pj j p ? ? > > >
-1 X 2 i .
(2.19) <4,1(P) = N J_Zl p;(1-p,) (1-6p,+6p3) (a,-3(p)) ", i=0,1,...,64.

In this notation we shall suppress the dependence on p when this is con-

venient. Let £ denote Lebesgue measure on R1 and define
(2.20) y(e,z,p) = £{x: Ej Ix-ajl < g, € < pj <1 - €},

LEMMA 2.2. Suppose that positive numbers c, C, § and e exist such that

2| —

(2.21) Tz(p) > c,

Iho~—>2
[\
IA
@)
-

-3/

(2.22) y(e,z,p) 2 8Nz for some ¢ 2 N 21og N.

Thus there exist positive numbers b, B and B depending only on c, C, § and
e such that

(2.23) lu(s,t,p)| < By BLogN



for all pairs (s,t) such that |s| < w2, |t] < b8°'% and either
|s] 2 log(N+1) or |t]| 2 log(N+1).

PROOF .
N -} !
(2.24) |w(s,t,p)| = 1 [1 - 2p.(1-p.){1 = cos(N 2(s+a.t))}]
N -1 2 1 -2 4
< exp{—jzlpj(l—pj)[QN (s+ajt)-5ZN (s+ajt) 1}

N
exp{-%[T2t2+02(s+5t)2]+~ﬁzN—][N—l (aj—5)4t4-+(s+§t)4]}.
j=1

IA

Now (2.21) ensures that

N
(2.25) cz(p) > Nra(p) / z aé > C ]cz,
j=1
_ 1 Y o4 2 -2 5/4
(2.26) [ap)| <IN~} a;1* / o“(p) <c “C ,
j=1
and by (2.21), (2.24), (2.25) and (2.26) we conclude that there exist posi-
tive b]’ B and B depending only on c and C such that for |s]| < blNi and
1
lt] < b]Nf
2 2
(2.27) |w(s,t,p)| < B exp{- B(s“+t7)}.

Next note that (2.25) and (2.21) imply that the number of indices j for
which Pj(l'Pj) > %cz/C is at least 2Nc2/C and the number of j for which

la. |

f (C/c)é is at least N - NCZ/C. Hence the number of indices j for which
la. |

1
; (C/e)? and pj(l—pj) > £c2/C is at least Nc2/C. Put b2 = %b](c/C)%
and we see that if blN% < |s| < nNi and |t] < b2N£, then for at least Nc2/C

IA

IA

indices j

b
[1 - 2p,(1-p {1 - cos(N”*(s+ajt))}J <1 - e’ - cos(5)).






is an asymptotic expansion for v(t,p).

LEMMA 2.3. Suppose that positive numbers c, C, § and e exist such that

(2.21) and (2.22) are satisfied. Then there exist positive numbers b, B and

B depending only on ¢, C, § and € such that for |t| < bN3/2,

2 -
(2.31) [v(t,p) = S(e,p)| < LAY 2834 ¢ %) expt- Sy + nELOBN,

PROOF. In this proof b, bi’ Bi’ Bi and N, denote appropriately chosen posi-

0
tive numbers depending only on ¢, C, § and e.

Arguing as in the proof of theorem 2.1 in ABZ (1976) we find by Taylor

expansion of log ¢ that if |s + ajtl < énNi for all j, then
. 22 2 - 2
(2.32)  y(s,t,p) = explins - T - S(5220)
.—3/2
iN 3
- .(1-p.) (1-2p. +a.t
g L p;(1-p) (1-2p) (s+a,t)
N2 2 4
Y ) pj(l-pj)(1-6pj+6pj)(5+ajt) + M (s,t,p) 1,
where
IMI (S’t,P)l s C]N~5/2 z |S+ath5
< 160, v 2 |? ] |as - &° + N32|s 4 5t ]

for some absolute constant C]. Now (2.21) and (2.26) imply that N--1 z Iaj-EIB,
N ) Iaj - 5[4, N /4 maxlajl and N O/% )

1
and (2.25) we find that for all |s| < blN£ and |t]| < blN4

Iaj - 5!5 are bounded. Using (2.21)

N—3/2
6

T2t2 + 02(s+5t)2
A

-2
3. N 4
Y |s + ajtl * Sh ) (s+ajt) + IMl(s,t,p)I <
Hence further expansion of part of the exponential in (2.32) shows that

(2.33) (s,t,p) = T(s,t,p) + M,(s,t,p)
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1 1
for |s| < b1N2 and |t]| < blN‘, where
2.2 2 -2
~ . +
(2.38)  F(s,t,p) = explius - T - £(5230)
..=3/2
iN 3
x [1 - .(1-p.)(1-2p.) (s+a.t
) p;(1-p,) (1-2p.) (s*at)

-2
N 2 4
+ =33 L p5(1-p) (1-6p,+6p}) (s+a, t)
N 3,2
- 7 (e (- (1-2p) (s+a;0)7) T,
2.2

2 -2
ItIS)M3(t,s+5t)exp{— L Z (s+at) }

(2.35) |M2(s,t,p)| < (N_3/2+N—5/4

and M3 is a polynom1a1 in t and (s+at) of fixed degree with coefficients

depending only on ¢ and C. Therefore, for |t| < b N“
1
b N?
L 4 t2
~ - -5 c

(2.36) J . |w(s,t,p) - w(s,t,p)|ds < Bl(N 3/2 +N / |t| dex —§—-}.

—b]N2

1/4
Next we show that for |t]| < blN ,
—leogN
(2.37) IJ Iw(s,t,p)lds < B2 N ,
is|s|<1rN
- —B3logN
(2.38) J |¥(s,t,p)|ds < B, N
1
Is|2b1N2
For N = NO, (2.37) is a consequence of lemma 2.2 and since |y| < | we can
choose B2 so that (2.37) holds for all N. Because for all s and t
2.2 2, —.\2

~ t° + o“(s+at -

(2.39) !w(s,t,p)l < exp{- L 2(S at) }MA(t,s+at)

where M, is a polynomial depending only on ¢ and C, (2.38) follows. Com-

4
bining (2.11), (2.36), (2.37) and (2.38) we see that for |t| < b N]/4
[ 3/2,-5/4 ct?
(2.40) |v(t,p) - | ¥(s,t,p)ds| < B [(N |t| exp{- —5— }
—84103N

+ N 1.
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A direct application of lemma 2.2, the fact that [¢| < 1 and (2.39) show

1/4 < el

that we can choose B4 and 84 so that (2.40) continues to hold for blN
< bN3/2

It remains to be shown that for all s and t

with b as in lemma 2.2.

(2.41) '\\)’(tsp) = J 'J"(s’t’p)dSO

This follows by straightforward but tedious computation using the fact

that

oo

. k 2
-1 J z iw(p) -4z
(2m) ( + ) e dz
o(p) 02(p)

uk(p) for even k
iuk(p) for odd k. [

=00

We now turn to our asymptotic expansion for rejective sampling. For

1 <k <6, define functions Qk(p) by

N_% N_l w w3
(2.42) Q =" K3 Mt g [K4,1“3 - 3'<3,o'<3,1(2 ;E" ;§ )1,
-4 -1 2
- _N° N 1 _w 2
Q, 7 3,2 gt 24,2"2%%¢3,03,2 7 7 T8 ) * 3, M)
_% -1
N - N
Q3 = g %3,3 + 13 [7 2k, g up * 3kg 4 kg 5 3,

k = 4,5,6.

O
~
[

ol

Let ¢ and ¢ denote the standard normal d.f. and its density and let Hk

denote the Hermite polynomial of degree k, thus

1, Hl(x) = X, Hz(x) = x2 -1, H3(x) = x3 - 3x,

(2.43) Ho(x)

H4(x) x4 - 6x2 + 3, HS(X) = x5 - 10x3 + 15x%.

We shall show that expansions for (2.8) and (2.9) are given by

2 2 6
(2.46) (e, = expl- “BE —u@Ea@e ¢ [ o (GO,
k=1
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< L (xe@EE) _ (xe@ie) & %P (xr0(@)E())
(2.45) R(x,p) ¢\——;7§7——E—/ ey /kzl R N ORI

Note that § is the Fourier-Stieltjes transform of ﬁ, i.e. p(t,p) =
s e *aR(x,p).

THEOREM 2.1. Suppose that positive numbers c, C, D, § and € exist such that
(2.21) and (2.22) are satisfied and

(2.46) |w(p)| < D.

Then there exist positive numbers Ny and B depending only on c, C, D, § and
€ such that for N 2 Ny» R(x,p) 78 well-defined and

(2.47) sgpIR(X,p) = E(x,p)] < BN_S/A.

PROOF. In this proof b, Bi’ B, n and N, denote appropriately chosen posi-

0
tive numbers depending only on ¢, C, D, § and €.

By (2.21), (2.25), (2.26), (2.46) and lemma 2.3 we have for N 2 NO,
(2.48)  [V0,p] 2n,  [v(0,p) - ¥(0,p)| <7,

so that |v(0,p)| =2 n/2 > 0. In the first place it follows that for N > NO’
c(p) > 0 and hence (2.7) is satisfied and R(x,p) 1is properly defined.

We assume that N > N and we shall show that, with b as in lemma 2.3,

0
N>/ 2
(2.49) J 'o(t,p) - 0(t,P) |4¢ < p.N O/,
b3/ - ]

By Esseen's smoothing lemma (Esseen (1945)) this suffices to prove the
theorem because ﬁ(-m,P) =0, E(m,p) = 1 and the derivative of R with respect
to x is bounded.

By (2.21), (2.25), (2.26) and (2.46), p has a bounded derivative with
respect to t. Also
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dp (t,P)
dt

<yt E(|Zaj(wj-pj)||2wj=n) <t y Iaj| < ¢t wb.

Since p(0,p) = p(0,t) = 1, it follows that
-2

N
(2.50) J
-N

D(tsP) - S(C,P) ‘dt < B N—3/2
< B, .

L e

Next we note that (2.21), (2.25) and (2.26) ensure that for all t

2
(2.51) [;(t,p)| < B3 exp{— E%— } .
Together with (2.13), (2.48) and lemma 2.3 this implies that for [t| < bN3/2
- '\\)'(t,P) E -9 i S
(2.52) p(t,p) v‘(—o",'p")' = n |\)(t,P) \’(t’p)l + 2 I\)(t,P)I

n

°

v(0,p) = V(0,p)]|

2
B4[(N-3/2+N_5/4ltls)exp{— g%_} . N-BlogN] .

IA

Again with the aid of (2.21), (2.25), (2.26) and (2.46) one can easily check

that, for 1 < k < 6, Q_is obtained from Ak/A by expanding the denominator
k -3/2 0 -3/2

and discarding all terms of order N , lL.e. that IQk - Ak/AOI < B5N .

