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ABSTRACT

-1
A Berry-Esseen bound of order O(n ?) is established for suitably
normalized sums of nonlinear functions of uniform spacings under a natural
moment assumption and mild regularity conditions. Furthermore, it is shown

that these regularity conditions are fulfilled for a wide class of func-

tions.
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1. INTRODUCTION AND NOTATION

Let UI’UZ"" be a sequence of independent random variables which are

uniformly distributed on the interval (0,1). For n = 1,2,... the ordered

UI’UZ""’Un are denoted by U]:n < U2:n < ... < Un:n' Let UO:n = 0 and
Un+1:n = 1. The uniform spacings Din are defined by
(1.1) Din = Ui:n - Ui—l:n’ i=1,2,...,n+l.

Let g,° (0,») > R, n=1,2,..., be measurable functions and define the
statistics T by

n+1
(1.2) T, = L g (DD, ), n=1,2,....
i=1

n

Statistics of this form can be used for testing uniformity. A survey of the
asymptotic theory on these statistics may be found in PYKE (1972). We also
refer to KOZIOL (1980). According to PYKE (1972) a study of the rates of
convergence of sums of functions of spacings to their limiting distributions
is of interest. In the case of uniform spacings Pyke suggests to use the
following well-known characterization, which has been applied by LE CAM (1958)
in order to prove first order limit theorems. Let Yi’ i=1,2,..., be

independent exponential random variables with expectation 1.

If for n = 1,2,...

n+l

(1.3) Wo= 1 e, (Y;)
1=1

and
n+1

(1.4) S, = _Z (1,1,
i=1

then (cf. Lemma 3.1)
(1.5) L(t) =L |s_ =0),

i.e. Tn has the same distribution as a sum of independent random variables



given another sum of independent random variables. Applying (1.5) we obtain
an expression for the characteristic function of Tn(Cf' (3.36)). Using this
expression we prove a Berry-Esseen theorem for Tn under quite general con-
ditions, which in most cases are easy to verify (cf. Corollary 2.1).

In a forthcoming paper we shall derive, under some version of Cramér's
condition, an Edgeworth expansion for Tn using the same techniques as in
the present paper. In DOES & HELMERS (1980) such an Edgeworth expansion has
been established by expanding the density of the vector (n 2W ,n 2S ) That
paper also contains, as a by—product, a Berry-Esseen bound of order O(n 2)
under a condition which is rather hard to check.

To conclude this section we define for n = 1,2,...

(1.6) pn(s,t) = E(eiS(Y1_1)+itgn(Y1)), seR, te R,
(1.7) W o= Eg (Y)) = é g, (y)e Vdy,
2 _ _ 7 2 v,
(1.8) on-vargn@i)~ é(gHW)"un) e “dy,
(1.9) T = cov(g (¥)),Y)) = (f) (8,(y) - 1) (y-1) e Vdy,
Il €
(1.10) IA(x) = 10 for x A, AcR,
and

v

X
(1.11) [x]+ for x O
0 <

and we note that (cf. Section 2.1 of PYKE (1965))

n+1

- - Y ol
(1.12) ET =n é’ g, () (1 - =5 dy
and
2 n+l n-1
(1.13) ET. = n f gm0 - I dy +



n+1

n-2

n+l-y
? [ g,e (MO - X7 axdy.
0

+n? 21
n+l n+l

OoOvY— +

2. A BERRY-ESSEEN THEOREM
Our main result reads as follows:

THEOREM 2.1. Let F be the distribution function of

D=

* -
(2.1) Tn = (Tn-ETn)(var Tn) , n=1,2,...,
and let the functions K_: (0,=)° + [0,®], m = 1,2,..., be defined by
(2.2) Km(b,d) = sup sup n log(n+l) f Ipn(s,t)ln ds.

|t]<b n=m log|s|=dn

If for some positive and finite constants c and C and some integer n

(2.3) sup [ lg (1% e7dy = c,
n2n_. 0 ’
0
(2.4) inf (6%-1%) = ¢,
n n
n2n
0
if
(2.5) g, s Lebesgue almost everywhere continuous for n 2 n,

and 1f for all positive d there exists a positive b with
(2.6) K, (b,d) < =,
0

then var T and consequently F are properly defined for n 2 n, and 1f
var T and F are well defined for n < n, too, then there exists a finite

constant A only depending on n;, Kno, c and C, such that

-1
(2.7) sup IFn(x)-¢(x)| <An %, n=1,2,...,
xeR

where ¢ is the standard normal distribution function.



