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d . f h b" . 1 d" "b . *) A note on the me ian o t e inomia istri ution 

by 

IL Kaas & J.M. BUHRMAN 

SUMMARY 

The location of the median of the binomial distribution is studied. 

An integer k is shown to be a median of the binomial-(n,p) distribution if 

it does not differ from np by more than min{p,1-p}. Neither the inequality 

"mean< median< mode 11 nor its reverse holds if median and mode differ (see 

[4 ]) . 
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*) This report will be submitted for publication elsewhere. 





1 • INTRODUCTION 

In two papers ([2], [3]) Neumann gives different proofs for the fact 

that the median of a binomial-(n,p) distribution equals np if np is an 

integer. We shall show that the median equals an integer k, if lk - np I s 

min{p,1-p}. First some definitions are given. A weak median of a random 

variable X will be a number x satisfying P(X ~ x) ~½and P(X s x) ~½·A 

strong median is a number x for which P(X ~ x - d) >½and P(X s x + d) > ½ 

for all d > 0. Clearly, a strong median is unique. If a random variable has 

no strong median, its set of weak medians is a closed interval. Let, fork 

integer, 

(1) b(k;n,p) = (n)pk (1-p) n-k 
k 

k 
(2) B(k;n,p) = I b(i;n,p) 

i=O 

UHU1ANN [5] gives the following inequalities, cited in [1]. 

(3) 

(4) 

Obviously 

(5) 

k 
B (k;n,--1) 

n-

k+l 
B (k;n,--1) 

n+ 

2. THE MEDIAN 

1 
> - > 2 

1 
> - > 

2 

k+l 
B (k;n,--1) 

n+ 

k 
B (k;n,--1) 

n-

I for k < 2(n- l) 

1 
fork> zCn-1) 

if n 1.s odd 

THEOREM 1. If X has a binomial-(n,p) distribution and if the integer k 

satisfies 

(6) lk-npl s min{p,1-p} 

then k is a median of the distribution of X. The value k ~s a strong median 
1 unless p = 2. 
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PROOF. First the 

k satisfying (6) 

both k ,;. lcn-1) 
2 

I • case p = 2 1.s 
. I h. h l.S 2 n, W l.C 

considered. If n is even, the only integer 

is obviously the strong median. If n is odd, 
I 

and k = -(n+l) 
2 

satisfy (6) and the set of weak medians is 
I l 

the interval in between. Now let p < 2 . We shall show P(X ~ k) > 2 and 
l P(X ~ k) > 2 , which implies that k is the strong median. Note that B(h;n,p) 

is decreasing in p. For p <½condition (6) becomes 

(7a) (n-l)p ~ k ~ (n+l)p 

or, equivalently, 

(7b) 

Now 

k 
n+l 

~ <~ p - n-1 

P(X ~ k) = I - B(k-l;n,p) ~ l - B(k-1 ·n ~) 
' 'n+ l 

l 
> -

2 

by the right 

k ~ (n+ I )p < 

I hand inequality of (3), since k - l < 2 (n-l), because 
l 
2(n+l). 

P(X ~ k) = B(k;n,p) k 
~ B(k;n,--1) 

n-
l 

> -
2 

l 
if k < 2(n-1) 

Moreover, for 
I 

have P(X ~ k) l . f either k = ½ n and n is p < 2 we > 2 1. 
l I or k = -(n-1) and n l.S odd. Since (7a) implies k ~ (n+l)p < 2 (n+l), 
2 I completes the proof for the case p < -2· 

even, 

this 

Next p >½is considered. Let Y have a binomial-(n,q) distribution 

(with q = 1-p), and let k' = n-k. Then (6) becomes 

(8) \k' - nq I ~ q 

The preceding part of the proof shows that k' is the strong median of the 

distribution of Y, so k is the strong median of the distribution of X. 

REMARK. By taking the sum of the lengths of the p-intervals in which the 
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strong median is found by (7b), it can be shown that the theorem gives the 

median in about half the cases. 

3. THE RELATIVE LOCATION OF THE MEAN, MEDIAN AND MODE 

Let, for fixed n, the numbers O =Po< p 1 < ... < pn < Pn+l = I be 

defined by 

I 
B (k-1 ;n,pk) = 2 k = 1,2, ... ,n 

This definition of pk makes, that the strong median mn is the following 

step-function of p. 

(9) m (p) = k 
n 

mn(pk) is undefined, the binomial-(n,pk) distribution has the interval 

[k-1,k] as a set of weak medians. By considering (7b) it can be seen that 

theorem 

(II) if 

(I 0) 

(I I) 

is equivalent to statement (IO) if n is odd, and to statement 

n is even. 