It follows that

~ 2
(2.53) IS(t,p) - %%gf%%l < B6N 3/2 exp{— E%—}

and combined with (2.52) this yields

(2.54)

’p(t,p)zﬁ(t,p)’dt < B7(N—3/210gN+N-5/4) g BaN_5/4'
N_zsltISbN3/2

Together with (2.50) this proves (2.49) and the theorem. O
Two remarks should be made with regard to theorem 2.1. The first one

concerns condition (2.46) that does not occur in the preceding lemmas. The

meaning of this condition is perhaps obscured by the fact that we make it
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do some odd jobs in the proof for which it is not really needed. We use it

to show that (2.7) is satisfied for N = N, but (2.25) ensures that the

s
number of indices j with p. = 0 (or p.=l)0cannot exceed m - C_]czN +Iw(p)lN%
(or n - C_]czN + Iw(p)lN%)Jso that Iw%p)l < C-lczN% already implies (2.7)
for all N. Condition (2.46) is also used to obtain (2.50), but in (2.50)

we may replace N_2 by an arbitrarily high power of N_1 without doing any
damage to the proof, and then the trivial bound |w(p)]| < N£ suffices. Final-

ly we note that since
. 2 -1
(2.55) min(A,1-1) 2 o“(p) - N ?|w(p)|,

(2.46) forces XA to be bounded away from O and 1 for large N, which is ob-
viously important although it does not show up explicitly in the proof.
However, here Iw(p)f < iC_lc2N£ would be sufficient.

The basic function of assumption (2.46), however, is to avoid a large
(or intermediate) deviation situation that the condition Z W. = n would
get us into if w(p) = N_%(Ezwj—n) would not be bounded. Techiically speaking
this is reflected in the proof at the point where (2.46) is used to show
that v(0,p) is bounded away from zero. Also (2.46) ensures that (2.45)
provides an expansion in powers of N ? to the required order.

To see what happens when condition (2.46) is relaxed, we prefer not to
try to adapt the proof of theorem 2.1 but to answer this question more

directly by remarking that the conditional distribution of z a.W. given

) Wj = n remains unchanged if we replace p by P where ﬁj/(l—ﬁj = Epj/(l—pj)
1 < j <N, for some 0 < £ < », If (2.7) is satisfied there exists a unique
¢ for which ) 5j = NA. Since w(p) = 0 it follows that if (2.21) and (2.22)
are satisfied with p replaced by p, then (2.47) holds with R(x,p) instead
of i(x,p). Of course the snag is that in general p can only be expressed
analytically in terms of p as an infinite series. However, if w(p) = O(Na)
for some a < }, then a finite number of terms of this series will yield the
required degree of accuracy and an explicit expansion for R(x,p) can be ob-
tained. If o = 0 this is expansion (2.45) but for 0 < o < } more terms have
to be included.

5/

The second remark concerns the remainder O(N 4) of our expansion.

It is clear that by requiring that Z [ajl5 < CN in theorem 2.1 one obtains
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IR - R| < py 3/2
is o(n /2

in finding the conditional expectation of ) a5 Wj given ) Wj = n.

log(N+1). Of course the '"natural" order of the remainder

) and the factor log(N+1) is due only to technical difficulties

The special case pj = A, 1 £ j <N, which is random sampling without

replacement, is worth singling out because it corresponds to the null-hypo-
thesis in the two-sample problem. Let A denote the vector (Ayeee53r). For
p =X, (2.45) simplifies to

of

X
~ = _ [ x\_ \Td))
(2.56) R(x,\) = Q\T(i)/ YEESY)

A(1=-)) X
H

3
, Da-nyta-ay _ Eeme)

i, (—=)
6 {Z(aj—a.)2}3/2 2 (%)
4
.\ {1 - ex + 62 I(amadt gy? }H (=
24 {z(aj—a,>2}2 83N
3.2
(1-21)2 {Z(aj~a;) } x
T2 73 Bs—=7) | »
{Z(aj-a.) } T())
where
2 - A(-x) N 2
(2.57) T == 1 (ama)’,
=1
(2.58) a, =a(\) =5 1 a..
j=1

Define, with £ denoting Lebesgue measure on Rl,
(2.59) y(z) = £{x: lex - aj[ <zl

For p = A, theorem 2.1 yields

COROLLARY 2.1. Suppose that positive numbers c, C, § and € exist such that

(2.60) e<X<1-c¢g,

(2.61) § (aj—a.)z > c,
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N3/2

(2.62) v(z) = SNz for some T 2 log N.

Then there exists B > 0 depending only on c, C, 8§ and € such that

sup|R(x,A) - R(x,1)| < BN /4,

Note that there is considerable further simplification in (2.56) if we

-3/4

either have almost equal sample sizes, i.e. A = } + O(N ), or antisym-

metric scores, i.e. a. is constant for all j. The latter happens

+ a,. .
j N-j+1
for the locally most powerful rank test against shift alternatives when

the underlying distribution is symmetric. In either case the H, and Hg
terms disappear so that the correction to the leading normal term is of
order N—] only and is due solely to a correction to the variance, the H]

term, and a kurtosis correction corresponding to H3.
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3. AN UNCONDITIONAL EXPANSION

We encounter several difficulties on the way to a usable unconditional

expansion.

(i) The distribution of Z is awkward to handle analytically;

(ii) As in ABZ (1976), the random variables obtained by substituting P for
p in p or R are generally not summable;

(iii) Again as in ABZ (1976), final simplification is not possible with our
present techniques unless we assume that the sequence of alternatives

is contiguous to the hypothesis as N + o,

In this section we shall deal with the first two difficulties. Although
we do not assume contiguity we shall be governed in the form of our expansion,
which will involve polynomials in (Pj—A), in the number of terms that we
calculate and in what we relegate to the remainder by the consideration that
we expect Pj =\ + OP(N_%) and z (Pj—k) = OP(l).

Recall that we assumed that Xl,...,XN are independent, X],...,Xm having

common density f and Xm+]""’

probabilities and E for expectations calculated under this model. In addition

XN having density g. We shall write P for

we need to consider an auxiliary model where X ,...,XN are i.i.d. with common

1
density h = (1-A)f + Ag and d.f. H = (1-A)F + AG. We shall write PH for
probabilities, EH for expectations and cﬁ for variances calculated under
this second model.

To simplify our notation we assume from this point on that
N
(3.1) Y a, =0.

Since T = E (aj—a.)Vj + na, it is obvious how all expansions need to be
modified if (3.1) does not hold.
We meet difficulty (i) through

LEMMA 3.1.

s
EHv(t,P)exp{ltN Zaij}

(3.2) E exp{itN'iT} =

1

21rNi \)

BN,n
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where
_ (Ny,n, . N-n
A = (A"a-)

PROOF. Under our original model the density of Z at the point z = (z],...,z )

with Z) < 2zy < ... <z is given by
m N
Y T of(z, ) Mmoo gz, ),
. i.” . i.
3=l j j=mtl J
where the sum ranges over all permutations i], .,iN of 1,...,N. Under our

second model this density is
N
N: 1 [(=-2)f(z.) + Ag(z.)] .
j=1 . J J

By the Radon-Nikodym theorem and lemma 2.1,

- ,P -
E exp{itN £T} =E %%%:F% exp{itN } ) aij}
m f(Z;.) N g(zi.)
- g, &P exp{itN -4 ) a P }yom S K e .
H v(0,P) j=1 DL o BE) WD
= -1 v(t,P) . _%
= n(A)] Ey S(0.7) exp{itN ? ) aij}c(P),

where ¢ is defined by (2.6) or (2.12). The lemma follows from (2.11) and
(2.13). O

Lemma 3.1 shows that we are concerned with vV rather than S, but since
U as a function of P is no more summable than p, we still have to face dif-
ficulty (ii). We do this by showing that V may be replaced by a summable
function v' outside a set that will later be seen to have sufficiently small

probability. Define

} 6
G Ve - [y enf- 2221 8 DIEMOICEN

where



(3.4)

LEMMA 3.2.

exist such

(3.5)

Ay (P)

Af(p)

A, ()

A3 ()

A, ()

A5 (P)

Az(p)

Suppose

that (2.

1 2
=1+m[2(pj—)\) -

]

{T ey -

-3/2 1
N z ajpj[l A(] A) Z (
(1- ZA) Zaz
) a (p -2) - ——*—E(l zx)Z(p -2) = A(1-0)]
2N
2 _(-20)2

1 2

-3/2
6

N

31 9112 2
N(1 20)° ) a, ) ajpj] >

AC1=2) (1-6A+612) ) K

24N2

2 2
(1-2)) 2,
o’ I et

-5/2

N"—"

AZ(I-A)Z(I—ZA)Z {Z a3}2

3

72N J

)} a.
22 (1-0)N? {

JPJ

A=) =202

P

8N

3

Eo—aa-va-207 ] a3 I 2 (p -,

[A(I-A)(I—ZA) y a? + (1-62+62%) 7 a?(pj—x)

o}

that (3.1) holds and that positive numbers c, C and ¢

21) s satisfied and

Then there exist positive numbers B and B depending only on c, C and e such

that

(3.6)

15Ct,p) - v*(t,p)| < B exP{-Btz}[{N-

N—3/2{Z (p;=))

3/2 +

1

N-5/4

|t} + NZ(pj—x)4}
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PROOF. For simplicity we make use of order symbols in this proof and 0(x)

will denote a quantity that is bounded by B]|X| where B, depends only on c, C

1
and €.

Suppose first that |w(p)| > 1. Then (2.21) and (3.5) are easily seen
to imply that Iv*(t,p)l = O(wz(p)exp{- e(l—e)ct2/4}), whereas for V(t,p) we
have the bound (2.51). The right-hand side of (3.6), however, contains a
term BN%w4(p)exp{— Btz} so that the lemma is trivial for |w(p)| > 1.