It should be noted that Tn and consequently Fn are insensitive to
changes of g on the interval (n+l,»), but that the conditions (2.3) through
(2.6) do not have this property for reasons of simplicity. Nevertheless,
condition (2.3) seems to be a natural moment condition. Assumption (2.4)
protects against degeneration of the variance of T . Loosely speaking it
means that &y is nonlinear both for finite n and asymptotically. The
relevance of (2.5) will be clear from Lemma 3.1. However, assumption (2.6)
is rather unpleasant. In the following corollary we shall give conditions
which imply (2.3) through (2.6), which are easier to verify and which are

satisfied for most of the statistics Tn used in practice.

COROLLARY 2.1. Let H_ be the distribution function of

1

=}

o~ +

(2.8) Té =n

Nl

g(@DD; ), n=1,2,...,
1

e

where g: (0,o) > R s a (fixed) measurable function for which there exist

nondecreasing functions g0 and g such that
(2.9) &= 8;7 8"

If there exists a positive number o such that

(2.10) lim y%g.(y) = lime & g.(y) =0, i=0,1,
1 1
y+0 yreo
and Lf
(2.11) [ gye? dy = o0,
0
(2.12) [ e e dy - |[ gy)y e’ dy| =1
0 0
and
2.13) [ lem]|3 eV day < =,
0

then there exists a constant A only depending on g such that



(2.14). sup |[H (x)-0(x)| <An %, n=1,2,... .
n .
xeR

Nol—

It is clear that by a suitable linear transformation every nonlinear g
satisfying (2.13) can be standardized to a function satisfying (2.11) and
(2.12). The examples given in Section 3 of PYKE (1965) are related to the
functions £,(x) = x', T > 0, £ # 1, £,() = (=D>, £, = Ix-11,

-1

f4(x) = log x and fS(X) = x . With the corollary f1 through f4 can be

handled. The statistic corresponding to f5 has a nonnormal limit distribution.

3. PROOF OF THEOREM 2.1.

Since the representation (1.5) is crucial to our setup, we examine it

in the following lemma.

LEMMA 3.1. Let g, T Wn and S, be as defined in Section 1. If g, 18

n
Lebesgue almost everywhere continuous, then there exists a version of the
conditional distribution L(W_|S_=x) which is continuous in x = 0 (with

respect to weak convergence). Moreover, for such a version (cf. (1.5))

3.1 L(r) = L@w_|s_

0).

PROOF. A regular version of the conditional density of (Yl""’Yn) given

Sn = x is given by

(3.2) fY ¥ IS (yl,...,ynlx) = n!(n+l+x)-n, 0 < ;o i=1,...,n,
1°°°°°"n'"n

=}

z y. £ ntl+x, -n-1 < X< o,

. i

i=1
According to this version we define the conditional distribution
L(Wn[ Sn==x) of wn given Sn = x. From (3.2) and the Mann-Wald theorem
(cf. Theorem 5.1 of BILLINGSLEY (1968)) we see that L(Wnl Sn==x) weakly
converges to L(Wh [Sn==0) as x tends to 0. Furthermore, we note that the
density of ((n+1)D1n,...,(n+l)Dnn) equals (cf. Section 4 of PYKE (1965))

(3.3) =n!'(@) ", 0= 2., 1= 1,..0,m,

f (Z,5000,2_)
(n+l)D1n,...,(n+1)Dnn 1 n

n

) z. < n+l.
. 1

i=1



Combining (3.2) and (3.3) we arrive at (3.1). [

In the notation of Section 9 of BHATTACHARYA & RAO (1976) we have the

following preliminary lemma:

LEMMA 3.2. Let n, be a positive integer and let G,» n = 1ng,nptl,..., be
probability measures onimz with zero mean, positive-definite covariance
matrix v, and finite third absolute moment. Let B be the symmetric positive-

definite matrix satisfying Bi = V;l and let

_ 3
(3.4) cg = sup / "an" dGn(X)-
n=n
0
There exist two positive constants c, and c, such that for all integers

1 2
n 2 mn,, for all t € R? satisfying

(3.5) el < ey

and for all nonnegative integral vectors o with 0 < |a| < 3 the inequality
~n, -1
(3.6) ID%[E] (a B t) - exp{-11t12}7]

< cpepn trnet Il i3 yerp i prer?)

holds.