2 2 
P1 < n+I < n-1 < P2 < n+I < n-1 < P3 < ... 

n-1 I I n+3 ... < pn-1 < < - = Pn+l = - < < Pn+3 < ... 2(n+l) 2 2 2(n+l) 
2 2 2 

n-3 n-1 n-2 n ... < Pn-2 < < -- < Pn-1 < -- < < pn n-1 n+l n-1 n+I 

2 2 
P < < -- < P2 < -- < < P3 < ... I n+ I n-1 n+ I n-1 

n n+2 ... < pn < 
2 (n+ I) 

< 
2(n+I) 

< p < . .. 
!!. + I 

2 2 

n-3 n-1 n-2 n ... < pn-2 < -- < < pn-1 < < -- < Pn n-1 n+l n-1 n+I 
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5 
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
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Figure I Mean, median and mode as functions of p for n = 5 and for n = 6. 



Notice, that 

(12) 

(13) P + p = 1 
i n+ 1-i 

for all i = 1,2, ... ,n 

The mode x of a binomial-(n,p) distribution equals [(n+l)p]. Therefore 
n 

the mode is given by the following step-function in p. 

(14) x (p) = k 
n 

k k+l 
if p E (-- --) (k integer) 

n+ I ' n+ I 

If p = _!_ both k and k-1 can be considered as the mode. The functions 
n+l' 

5 

m (p), x (p) and np are given in figure I for n = 5 and n = 6. The pictures 
n n 

suggest the following theorem. 

i 
THEOREM 2. Let p f p., p f --1 for whoZe i., 

i n+ 
I then for p < 2 

(a) m (p) = x (p) or m (p) = x (p) + I 
n n n n 

(b) m (p) = x (p) + I => x (p) < np < m (p) 
n n n n 

and for p > I 
2 

(c) m (p) = x (p) 
n n 

or m (p) = x (p) - I 
n n 

(d) m (p) = x (p) - I =>m (p) < np < x (p). 
n n n n 

Propositions (a) and (c) can be summarized as 

I In words the mode is prone to be further from 2 n than the median. It is 

well-known, that "mean< median< mode" or "mean> median> mode" holds 

for a large class of continuous distributions. RUNNENBURG [4] gives suf

ficient conditions. In the binomial case however, if median and mode differ 



(which they do if e.g. pk< p < k/(n+l)), the mean lies in between, as 

stated in propositions (b) and (d). 
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PROOF OF THEOREM 2. Notice, that the first condition provides unique medians 

and modes. We shall now consider m (p), x (p) and np as functions of p on 
n 1 n . h h+l 

the interval (n+ 1 , n+ 1) 

with similarly. Let Os 

h s 2 n. Greater values of h can be dealt 
I - 2, then 

x (p) 
n 

by (9) 

I I By (IO) and (11) we have for Os h s 2 n 2 

(15) s __E__ < _!!_ < s h+l 
Ph n+l n-1 - Ph+l n+l 

So, 

h 
<=> x (p) m (p) h p E: (n+l ,Ph+!) = = n n 

and 

h+l 
<=¢ x n(p) h Am (p) p E: (ph+l 'n+l) = = h + I 

n 

By (15) 

h+l h h+l 
p E: (ph+l 'n+l) ~ h < n -- < nph+l < np < n-- < h + I n-1 - n+l 

If h I then by ( I I ) = 2 n, 

About the difference between median and mean the following can be said. 



THEOREM 3. For any median m (weak or strong) 

lnp-ml s max{p,1-p}. 

1 considered. The case p > PROOF. Only the case p < - is 
21 . 

syrmnetry and the case p = - 18 

t 
obvious. 

(16) 

If m (p) = n 

m-1 
n-1 

1 the strong m < - n 18 - 2 2 

m+l 
< p < p < p < ---m m+l - n+l 

median, 

m- np < J - p and np -m < I - p • 

lm-npl s 1-p = max{p,1-p} 

then 

1 then follows by 
2 

by (IO) or (11) 

1 1 Notice, that the equality sign in (16) holds if and only if m = 2 n- 2. 
If mn(p) = m = ½ n is the strong median, then by (11) and by p < ½ 

(17) 
m-1 1 
n-1 < Pm < P < 2 • 

m - np < 1 - p and 1 
np < z n = m• 

0 < m - np < 1 - p = max{p, 1-p} 

If [k-1,k] is the set of weak medians of the binomial-(n,p) distribution, 

then by (10) or (11) 

(18) 
k-1 
n-1 < p = pk 

k - np < I - p 

k 
< --n+l 

and 

p < k - np < 1 - p 

np - k < -p • 

So, for any m E [k-1,k:i we have p - I < m- np < I - p, which completes the 

proof. D 

7 
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