We therefore assume that |w(p)| < 1. Noting that oz(p) is bounded away
from zero (c.f. (2.25)), we expand 0-2, a, 12 and Kp i about the point

pj =), 1 £ j < N, using elementary inequalities to bound the remainders
in terms of N and

M o= N J (pj-k)4, M, =N PEISSIE
We find

Ozl(p) - A(l-l-)\) [1 - %ﬁ%{ (p;=M) +W1—1—)\)—NZ (pj-x)z]
+ O(M]+M§) = T(_II-T) + 0(M%+M2)

a) = S ] a it ooy = oth) |

Py =AU 2, )y o) - 1y an(pj_x)z
_ A(T];—z;))_NZZ{ 7 ajpj}z T HA

€3,0(P) = A(1=N)(1-24) + 0 b+t

e @ == 2O T a4 00r))

<3, ,(P) = X(]-A%(I_D‘) ) a? + O(M%) ,



~
w
w
~
o
~
I

K4,4(p)

To illustrate the computations involved we present the argument for «

21

2
_ A== a? » (61467 5

3(1- 2))

3
N N aj(pj A)

] a% ] ap; + oandy =01
N

= A(]—A)(l-6x+6A2) + O(Mf) s

= O(M%) s

_AU-0 U-6+60%) 5

N a? + O(Mf) R

= 0(]) H

2
- A(l—A)(;—6A+6A ) ) a? + o(mef)(=0(l))-

3,3°

By (2.21), the result for a(p) and the fact that 0 < M, < 1, we have

Kq 3(p) =

H

+

+

1

Ny pj(l-pj)(l-ij)a?-3N_15(p) ) pj(l-pj)(l-ij)a§

O(Mf) =N a-na-20) 3 a? + N a-ex+6r?) § a?(pj—k)

—2, 2 2 §o -1 3, .2
3N “(1-2)0)7 } a ) a;p; + 0 (M7 +N Z|aj| (pj A)

-1 dv 2
N M;Zaj]pj—xl).

Holder's inequality and (2.21) imply that

N_1M1/4Z

1

-1 3
N ZIajl (pj M%< v e

a?lpj - A <N Mlll‘(fl 8/3)3/4(NM) /4 U(Mllz) ,

] 1

O(N]/4 :/2)
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As a(p) is bounded, Ky 3(p) is obviously also 0(1). Note that the a-typical
H

bt
1 -1
where we have to sacrifice a factor O(N *) in order to apply Holder's in-

(»).

order of the remainder O(N®M?) originates from the term O(N_IZIajI3(pj-A)2)

equality and (2.21). The same thing occurs for «

For uk(p) defined by (2.28) we find

4,4

1

- - L IR N
u (P _{)\(I—A)N ) (pJ- A) + O(M]+N M)
i (p) = _l;__.. + O(Mé-i-M +NM2) ,
2 A(1-2) 1 72 2

3 }o 2
uL(p) = Y (p.-A) + O(M3+NM)) ,
3 AZ(I—A)ZN£ b 1 2

3 } 2
u, (p) = + O(M%+M,+NM,) ,
4 2 (1ony 2 i M
us (@) = 0ty
15 } 2
u, (p) = + O(M*+M_+NM.) .
6 RPN 11T,

Straightforward but tedious calculation now yields

6 2
N (1-2)) oy L (= ]
(.7) kzo APty = [' * o ooN L P57 T Theny |
2
La.p. La. 9
+—3d - r(]—zx)z(p.-x)-A(l—x)](it)
N3/2 2N2 L j
2
I PP 3, ... 2,v.3, _,y_ 3(0-2)0) "y 2 ] . 13
+ 372 Lx(l 91¢ ZA)Zaj+(1 6A+6) )Zaj(pj ) ———ET————ZajZajpj (it)
2 2
Q=2 [, 2 4 _ 3(1-2)) { 2} ] A
et L4700 Ly - S5 Ly |60
2 2 2 2 _ _
¢ 2071 (1-2) { ) a?} )8+ 0(le Pty 4w iyl
72N ]
o eebyr Y2 o 12 12 g2 42y

1 2
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Next we expand the remaining factor in (2.30). Because both Tz(p) and
its leading term A(I—A)N-] Z a? are bounded away from zero, there exists

B > 0 depending only on ¢, C and D, such that

} 2 2 2
(2m) exp{- w (p) _ T (Pt _ iw(p)i(P)t}

a(p) Zoz(p) 2
[ o2 7 YY)
= [A(I—A)J exp{ z }
x [1 - DR {(1-21)2(1: EIECES SRR '“}2}
22 (1-V)N j i i
A(1-M)N

2
2, 2 (1-2)) 2),..\2

+

i‘——zﬁ-— (] a; (p 012t ]
8N

+

O(exp{- Btz}[N-a/z . Nl/le wyp: g})

Multiplication by (3.7) yields (3.6). [

Here is our first unconditional expansion. Define
(3.8) o(t) = E explith i1} ,

(3.9) p*(t) = exp{ X(l A) Z } H[exp{itN-i z a.P.}
i
x {1 bl (T2 - (T @m0 + § *(P>('t)k}]
ZA(1-M)N j j W A B) (1 .

LEMMA 3.3. Suppose that (3.1) holds and that positive numbers c, C, &, &'
and ¢ exist with &' < min(},8/2,c2C" /4) and such that (2.62) is satisfied

(H’td
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1 2 1 4
(3.10) N Y aj 2 c, ﬁ'z aj < C,
rg(X,)
—— — - ?
(3.11) PH(eS h(Xl) <1 e) 2 1 §'.

Then there exist positive numbers b, B, Bl and 82 depending only on c, C,

§, &' and ¢ such that for |t| < bN>'2,
_ _ 9 (8(X)) 4
(3.12) o) = o7 (0)] = B[exp{— B, e21 (8> 2 5/“Itl){l +N Ea(ﬁﬁ -1) }
-B,logN
s 20

PROOF. In this proof we again use 0 symbols that are uniform for fixed ¢, C,
§, 8' and . Note that EH{g(Xl)/h(Xl)} = 1, so that (3.11) and Markov's in-
equality ensure that min(A,1-1) = e(1-§8").

Take a number §" € (6',min(1/2,6/2,c2C-]/4) and define the event E by

E = {e < Pj <1 -¢ for at least (1-6")N indices j} =
rg(X.)
={e £ —=3J- <1 -¢ for at least (1-6")N indices j} .
h(Xj)

Applying an exponential bound for binomial probabilities (c.f. Okamoto (1958))
we find that (3.11) implies

(3.13) PL(E) > 1 - exp(- IN(s"-6') %) .

m).

Because X and (1-A) are bounded away from O, the same is true for N% BN 0
3

Also, (2.10) and (2.11) imply that |v(t,p)]| < 2nN£ for all t and p.

Hence application of lemma 3.1 shows that

—
E v (t,P)exp{itN Zajpj}x

(3.14) o(t) = + 0(exp{-N(s"-6")%)) ,

ZNN% ’n(k)

BN
where Xg denotes the indicator of E.

Since §" < 6/2, (2.62) ensures the validity of (2.22) on the set E

with § replaced by § - 268". If Z' denotes summation over those indices j



for which Pj ¢ [e,1-e] and k denotes the number of these indices, then

k < 8"N on E and as a result

2(p)

v

eQ-e) [ 7 (a;-a@)* - ' (aj—aa’))z]

v

- N
e(l-¢€) ) at + N{E(P)}z -2y a? - Zk{E(P)}Z]
= J J J

v

Eﬁ%%il [eN - 2{k Z' a?}ij 2 e(l=-¢)[ec - 2{6"C}£] >0

on E, because §" < min(i,czc_llé).
We have shown that on the set E, a and P satisfy the conditions on a

and p in lemmas 2.3 .and 3.2. Combining (3.14), (2.31) and (3.6) we obtain

* .o=3
E,v (t,P)exp{itN Zaij}xE . O(N-leogN

(3.15) p(t) = ]
27N BN’n(A)

+ exp{- Bltz}[{N_3/2*"N_5/4|t|}{l + NE, ] (Pj—A)a}
-3/2 IRYA
+ N R () (Pj MDD

for |t]| < bN3/2, where b, 8, and 62 depend on ¢, C, 6, §' and € only.
Because of (3.13) and the fact that v*(t,p) = O(N), (3.15) remains

valid if we delete Xg* Using

} T 2m 1, 1-a+a? -2
2By (M) = [A(l—x)] \' ~1=a-on) T

one easily verifies that in (3.15) the first term on the right may be re-

placed by p*(t) without changing the order of the remainder. Since

rg(X;) 4 g(X,) 4
4 _ i7 _ 4 17
By L (P50 -EHZ<_E(T1)— ) = ermy - 1)

L 4 g®;) < iyl (—~——-
E,{] (Pj-A)} = A EH{ Y (ETEZT - 1)} H\h (X))

25
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the proof of the lemma is complete. [

Define

(3.16) ﬂj = E Pj’ ™= (nl,...,n )

N
In the remaining part of this section we obtain a further expansion for
p(t) and convert this expansion into one for the d.f. of T. Although we
still do not assume contiguity, we shall be guided in what terms we include
in the remainder by the fact that under contiguous alternatives we expect

-1
P.-w.) to behave roughly like 0. (N . Let
( ; J) ghly PH( )

)
(3.17)  K(x) = o(x) - ¢(x) | o H(x) ,
: k=0 ,

where ¢ and ¢ denote the standard normal d.f. and its density, the Hermite

polynomials Hk are given by (2.43) and

Z ajnj
(3.18) a, =
0 (A (-0)) a?}%N
2 2 2 2 2 2
$a,P.)-za E_ (P.-A) “+(1-2))za’ (m.-A 1-2))“{za,m.}
. oy a, J) a; 4 ;AT ) aJ(ﬁJ ) ) ( )H 3T
1 2 2 2N

ZA(I—A)Zaj 2A2(1—A)2N2aj

[A(l—x)(]—2A)Za?+(1—6A+6A2)Ea?(nj-A)-3(l-2k)2N—lEa?Zajwj]

a, = s
2 6{A(1—A)Za§}3/2

x(x—x)(1—6A+6A2)2a§-3x(1—x)(1-zx)2N"‘{za§}2+3(1—2x)2{2a§(wj-x)}2

o = s
3 24{A(1—A)Za§}2
(]—2l)22322a§(ﬂj—k)
o = ’
4 12{x(1—x)}3/2{za?}5/2
(1—2A)2{za*?’}2
o, = J
5 3

7zx(l—x){2a§}

THEOREM 3.1. Suppose that (3.1) holds and that positive numbers c, C, § and
e exist such that (3.10) and (2.62) are satisfied and
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(3.19) e <A<l =-¢.

Then there exists B > 0 depending only on c, C, § and € such that

T ra.m.
(3.20) sup ‘ P ( T S x) - K(x - A T )|
x {A(I—A)Za.} (xQ1- A)Za }

- g(X)) 4
< B{N 5/4 3/4EH<h(X _ 1) [Z{E |P |3}4/9]9/4} .

PROOF. In this proof Bi and Bi denote appropriately chosen positive numbers

depending only on ¢, C, § and €. We shall have to consider the r.v.
-4
3.21 U=N L(P.-T.
(3.21) ) as(P,-m.)

and we note that

3 _ -3/2 3,1/3]3
(3.22) EH|U| <N [Zlajl{EHIPj njl } ]
- 9/4
< 34y 3/4[Z{E |P.-n.|3}4/9] .
H'J 3

Since sup_ (1+]K(x)]) < 1(1+E U ) < B (2+E |U| ) we may assume without
loss of generallty that E IUI3 1, because otherw1se (3.20) is satisfied
trivially for B 3B C3/4. Hence sup_ (1+[K(x)|) and similar bounds
Ia | < B (l+E U ) < 3B and sup_ IK'(x)]| < 3B3 hold for Gpys e s0s and for
the derlvatlve K' of K.

Take 8' = min(1/4,8/4, CZC—]/S) In view of 1 + IKI < 3Bl it is again

6'54/16, because

IA

no loss of generality to assume that E (g(X )/h(X )= 1)
otherwise (3.22) with B = 48B /(6 € ) is tr1v1a11y true. Hence by (3.19)

and Markov's inequality

rg (X)) g(X,)
PH(ie < < I-4e) 2 PH(IF(—).(—I-)— -1

< %e\ 21 -46'

3

so that the conditions of lemma 3.3 are satisfied and (3.12) holds.

The proof hinges on the expansion
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exp{itN-£Zaij} = exp{itN-£2ajﬂj}[1+itU+§(itU)2] + 0([tU]3)

and its truncation to fewer terms. We apply this expansion to (3.9) and in
the resulting expression we replace P by m wherever this is possible without
giving rise to remainder terms that would be awkward to handle at this point.
Using elementary inequalities to seperate out and bound those parts of the
remainder that depend on the (Pj-A) rather than on the (Pj-nj), we arrive

at

- g(X;)
(3.23) lo* ()= ()] < B4|t{exp{-e3c2}[u 32 W12 (h(x ) ) +E |0

+ N E |UZa (P -, )| + N EH{Za (P uF )} ]

6 A(1-A)za%y 3k
- A k
(3.24) p(t) = exp{ltN %Xajn 2 A(l A)Z }r z ak_]( ) (it) ].
k=1
1
Because maxlajl < (CN)* we find by the same reasoning as in (3.22),
-1 2 -2 2 2 -5/4 2
N E_|U)as(®P.-n.)| + N “E_{)a.(P.-mn. < BN E {)|a.(®.-1.)|}
Hl zaJ( 3 "J)| H zaJ( h "J)} 5 H ZIaJ( J TTJ)l

IA

~5/4 N
BN U1+ EH{ZIaj(Pj wj)l} ]

-5/4
5N + B6

IA

I/Z[Z{E |P _ nj|3}4/9}9/4

Together with (3.22) this shows that (3.23) may be reduced to

- g(X)) 4
(3.25) o™ (t) - 5| < B7|t|exp{— BStZ}{N /4, NI/ZEH(ETX%T - 1)

-1/2 3,4/919/4
N [Z{Eﬁlpj—njl } ] } .

As G eees0g are bounded and N—%| Z a. n.! < C*Ni, we have

o' ()] < B N£ for all t. Since |p'(t)] < NniEITl < C*N? for all t and
p(0) =5(0) =
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(3.26)  [p(t) - 5(0)] < BNE[e]  for all t.

Combining lemma 3.3, (3.25) and (3.26) we find

w372
p(t)-p(t) -3/2 p(t)-p(t)
(3.27) J " '————E————ldt < BN + L J " L————E——-—Idt
-bN N “<|t|<bN

-s/4 3/ (8% ¢ 4 3 4/9]9/4}
< B]O{N +N EH\F(—X‘IT l) + N [Z{Eﬂlpj TTJI } J .

Now p(t) is the Fourier-Stieltjes transform of K({Néx—Xajnj}{A(I-A)Za§}_%)
as a function of x. This is a function of bounded variation assuming the
values 0 and 1 at - and += and having a derivative that is bounded by

3B c-%{e(l-e)}—] in absolute value. It follows from the smoothing lemma

3
(ESSEEN (1945)) that

- Nix—Za.n.
sup[P(N “T<x) - K( ] Ji)l
x {A(I—A)Zag}

is bounded above by the right-hand side of (3.20). A change of scale com-
pletes the proof. [

Theorem 3.1 provides the basic expansion for the distribution of T
under contiguous alternatives. Only first and second moments of functions
of order statistics remain to be determined. In section 4 we shall be con-
cerned with a further simplification of the expansion and a precise evalua-
tion of the order of the remainder. With regard to this remainder we are in
a seemingly less favorable position than we were at the same stage in the
one-sample problem (c.f. ABZ (1976), theorem 2.3), because the third re-
mainder term in (3.20) is larger than the corresponding term in the one-
sample case by a factor N%. This is due to the appearance of the remainder
term N_IEHIU z a?(Pj—nj)I that does not occur for the one-sample statistic.
It will turn out, however, that we shall need only a slightly stronger con-

=514y

The conditions of theorem 3.1 concern only the sample ratio A and the

dition than before to show that the remainder is still O(N

scores a. There are no assumptions about the underlying densities f and g
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but this is merely a trick; obviously something like contiguity is needed

to make the expansion meaningful in the sense that the remainder is at all
small. With regard to the conditions on the scores, (3.10) acts as a safe-
guard against too rapid growth and (2.62) ensures that the a. do not cluster
too much around too few points, thus preventing a too pronounced lattice
character of the distribution of T, as was pointed out in ABZ (1976). It

was also noted there that in the important case of exact scores aj = EJ(Uj:N)’
with UI:N < UZ:N < .. < UN:N order statistics from the uniform distribution
on (0,1), both (3.10) and (2.62) will be satisfied for all N with fixed c,

C and § if J is a continously differentiable, non-constant function on (0,1)

with S J4 < o, The same is true for approximate scores aj = J(j/(N+1))

provided that J is monotone near O and 1.

v

e
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4, CONTIGUOUS LOCATION ALTERNATIVES

The analysis in this section will be carried out for contiguous loca-
tion alternatives rather than for contiguous alternatives in general. The
general case can be treated in much the same way as the location case, but
the conditions as well as the results become more involved.

We recall some assumptions and notation from section 3 of ABZ (1976).

Let F be a d.f. with a density f that is positive on R1 and four times dif-

ferentiable with derivatives f(l), i=1,...,4. Define
f(i) .
(4.1) wi =5 i=1,...,4,

and suppose that positive numbers e' and C' exist such that for

4
, m, = 3, m3 =3 W, = 1,

m]=

(4.2) f

m,
supl Iwi(xfy)| t f(x)dx: |y| < s'} <cC', i=1,...,4 .

§ —8 O

So far, we have studied the distribution of T under the assumption that

l,...,Xm having common d.f. F and Xm+1""’XN

having d.f. G. We now add the assumptions that

Xl""’XN are independent, X

(4.3) G(x) = F(x-8)
for all x and that
(4.4) 0<6<DN?

for some D > 0. Probabilities under this particular model will still be de-
noted by P. Note that (4.2), (4.3) and (4.4) together imply contiguity.

In section 3 we also introduced an auxiliary model where X],...,XN are
supposed to be i.i.d. with common d.f. H = (1-A)F + AG. In view of (4.3)
this common d.f. now becomes H(x) = (1-A)F(x) + AF(x~8). Probabilities,

0’ EH and

P EF and oé will indicate probabilities,

expectations and variances under this model will be denoted by P

og as before. Similarly, P
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expectations and variances under a third model where X 5e..,X are i.i.d.
with common d.f. F. Note that for 6 = 0 these three models coincide.

Define

5
(4.5) K(x) = e(x) - ¢(x) ] FH (&),
k=0

where

3
~ 1 (A(1-2) a2 -
(4.6) OLO =% (—Z;?——) [3(1 2))6 Z ajEFq)z(Zj) 6N 6 Z ajEF\P](Zj)
J

3 2 .
8 ZajEF{(l—3A+3A W3 (Z) = 6A (1=, (Z)¥,(Z)

+

3x(1—x)w?(zj)}] :

~ _ 1 [_ _ 2 22,27 2
o =— [ 4(1 ZA)OZajEFw](Zj) + 2(1-2))“e ZajEsz(Zj)
j

8Za

2v 2 2 2 2

- 4x(1-1)6 ZajEle(Zj) + 41 (1-1)6 oF(Zajw](Zj))
2. -1.2 2

- 4(1-20)°N o {ZajEle(zj)}

2 4 2 1
+ 200 (=20 % (Ja, B, (2,)) ] N

1

12{x(1—x)}5(2a§)

Q1
]

3 2,,.v.3
375 [2(1—2A)Zaj - 2(1-61+6) )GZajEle(Zj)
2.1 v 2
+ 6(1-20)°N eZajZajEFw](zj)

2 3¢ 2
- 3A(1-2) (1-20) ‘e ZajEle(Zj)ZajEsz(Zj)] ,

1

3 24A(1—A)(Za§)2

Q1
]

2.v 4 2 2.¢ 2 2
[(1-6A+6A )Zaj + 3x(1-2)(1-2))76 {ZajEle(Zj)}

2
2,2¢.3 (1-23)
+ 2X(1-2) (1-2)) e ZajzajEsz(Zj)] T BA(I-0)N



2..3..2
1-2)A)"6za.za.E Z.
(1-22)“6za;3a ELy, (2;)

b 12{x(1—x)}‘/2(za§)5/2 ’

2, 3.2
(1-2)) (Zfi)

a. = ,
3 72A(1—A)(Za§)3

and let

4
- - (AU-D)
(4.7) n = ( 2 ) CD) a:Egy, (Z,).
J

We shall show that K(x-n) is an expansion for the d.f. of {A(1-})) a?}-iT.

The expansion will be established in theorem 4.1 and an evaluation of the

order of the remainder will be given in theorem 4.2.

Let w(F,0) dendte the power of the one-sided level o test based on T
for the hypothesis F = G against the alternative G(x) = F(x-6). Suppose
that

(4.8) e" <ol -¢",

for some €" > 0. We shall prove that an expansion for w(F,0) is given by
5 ~
(4.9) T(F,8) = 1 - ¢(u -n) + ¢(ua-n>kzo B H (u )

where u, = Q_l(l-a) is the upper o-point of the standard normal distribu-

tion and

(1-2A)Za? 2 N 3 u,
172,.2,372 (uy,=1) + 205(2u =5u ) - 55
j

(4.10)

5= -
0 0 -

2, 4
(1-61+61°) La; o1y 2
_ { j (1-2)) }(us

T BaooN[ (Y3

24A(I—A)(Za§)2

2
~ ~ 2 2 (1-2)) 2¢ 3 2
=a, +o0.(u~-1)" - ——"£—19p Za.Za.E v (Z.)(u™-1) ,
1 1 5 a 12(Za§)2 j5 3 F 271" a

™
|

v N2
B, = a, a4(ua D,

33
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~ ~ ~ 2
83 =a, - Zas(ua—l) ’
Bk = o for k = 4,5.

THEOREM 4.1. Suppose that (3.1) and (4.3) hold and that positive numbers
¢, C, C', D, 8, € and €' exist such that (3.10), (2.62), (3.19), (4.2) and
(4.4) are satisfied. Define

- - 9/4
(4.11) M=n2%4n ]/293[2{EFlwl(zj) - Ele(Zj)|3}4/9]

- 3/2
+ N 3/493[Z{EF(w2(zj) - Esz(Zj))2}2/3] .

Then there exists B > 0 depending only on c, C, C', D, 6, € and €' such that

(4.12) sup|P( T 571 < x) - E(x—n) | < BM .
% (r(1-0)za3}

If, in addition, (4.8) is satisfied there exists B' > 0 depending only on

c, C, C', D, 6, €, €' and €" such that
(4.13) |m(F,0) - n(F,0)| < B'M.

PROOF. The proof of (4.12) hinges on Taylor expansion with respect to 6 of

the moments under PH of functions of P = (Pl"

..,PN) occurring in expansion
(3.20). Since both H and P depend on 6 the argument is highly technical and

laborious and it is therefore given in the appendix. Theorem 3.1, corollary

A.1, (A.12) and (A.13) immediately yield (4.12).
The one-sided level o test based on T rejects the hypothesis if
T{A(1-2) z a?}—% p- ga with possible randomization if equality occurs. Using

(4.12) for 6 = 0 (or corollary 2.1), (3.10), (3.19) and (4.8) we easily show
that

(l-ZA)Za? u
(4.14) Eo=u + s (u?-1) - 2&5(2u3—5u )+
% (1=} (zad) ¢ @ ¢
2. 4 !
(1-6X+617)Ia, C01n2 _

24A(1—A)(Za§)2 8A(1-1)N
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where, in this proof, 0(x) denotes a quantity bounded by Bl!xl with B, de-

1
pending only on c, C, C', D, 8§, €, €' and e". Because of (4.12),

m(F,8) = 1 = K(£_-n) + 0Q0)

Using (4.14), (4.8) and the bounds provided by corollary A.l1, we now ex-
pand K(ga-n) about the point (ua—n) and arrive at (4.13). [

Define

£ F ey
£ ()

s i=1,...,4.

-1
(4.15) vo(t) = b (F (1)) =

THEOREM 4.2. Let M be defined by (4.11) and suppose that positive numbers
C and § exist such that |¥] ()] < cle(1-0)/* ang vl (0)|<cre(1-0)1 732,
Then there exists B > 0 depending only on C and & such that

M < By /4

PROOF. The proof is similar to that of corollary A2.1 in ABZ (1976). To

deal with the second term of M we take h = W] and replace 4/3 by 5/4 in the

proof of that corollary. For the third term of M we take h = Wz, replace

4/3 by 3/2, appeal to condition R2 instead of R3 and otherwise proceed as

in the proof of corollary A2.1 of ABZ (1976). [
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F is the class of d.f.'s F on R] with positive and four times differentiable

densities f and such that, for wi = f(l)/f, Wi = wi(F_l), m = 6, m, = 3,
=4 -

m3 =3 m4 =1,
(5.6) lim sup J |wi(x+y)| f(x)dx < o i=1,...,4,

yo o

O

(5.7) lim sup t(1-t) - < 5

t>0,1 Wl(t)

Note that one can argue as in the proof of corollary A2.1 of ABZ (1976)
to show that, in conjunction with (5.5), condition (5.4) is weaker than

the assumption fJ6(t)dt < o, Define

‘ _ 4
(5.8) 3 =-% (~l§§-ll—) r3(1—2A)N92[J(t)w2(t)dt - 6efJ(t)w](t)dt
NSJ™(t)dt

- NOBJJ(t){(1—3A+3A2)W3(t)—6k(I—A)Wl(t)Wz(t)+3A(l—A)W?(t)}dt],

g = — 1 [—4(1—2x)eJJ2(t)wl(t)dt+2(I-ZA)Zeszz(t)“’z(t)dt

8fJ2(t)dt

-4x(1—x)ezJJ2(t)wf(t)dt 5
+ 4A(I—A)62JJJ(S)J(t)W;(S)W;(t)[sAt - stldsdt
- 4(1—2A)262{JJ(t)W](t)dt}2

+ A(l-k)(1—2A)2N64{JJ(t)W2(t)dt}2] + 5%.,

1

3
a, = 2(1—2A)JJ (t)dt
2 1Z{A(I-A)N}l/Z{IJz(t)dt}3/2 [

- 2(1—6A+6A2)6[J3(t)wl(t)dt +
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2 2
+ 6(1-22X) BJJ (t)dtJJ(t)Wl(t)dt

- 3A(1—A)(1-2A)2N63JJ2(t)W1(t)dtJJ(t)Wz(t)dt] ,

- I [(1-6A+6A2)JJ4(t)dt

Q1

3 oma-onsiean? L
+ 3A(1—A)(1—2A)2N62{JJ2(t)Wl(t)dt}z
2 2 3 1 =202
+ 2X(1-1) (1-21) N6 JJ (t)dth(t)Wz(t)dtJ T BA(I-ON °
- (ool Iy (Dat
%4 72 5/2 ’

12{ (1-2)N} ! (3 (e)ae}

- _ -’ yr(oae’
5 72X (1-))N {sz(t)dt}3

5
o(x) - ¢(X)[ a, H, (x)
kEO ka

(5.9) El(x)

+

- 3 N
g(—lﬁl—AQ——> e{z T cov(I(U, .),¥ (U, )
\wra2(eyde =1 1N TN

fJ(t)Wl(t)dt N

2
23 (. . ))}] ,
r32yae =1 1:N

5
(5.10) Ky(x) = o(x) - ¢<x)[kzo o H (x)

-5 !

(1 4
i(——lél—il—> 6{2 J J'(t)W;(t)t(l-t)dt
NSJ7(t)dt N—l

+

-1
S3(0)Y, (B)dt 'IN
N

(J‘(t))zt(x-t)dt}} :

sz(t)dt -1

- 4
(5.11) F= - Klii—llll) 6 J J(6)Y. (t)dt ,
\sz(t)dt I
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(5.16) [n(F,0) - %](F,e)l <8N,
(5.17) |n(F,0) - 7)(F,0)| < 6 N’
1-N"!

ra 2 [ r@l(e@l v oDea-oiae.
-1

PROOF. In the first part of the proof we shall not need requirement (5.4)
but only the weakér assumption S J4(t)dt < o, We proceed as in the proof
of theorem 4.1 in ABZ (1976), drawing heavily on the results in appendix 2
of ABZ (1976). Note that these results remain valid in the present context
even though the definition of the functions ?i is slightly different here.
Throughout the proof we shall make use of 0 and 0 symbols that are uniform
for fixed F, J, D, ¢ and €'.

Because Z aj = NSJ(t)dt = 0 and in view of the remark made at the end
of section 3, the assumptions of theorem 4.1 are satisfied. The proof of
corollary A2.1 of ABZ (1976) shows that (5.6) and (5.7) imply that

7/6

(5.18) W;(t) = o({t(1-t)} ') for t + 0,1

-13/6 -1/6

Hence, because of (5. 7), W "(t) = o({t(1-t)} ) and ¥ (t) = o({t(1- t)}

for t »~ 0,1. Since f(F ) has a summable derivative ¥, on (0,1), f(F ) must

)

1
have limits at 0 and 1; as f is positive on Rl, these limits must be equal

to 0. It follows that f(F_l(t))= 0({t(l—t)}5/6
facts with the identity W;(t) = W?(t)f(F-l(t)) + 3WI(t)W;(t), we find that

) for t » 0,1. Combining these

(5.19) ¥ (e) = o({t(1-t)} 473

) for t »+ 0,1
Thus the assumptions of theorem 4.2 are also satisfied and we can take the
expansions of section 4 as a starting point for proving theorem 5.1.

In EO,...,ES, EO""’ES defined by (4.6) and (4.10) we may replace EF
02 and w.(Z.) by E, 02 and w.(F_l(U. )) = W.(U. ) without changing any-
thlng Next argu1ng as in corollary A2 2 of ABZ (1976), we see that for all
sums of the form Za and Za Eh(U ) occurring in ao ..,as, BO’ ..,85 we

may write
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(5.20) %Z alj( J J (t)dt + o(1) ,

5.21) 3] a‘j‘ En(U, ) = [ F®n(r)de + o(1) ,

and also

(5.22) =<0 (Za Y (U ) = ” J(s)J(t)‘l’;(s)‘i‘;(t)[sAt - stldsdt + 0(1).

We note that ao,...,as, BO,...,ES are obtained from EO,...,&S, EO,...,Es
by replacing every expression of the form (5.20) - (5.22) by the correspond-
ing integral on the right in (5.20) - (5.22). Since S J2(t)dt > 0, we know

that for those terms in a ...,as, BO,...,B that are O(N ), this substi-

0’
tution can only introduce errors that are o(N )

0’ a] and az as well as the second term in B re

generally not O(N ) but only O(N i), and here the substitution of 1ntegrals

The first terms in a

for sums gives rise to more complicated remainder terms. This creates
problems we did not encounter in the one-sample case where certain symmetries

prohibit the occurrence of O(N—i) terms. We have

| —
o~
(Y]
N
]

J Jz(t)dt—% ZGZ(J(UJ-:N)) ,

|-
o~
[
1]

2
[ J3(t)dt-%1- Zcov(J(Uj :N),Jz(uj:N))— %ZEJ(Uj:N)O (J(Uj:N)),

, ,
f'q- Xajsz(uj:N) J J(D)¥, (t)dt -5 Zc:ov(J(Uj:N),‘i‘z(Uj:N))

1 2
%—Za?E‘i’l(Uj:N) J Jz(:;)\yl(t)dt—ﬁ Ycov(J (U N ¥ G5, X))
‘ 2@, )
- § L B (U0 sy

- -1
By (A2.22) in ABZ (1976), N /% § 02(J(Uj_N)) = o ). It follows that
for k = 0,...,5,

(5.23) o, - ak = o(N']) + O(Ml), B, - Ek = o(N'l) + O(Ml) R
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N

o372 2
(5.24) M, = (1-2)N [IZ cov(I(U;, )5 37U,y

2

+ |7 EJ(Uj:N)o (J(Uj:N))] + | cov(J(Uj:N),Wz(Uj:N))|

+ | cov(I2(U, ), ¥. (U M| + |JEY, (U )o2 (I (U ))I]
j:N’? "1'7j:N 1 j:N jeN] e

By (A2.17), (A2.22) and (A2.23) in ABZ (1976) we have

- - 4
(5.25) n =7+ 5(—lil—ll—) e[z cov(I(U, ), ¥ (U, 1))
Nsz(t)dt Z jJ:N 1" 3:N

2

fJ(t)Wl(t)dt 1 -4
- [o7Q@,, i+ o@ ) =a+rom?).

sz(t)dt
Hence, uniformly in x,
5

¢(x-n) - ¢(x-ﬁ>[(n—ﬁ> + ) akak<x—ﬁ>] + o ') +001)
k=0

K(x-n)

K, (=) + 0N ) + 001),
and similarly
W(F,0) = 7 (F,0) + o Yy + 001,).

It follows that, in order to prove (5.14) and (5.16), it suffices to show
that Ml = O(N_l). Since (5.15) and (5.17) are immediate consequences of
(5.14) and (5.16) on the one hand and (A2.22) and (A2.23) in ABZ (1976) on
the other, the proof of the theorem will then be complete.

At this point we finally need condition (5.4) rather than the weaker
assumption S J4(t)dt < o, Using (5.4), (5.18) and (5.19) and proceeding as
in the proof of corollary A2.1 in ABZ (1976), we find that each term of M1
is

1-N"!

5.26) o 32 J -1 2% =0y . O
-1
N
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REMARK. In the above we have stressed the fact that the only reason for re-
quiring (5.4) rather than assuming / Jé(t)dt < =, is that we have to show
that M] = o(Nﬂl). However, there are special cases of interest where

J Jé(t)dt < ® guffices. If either A = }, or f is a symmetric density and

= 0., Less trivially, since
-5/4

J(t) is antisymmetric about t = }, then M]

; J*(t)dt < = and (5.5) imply that J'(t) = o({t(1-t)}

the reasoning leading to (5.26) while retaining the factor (1-2)), to arrive

), we can follow

at
1-N !

s.21) M = o(|1-2a|n/2 J tea-0)1 7 %ae) = o(|1-22 |3
N—l

Hence in the special cases where either A = 1 + O(N_%), or f is a symmetric
density and J is antisymmetric about the point }, the conclusions of theorem
5.1 will hold if coﬁdition (5.4) is replaced by the assumption S Jé(t)dt < oo,
Comparison with ABZ (1976) shows that in these special cases the conditions
under which theorem 5.1 holds are essentially the same as the conditions of
the comparable theorem 4.1 in ABZ (1976) for the one-sample problem. This

is not surprising as one may think of the one-sample case under contiguous

alternatives as a two-sample situation with A = } + OP(N_i).

We now turn to the special case J = - Wl. For F ¢ F we obtain by partial
integration
[ [ 3
(5.28) ‘Pl(t)‘l‘z(t)dt =} ‘Pl(t)dt s
J J
[ 2 2 { 4
J ‘l‘l(t)‘l/z(t)dt = 3‘ ‘i’l(t)dt .
[ _2 (b 2
J ‘Pl(t)‘i'3(t)dt =3 ‘F](t)dt I 11‘2(t)dt R
( ' ' 1 [ 4 1,(,2 2
¥ ()Y (D) (s)¥, (E)[sAt-stldsdt = - | ¥ (t)dt - 7{( vi(t)de)” .
J

Substitution of J = - Wl and application of (5.28) considerably simplifies

the expressions (5.8) and (5.12) for a, and Ek' Note that n defined by

k
(5.11) reduces to
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(5.29) n* = 6{A(1-))N J Wf(t)dt}g .

The expressions for o, and Ek simplify somewhat further if we express 06 in

k
terms of n* throughout. Finally we rearrange the terms in Z Eka(x—n*) and
Z Eka(ua—n*) according to the integrals involved and substitute the ex-

plicit expressions (2.43) for the Hermite polynomials Hk' In this way we

find after laborious but straightforward calculations that for J = - Wl,
5 —
(5.30)  o(x-M) - ¢<x—n)kZO o H (x-71) = Ly(x) ,

' 5
I—M%ﬁ)+ﬂ%ﬁkg§ﬁﬁ%ﬁ)=%wﬁ),

where
(5.31) L,(x) = 8 (x-n")
3
JY7(t)dte
o(x-n") [ 24(1-23) 1 2 * %2
- {-2(x"-1) = 2nx +n 7}
288 l{A(l-A)N}]/2 {IW%(t)dt}B/z
4 IW?(t)dt 2.3 x 2 2. %2
* =0 —2 5 {3(1=60+617) (x7=3x#n" (x =1))=3(1=52+51)n" “x
{fwl(t)dt}
2
JY_ (t)dt
+ 5(1—3A+3A2)n*3} - A(:f;)N ; 5 (1-3A+3A2)n*3
{fwl(t)dt}
(1-22)2 {fw?(t)dt}z 5.3 % 4 2 %2 3
" YO-ON 2 3 {4(x"-10x7+15%) + 4n" (x -6x"+3) - 8n (x"-3x)
{IW](t)dt}

5 144% 36

*3, 2 *4 * 2.3 *x 2
4n “(x"-1) +5n x-n "} + N (-0N {=(1-22) " (x7-3x+n x°)

+

n* + (1—5A+5A2)n*2x + (1—3A+3A2)n*3}] s

* *
nO(F,S) =1 - ¢(ua—n ) +
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* * 3
N s a-2n) fvy(e)de (<20 ™)
+ 288 172 372 VTN

Lo {fwf(t)dt}

fW?(t)dt
2

4
A(1-A)N

- (3(1-6A+612) (u2-1)-3 (1-52+512)n*u
{r¥](t)de} o o

2
48 IWZ(t)dt

2 2
XEESAIT 5 (1-31433)n"

+ 501-30+305)n*%) -

{fwf(t)dc}

2 {IW?(t)dt}z

AN 2 3 (= 8Qu-D) + 4" (u+duy) = 80" (ui-D)
{s¥](t)de}
*3 *4 . 36 2 9 -
+ Sn ua_ n } + __A(]—A)N {'- (1'2)\) ua + 1 + (]_5)\_',5)\ )n ua

Gt

Define
(5.32) (x) = L (x) e N,
. L. (x) = L.(x) + ———o o (Y, (U..1))
: 0 /Y (E)de 351 PN
-1
n*¢(X‘n*) 1-N ' )
L) = Ly(x) + —F—— (¥, () e(1-)de
2NSY O (e)dt /-1
1 N
- n*¢(x-n*) g 52
L. (x) = L. (x) + —5—ro E(Y (U. ) - Y G,
3 0 zufwf(t)dt e 1'75:N 1 \N+1

X *
n ¢(u-n) N

T (F,0) = Mo (F,0) - ——— ] o7(¥ (U, 1)) ,
20/¥7(£)de j=1 I:

-1

. . n*¢(ua-n*) 1-N ' )

Ty (F,0) = m (F,0) - ———— J (¥, (£)“e(1-t)de ,
ZNIW](t)dt N—l

* *
n ¢(ua-n ) N

T (F,0) = - (F,0) - ] OB, @, ) - ¥ )t
3 0 i (oac j51 L AN T T

Note that (5.9), (5.10), (5.11), (5.13), (5.30) and (5.31) imply that for

J=-v

- - - *
1 Ki(x-n) = Li(x) and ni(F,e) = ni(F,e) for i = 1,2. The expansions
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* . . C .
L3 and m, are connected only with approximate scores that were not considered

so far.

THEOREM 5.2. Let F e F, J = - ¥, G(x) = F(x-0), 0 < 6 < DN_%, e<A<1-c¢
and €' < o £ 1 - €' for positive D, € and e'. Then, for every fixed F, J,

D, e and e', there exist positive numbers B, 61, 62,... with limN_Wo GN =0
such that the following statements hold for every N.

(1) For exact scores aj = - EW](Uj:N),

T
{A(I—A)Za§}£

-1
< x) - Ll(x)l < 6N N ,

(5.33) SgplP(

-1
(5.34) suplP{ T < x) - L (x)| < 4§ N
-zl 2 N
=N~
-+BN_3/2J (W;(t))z{t(l-t)}%dt R
-1
N
(5.35) |n(F,0) - 7 (F,0)| < 6, N,
1§ !
(5.36) |n(F,0) - n;(F,e)I < 8y v+ a3/ J (W;(t))z{t(l-t)}édt;
5!
(ii) For approximate scores a; = - W](E%T) R
T-AZa. \ -1
(5.37) SgpIP( N < %) - L3(x)| <8N,

{A(I-A)Zaﬁ}%

T-ALa.

(5.38) Sup|P< < x) -~ L (x)| <8 N
XU\ (1-1) 122} ? 2 N
23
1-N
+ BN—3/2 J (W;(t))z{t(l—t)}idt,
-1
N
(5.39) |m(F,0) - m3(F,0)] < 6 N

and (5.36) continues to hold.
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PROOF. For F ¢ F, Wl is not constant on (0,1), S Wl(t)dt = 0 and W? is sum-

mable. In view of the remark following definition 5.1, this implies that

J € J. We have already noted that Ki(x-ﬁ) = Li(x) and Fi(F,e) = n;(F,e) for
i=1,2, if J = - Wl. Part (i) of the theorem is therefore an immediate con-
sequence of theorem 5.1.

To prove part (ii) we retrace the proof of theorem 5.1 for J = - Wl
and approximate scores aj = - Wl(j/(N+l)). The first difficulty we encounter
is that in general ) a; # 0. However, lemma A2.3 of ABZ (1976), (5.7) and
(5.18) yield -1
1 1-N
1 ¥ -1 ' -5/6
(5.40) a, =g y ag == ¥, (t)dt + O(N lwl(t)|dt) = o(N )

and one easily verifies that the conditions of theorem 4.1 hold for the
reduced scores aj -‘a.. Since the assumptions of theorem 4.2 are also

satisfied, we have

(5.41) sup]P(

7T < x) - ﬁ(x—ﬁ)l = O(N
X {A(I-A)Z(aj—a_) }

)

where K and N are obtained from K and n by replacing aj by aj - a_, through-
out. Because, by (3.10) and (5.40) ,

2 -

(5.42) 1 (ajma)” = Ja (o)
we can change the norming constant Z(aJ—a )2 of T in (5.41) back to Zaz
with impunity. As S W (t)dt = 0, (5.42) also ensures that ln - n| = O(N—S/B).
Finally (A2.16) of ABZ (1976) and (5.18) imply that o (Za v, (z )) = 0(N)
for J = - W and, together with (5.42), (3.10), (5.6) and (5 40), this
yields supxlﬁ(x) - E(x)[ = O(N—4/3). Combining these results we find

T-AZa.
(5.43) suplP/ < x) - Rx=m)| = 0@’

\{A(l A)Za }‘}2
and similarly

5/4

(5.44) |n(F,0) - T(F,0)| =0 >'7) .
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The remainder of the proof parallels that of theorem 5.1 for the special

1
priate integrals. The reasoning of corollary A2.2 of ABZ (1976) shows that

case J = - ¥_. We replace all sums as well as GZ(Xale(Uj_N)) by the appro-

for those terms in the expansions that are O(N_l), this substitution will
only lead to errors that are O(N—l). For the O(N-%) terms the error com-

mitted is O(Ml) + O(MZ)’ where M] is given by (5.24) with J = - Wl and M2
originates from the difference between.exact and approximate scores. It
was shown in the proof of theorem 5.1 that M1 = O(N_l). With regard to M2,

(5.7), lemma A2.3 of ABZ (1976), (5.18) and (5.19) imply that, uniformly in

s
. ) {  (N=3+1) —]—k/6)
(5.45) I{ETI(Uj:N)} N+l)| oo ) ¥ O\N { (N+l)2 }

’ . . -1/6
|EW1(Uj.N)| 0(1) + 0({1&5:1111} \ ,

(N+l)2

)| 0Q(1) + o/{iﬁﬁ:i:ll}_l/B) .

|EY, (U.
2 +1) 2

J:N
where k = 1,2,3. It follows that M, is of the form (5.26) and is therefore
o .

It remains to replace n by n*. Because of (5.7), (5.18) and lemma A2.3
of ABZ (1976), N | J oz(wl(uj_N)) = o 23

2

), and in view of (5.45),

2
Yy (N+1)EW (U ¥ J ¥l (t)de

N

- -1 E\Pl(Uj:N)[‘i’](Uj:N)- ‘i’](ﬁl_;‘l‘)} = o 23y |

1 2, ] 2 1 2 -2/3

¥l wlcﬁ%T) - [ yi(de = - %] [E?I(Uj -y (N+] ] o(N 7).
Hence, for J = - W],
(5.46) n = n ————g————— Y E{W (U ) -y (N+l) + O(N—A/B)

2wa (t)dt
= n* + O(N-Z/B)’
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and a comparison with (5.25) for J = - Wl shows that (5.37) and (5.39) will
hold if L3 and n; can be obtained from Ll :N))
by z E{W](Uj:N) - T](j/(N+l))}2. Since this is true, (5.37) and (5.39) are
proved. The validity of (5.38) and (5.36) for approximate scores is a con-—

sequence of (5.37), (5.39) and corollary A2.2 of ABZ (1976). The proof of

and w? by replacing z 02(‘P1(Uj

the theorem is complete. [

At this point it is appropriate to repeat some remarks made in ABZ
(1976). The correspondence between expansions (5.34) and (5.38) and the
fact that (5.36) holds for both exact and approximate scores seem to be
typical for the case J = =~ Wl. In the general case where J # - Wl, expan-—
sions (5.15) and (5.17) will not hold for approximate scores even if T is
replaced by T - A z aj in (5.15). A second remark is that the growth con-
ditions on J' and W; implicit in our assumptions (viz. (5.4) and (5.18))
do not guarantee that the right-hand side in (5.15), (5.17), (5.34), (5.36)
and (5.38) is indeed O(N_l) as is our aim. For this we would need
J'(t) = 0({t(l—t)}—]) and T;(t) = 0({t(l—t)}_l). This may explain the pres-
ence of the remaining expansions in theorems 5.1 and 5.2, which are less ex-
plicit but do have remainder o(N_l) under the conditions stated. Note that
their presence in theorem 5.2 also indicates that even for J = - W], ex-
pansions for exact and approximate scores are not necessarily identical to
O(N_])@ Finally we should point out that similar expansions with remainder
O(N_l) might have been given in theorem 4.2 of ABZ (1976) where they were
unfortunately omitted.

We conclude this section with a few examples of the power expansions
in theorems 5.1 and 5.2. First we consider the powers WW(Q,G) and nw(A,e)
of Wilcoxon's two-sample test (W) against normal and logistic location
alternatives (®(x),%(x-6)) and (A(x),A(x-6)) respectively, where A(x) =
= (l+exp{-'x})“1 and 0 = O(N_i). We find

“¢(“a'“)'_£_ 37-2172+217)> w1
N i 200 (1-2) o

(5.47) T (2,8) =1 - ¢(ua—ﬁ) +

L1 [, 67-437)+4372° el s
x(1-2) 6 20 a
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_ 1 /3, 29-219A+2192% | -2
x(1-1) 16 ~ 36 20 N

2
(1-6A+6)") 6 arctny2 {“2 SN ﬁz}] soa .

A(1=-2) i
- 3A(1-A)N\5
where n = (— 6, and
m )
* *
x o Moty -’ 2
(5.48) ’ﬂ’w(A,e) =1 - (P(ua-n ) + —-—T—— I__ i - m (ua—l)
1—5A+5A2 u * l—3k+3k2 *2 + O(N_l)
201 (1-0) Yo T 20h 1Ay " ’

. /A_<_1-_A>_11)*e,

where n \ 3

As a second example we compute expansions for the powers TS (¢,6) and
TTNS(A,G) of the two-sample normal scores test against the normal and logis-
tic location alternatives described above. The result is

%-%0%-”

* *
% no(u-n)
(5.49) nNS(Q,e) =1 - @(ua—n ) + —————————[

o~ la-nh

o (x) (1-9(x)) -1
ey dx] +o0(N ),

where now n~ {A(I—A)N}ge, and

n¢ (u,=n) [ 3 1-3a+3)0% | 2

(5.50) 'ITNS(A,G) =1 - <I>(ua-1-'1-) + - E - -lm (ua—l)

N
o~ a-n"h
o (x) (1-9(x))
¥ ¢ (%) dx
0
. {/3(1—2x)2 T 5;;1x+21x2 -
m(-x) 6 iaaga-n Y
2 2 2
6 (1-5A+517) _/3(0=-20)7  11m(1=5)+507)
{ Yoy 2retn V2 - SR 6x(1-1)

2
5-212+212° | =2 -1
123 (1-1) } ro® ),

Rt
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where now n = Aﬁl%ﬁlﬁ)ie. Note that theorem 5.2 ensures that expansion
(5.49) is also valid for van der Waerden's two-sample test which is based
on the approximate scores aj = ¢_](j/(N+l)). To evaluate the integral in
(5.49) and (5.50) we write (cf. (4.25) in ABZ (1976))

Q_I(I_N_l) [
(5.51) J @(x)éi;?(x)) dx = } log log N + } 10g2-—2Jh¢(x) log x dx
0 0
[oe] oo 2
(22 (x)-D{x(1-0(x))-¢(x)} (1-9(x)) _
+ J Xq)(X) dx + JW—dX‘FO(]) =

0 0

} log log N + § log 2 + 0.40489... + o(1) ,

where the final result is obtained by numerical integration.

BIBLIOTHEEK MATHEMATISCH

AMSTERD AR
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APPENDIX. EXPANSIONS FOR THE CONTIGUOUS LOCATION CASE

In this appendix we provide the tools for deriving theorem 4.1 from
theorem 3.1. The quantities appearing in the expansion of theorem 3.1 are

expected values under PH of functions of P_,...,P._ and in the set-up of

1° N
section 4 both H and Pl""’PN depend on 6. Our task is to provide Taylor

expansions in 6 with error bounds for these quantities, thus reducing ex-

1

pectations E_ to expectations E_ while at the same time expanding the r.v.'s

H F

involved. Since we are only concerned with the models PH and PF under the

l,...,XN are i.i.d.

with common density h under PH and f under PF’ where h(x) = (1-)2)f(x)

assumptions of section 4, we suppose throughout that X

+ A (x-0) and f is positive and four times differentiable on Rl. Define

£(x,t), p(x,t) and E(x,t) by

(A.1) (1-2)F(g(x,t)) + AF(E(x,t)-t) = F(x) ,
_ A (x-t)

(4.2) PGLE) = T EGOREGRD)

(A.3) P(x,t) = p(E(x,t),t)

As in appendix 1 of ABZ (1976), these functions are introduced because

S(zl,e),..., S(ZN,Q) under PF have the same joint distribution as Pl""’PN

under PH' Our main problem is therefore to expand p(x,t) as a function of

t around t = O.

With wi = f(i)/f as in (4.1), we define for i = 1,...,4,
(A'4) Xi(xst) = |¢i(5(x,t))| + lwi(ﬁ(x,t)'t)|

and for any function q of two variables we write
_ 3 8qe,0)
qi j(x’t) = i j °
? 9x 3t

Then elementary but tedious computations yield
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A.5)  B0) = A, By (0 = AN (), By ,(x,0) = A(1-0) (1-20)1, (),
By, 3(®:0) = A=) { (1=31+312)p, (R)=61 (1-1) 9, (), (x)
3
+ NA-DY @),

IA

~ 3
(A.6) |p0’1| X)) s

180,41 = 2,045 D)

where b b, are positive constants.

'ERERELA

Define w. = E_. P. as in (3.16).
] H " j (

THEOREM A.l. Suppose that positive numbers C, C' and €' exist such that
Z a;' < CN, 0 <6 < ¢€'and (4.2) is satisfied. Then there exists B > 0
depending only on C, C' and €' such that

2

(A.7) y a (n -x) = A(1-2){-6 ) a, sEp¥, (2+01- S 5 1 2By, (Z;)

FV2
- 93 ) a.E [(1=30+32%) ., (Z.)=6X (1=A) ¥, (Z.) ¥ (Z.)+3A (1=A)p> (Z.) 11+
6 L 2 V32 vy (200,02, vy (2 1’

M, | < BN/ %%
2
2 AN 2 PN
(A.8) Y ay(n,=2) = A0 {-e ) ajEle(Zj)+(l 20)5 ) a’ Esz(Zj)} + M,
M, | < N>/ 463 ;
3 il 3
(A.9) ) aj(nj—A) = =A(1-))8 ) ajEle(Zj) My,
|M3| < Bn'3/1242 :
2 2 _ .2, \22¢ 2 2
(A.10) y ajEH(Pj-A) = A°(1-2) % ) ajEle(Zj) M,
5/4,3

M, | < BN ;
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(A.11) cé(iaij) = Az(l-x)zezgé(Xaj¢l(zj)) + Mg,

2,.24/5 19/5 3,1/3
g) < B0v%?/% 4 o' rm | § 2, @) - B @1

+ 0%, (Ta g, (2))0p(Ta,y,2)) + 0%op(Jat, (2} 5

Ag(Xl) 4 4
(A.]2) EH(—————h(X]) - )\) < B6
9/4 9/4
(A.13) [Z{Eﬁlpj - n.|3}4/9} < 63[2{EF|¢1(zj)-EF¢1(zj)}3}4/9] +e0/4 6P,

PROOF. Although the proof is very similar to that of theorem Al.l and the

relevant part of corollary Al.l in ABZ (1976), there are additional compli-
cations due to the fact that now EO’Z(X,O) $ 0. We begin by noting that the
distribution of E(Xl,t) under F is that of X1 under AF(x) + (1-A)F(x-t), so

that (4.2) and (A.6) imply the existence of B, > 0 depending only on C' and

1

such that
~ ny
(A.14) sup{EFlpo’i(Xl,ve)l :0<v<1}<B, i=1,...,4,
where m = 6, m, = 3, m, = 4/3, m, = 1.
Using lemma Al.l1 of ABZ (1976) together with z a? < CN and (A.14), we
find that
b N
IM]I <57 sup{) IaleF’PO,é(Zj’ve)l' 0<v<1}
1
4 B C*
SEEQEE_. ~ . 17 5/4.4
< =57 sup{NEF|p0’4(Xl,\)0)l. O<vsl}s——N""8,
63 2.~
M, < & sup{) ajEFlpo’3(Zj,v6)|: 0<v< 1}
o3 (v 8\ ~ 4/3,3/4, )
< Zaj sup{[NEF|pO,3(Xl,ve)| 7770 v <1}
1.1
B:C
P N5/463

6 9
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IA

2
6 3 ~

2 B1/303/4

%T'(Z|3319/2>2/3(NBI)1/3 < “l“ii“‘ yi3/1252

A

IA

6 2 ~
4| < sup{} ajEF[2|po’3(Zj,v6)|

+

6|p0,l(Zj,v6)p0’2(Zj,v6)l]: 0<v<1}

%; [z(zai)i(nnl)% + 6(2a§)£(nnl)5} : i

/Ag(X ) _ )4 4
H\fﬁzi—j— A <6

IN
IA
~
>
[
+
o<]
o
~
aQ
N
=
D

IA
<
IA

o
|
o
D

-

< sup{E

Fpo (Xy5v8): 0

which proves (A.7) - (A.10) and (A.12). To establish (A.13) we note that

IP(ste) - EFP(ste)l < elpo’l(zj’o) - EFPO,I(Zj’O)I

2 1

e ~ ~
+ 7;—[ 2(1~v){|p0,2(zj,v6)l + EFIPO,Z(Zj,vG)]}dv.
0
Hence

1

03 6 [ ~ 3

E IP -, ] < 16 F|¢ (Z)-Egb, (z )| +46 , 2(l—v)EF|p0’2(Zj,v6)| dv,

0

4/9 8/3

+2(B]+1)Ne )

13,419 _ 413
Z{EHIPj ﬂjl }

L{EG v, (2)-Egy, (2, 1%y

and (A.13) follows.

It remains to prove (A.11). We have

Bx,©) = 4 + A=ty () = (-0 (120 59, (x)

2 1 3 1

- = [ 2(1-v) (B ,(x,vE) = By, (%,0))dv = == f 3(1—v)250,3(x,vt)dv,
0 0

and as a result
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Similarly,

It follows

G0 = A+ A0ty ) = R0 (=207, (1))

2 1

£~ | 200-v) (3, , (x,vt)-p. . (x,0))d |6/5
2 VIiPq 91X VE)TP o iX,U))CV
0

IA

t 4/5

1
x | ° 3(1-v) %5 . (x,vt)dv|
< v pO’3 x,vt)dv

0

1
12301 200 By G0y, xu0)av]?
0

IA

1

1 2~

IE-J 3(1-v) pd’B(x,vt)dv|
-0

+

1
24/5 4/3

~ 3 ~ 3 ~
61272 [ 115, et 12+ 15,01 + 15y 5Gev|
0

}dv .

IA

[5G0 = A + A0ty (0 = (-0 (=20 e, 0 |22

1
< [l J By, Geaved |7+ 15y 5 Ges0) |7+ [By 3xv0)
0

14/3}dv.

that

2 ~ 2
oF(zaj{p<zj,e>+x(1-A)ew,(zj)—£x<1—x)(n—zx)e w2<zj)})

IA

) a?EF(ﬁ(X],6)—A+A(1—A)6wl(Xl)—ik(l—k)(I—ZA)ezwz(Xl))z

§N2624/5

IA

3B1C

H

~ 2
IcovF<Zaj{p(Zj,6)+A(1—A)6w1(Zj)~£A(l-A)(l-2A)e wz(zj)}, y aj¢1(zj))|

~ 2 2.2
< LE|Ja,(p(2,,0)=Ar (1-0)8y, (Z)=1A (1-) (1-21)0 w2<zj)}|3/ 12/3

3]1/3

IA

* [Ep|L 2, (25) - B (2.))]
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3/2]2/3

IA

3 ~
[(E|a§|> NEFlp(X,,6)-A+A(1-A)ew](xl)—ix(l-x)(1—2A)ezw2(x])|

1/3

X

(BT 2y, () - EBgy, (2, NI

3 1/3

IA

(3B )2/3 1/4 IA/SEEFIE aJ(wl(ZJ) F‘p (Z ))I

~ 2
[covF(Zaj{p(Zj,e)+A(1-A)6w1(Zj)—il(l—k)(l-ZA)e wz(zj)h ) ajwz(Zj))|

(3B )1/2 1/4 12/5

oF(Zajw2<zj)) .
These inequalities ensures that there exists B2 > 0 depending only on B1

and C such that

2( 2 2
GH\Zaij)—oF(Zaj{k(l—l)ewl(Zj)—ik(l—x)(l—ZA)e wz(zj)}>|

< B, (N 2024/5,3619/51g plla; ) ) Egy, 2.))] 313

22/5
+ no22/ oF(Zajwz(zj))} .

. 22/5 2 24/5 4 2 .
Since N6 cF(Eajwz(Zj)) < N8 + 0 UF(Xajwz(Zj)), (A.11) follows im—

mediately and the proof of the theorem is complete. [

COROLLARY A.1. Suppose that (3.1) and (4.3) hold and that positive numbers
c, C, C', D, € and €' exist such that (3.10), (3.19), (4.2) and (4.4) are
satisfied. Let K, o, K, &, and n be defined by (3.17), (3.18), (4.5), (4.6)
and (4.7). Then there exists B > 0 depending only on ¢, C, C', D, € and €'
such that

ta.mw, - -5/4
(A.15) supIK(x - il £> - K(x-n)| < B{N
x {A(1- A)Ea }

; N-£63[Z{EF|wl(Zj)-EF¢1(Zj)|3}4/9] o

3/2
e PR ORE R NI LA
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2 3
lza Eg ¥, (2, )| _ |ZaE_y, (Z.) | _ |za?| _
(a.16)  o° T < B bLo T3 ot < B,
(Za ) Zaj (Za )
op(la.v, (Z,)) -1 -}3 3,4/919/4
(A.17) L3 < B{ﬁ + N %0 [Z{EFlwl(z.) By (2 )7} ] }
Za. J
j

and all other terms occurring in o
-1

0""’35 are bounded in absolute value by

BN
PROOF. In this proof 0(x) will denote a quantity that is bounded by Bllxl
with B1 depending only on ¢, C, C', D, € and €'.

We begin by noting that (A.16) and the last statement in corollary A.l
are immediate consequences of Holder's inequality, (3.10), (4.2) and (4.4).

Also

(A.18) ezog(Zajw](zj)> <1+ 0% (Za v, (2. ))

IA

3
1 + 6 E | 3 a (v (Z;) - Fwl(zj))l

IA

3 3
1+ 63[2 251 (Bplo; 2)) - Egw, (2] }‘/3}

IA

1 +0 (Xa )3/4[2 {EFlwl(zj) EgV, (z )|3 4/9]9/4 ,

and in view of (3.10) and (4.4), this implies (A.17). For later use we note
that similarly

3/2
(A.19) 0§<Zajw2(zj)> < C*Ni[Z{EF(wz(zj) Ev, (z ) }2/3]

It remains to prove (A.15). Since (A.15) is trivially satisfied for
N < (D/a')z, we may assume that 0 < 6 < €' so that theorem A.l applies.
Because of (3.1), z a.m.

3]
above, we can truncate expansions (A.7) and (A.8) to

z a.(nj-A). In view of the bounde obtained .
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2
= (12 {— ye(1-21) & 3
(A.ZO? y ams = A(1=-2){-8 ) ajEle(Zj)+(l 2n) 5 ) ajEsz(Zj)}-+0(Ne )
= -A(1-1)8 [ aEg, 2,) + ome?) = 0oy,
@.21) T ai(r.-A) = -A(1-00 § aZE_y. (z.) + 0(1) = o)
33 JF1 )

Using (A.8) - (A.11), (A.20), (A.21), (3.10), (3.19) and (4.4) we expand

o ..,a. and find

0°° 5
(A.22) sup|K(x) - ﬁ(x)[ = 0<N'5/4 19/5[E ) a; (¥, (Z5) - Egb, (2, ))l 1173
-1.4 2
+ N 6 o (Za ¢ (Z. )) (Zajwz(zj)) N 8o (Za wz(z )))
where

5
(A.23) RKGx) = e(x) - ¢(x) | aH ),
k=0

(A.24)

_(ra-0)\E -1
(—;;Er—) N 6 ) ajEle(Zj) s
j
A o 1 N _ory 2.4 2
o =@ 3 A(I=2) (1-23) “e () ajEsz(Zj)} .
j

QY

_ s, A00) 2.3
, =, —2;—7;575- (1-21)%6° § a Fw ;) ) a. SEpVa (Z5)

- ~ 1 2.2 3
a, =8, - ————= (1-2))76° ] a Y a.E_y. (Z.)
I BT TR A
J
&k =&, for k = 4,5 ,

with Ek as given by (4.6). By applying elementary inequalities (A.22) may

be simplified to
4.25)  sup|R(x) - K| = 0(#'5’4 /% |7 a a, (4, @) - B 20|

N3/4g3 Z(Za ¢2(Z )>>

+
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With the aid of (A.7), (A.20) and the bounds obtained in the first part

of the proof we now expand ﬁ(x—{ajﬂj{h(]—A)Zai}—i) about the point (x-n) and
obtain

- Za,m. - _ _
(A.26) sup |Kl x - 1] ) - K(x-n)| = 0<N 5/4+N 19302(2a.¢ (Z.)\>
X K\ {A(]-)\)Ea?} / F\"3"17] /

with K as given by (4.5). Combining (A.25), (A.26), (A.18) and (A.19) we
see that (A.15) and corollary A.l1 are proved. O
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