PROOF. This is an immediate consequence of Theorem 9.10 of BHATTACHARYA
& RAO (1976). [

For the proof of Theorem 2.1 we assume that conditions (2.3) through

(2.6) are satisfied and we define
3.7 g, (¥) =g & -t G-, y>0.

By En’ Sn, ¥n’ Em(b,d) etc. we denote the quantities defined in (1.2),

(1.6), (1.9), (2.2) etc., with gy replaced by En' It is easy to verify that



(3.8)

p (sst) = pn(s - Tnt,t)

-3 }dn,, jdn
and that for |b|] < C 3 27 0(e?2™0-1)

~

(3.9) Kno(b,d) < Kno(b,%d).
Together with (2.3), (2.4) and (2.6) this implies that

sup f [gn(y)l3 e Y dy < 14C,
n>n, 0
0
inf 52 > c
nZnO

and that for all positive d there exists a positive b with
Kno(b,d) < =,

We conclude that we may assume without loss of generality that (2.3) through
(2.6) hold with

(3.10) T

I
o

Next we define

(3.11) v = (1) ET ,

n n

-1 1

—_ 2 2

(3.12) w, =n (var Tn)

and

(3.13) g = @ @ -v) >0
* n n ‘°n n’’ y :

With the Cauchy-Schwarz inequality we obtain



n}lg <y>( )n Ly - f gncy)(n n‘ﬂyz) Y dy{

(3.14)
n-1

(-a]) (25t

[ cfo -grzl(y)e—y dy]%[j:

ydy] .

o

Note that for a € (1,n+1)

F y n] 2y - y2 y 2 y
) -
H@-s]) - (-2)0] 2w
0 .
o -2 4,2 -y ot 2(n+1) ap \4 y
< E!; [0(n an)] e’ dy + af <l—m> (I-E;T) e’ dy
(3.15) . n
(o] _l —-
+ <1+2yn+iy ) eV dy
a
o ‘ 4
_ o —4.8 0 ™ -2 4, —ay
= 0<n a + (1 ?17!-_]> e + (1+n an)e .

Substituting a = 4 19g(n+1) in (3.15) we see that there exists a finite

fixed constant AO such that (3.14) and (2.3) imply

n+l n-1 < 2y - lyz -y
- —.————2
f g (y)( n+1> dy g gn(y)(1+ — )e dy‘

(3.16)
1
< A0C§n_2 1og4(n+1).
Furthermore, 2
n+1 - n—-1 n+1 E;}—,-I- 2 1
Gan v | < égn(y)(l-m) | < [ la,we” ey < a3
Let
27 2. -y
o =w - [g (e’ dy
0
© o 2
_n(n-1) 3(xty) = 3 (x+y) 7 —x-y
(3.18) v (f)égnmgn(y)(n v e dxdy

b 2y - 1y%\ v, \?
+ n(f gn(y)<l +—nﬁ—->e dy) .
0 .

With the aid of (1.12), (1.13), (3.16), (3.17), Holder's inequality and



inequalities like (3.15), we arrive at

oy | < {Zlgn(Y)l3e_ydy}%{Zl<{l -BZ—I]J')H-.’] —eY

1
2

1
3 3
ezydy}

n+1

AQ )T () e}

0

. n(n-1) é £ gi(x)gﬁ(y)e_x—ydxdy}

(3.19)
2 4 -

+ 2n e” C3 AO c3n 1og4(n+1)

2

+n C3 Ag n'—4 1og8(n+1)
£ -1 4
< Al C3 n 108 (n+1)s

where A, is a finite constant independent of n and &y Straightforward

1
computation shows that

2
I

lwi-0o -0
n n n

gn(x)xze_xdx}

(3.20) = (n+1)_2 (—13n+1)u24-n f g (x)xze—xdx{4u - %f
n o n n
2 -
<A, C3n

for some finite constant A2 which is independent of n and gy From (3.19)
and (3.20) we conclude that
2

2 2 = -

- 3n 3

(3.21) lwn on] S Ay Cin’d,

where, again, A3 is independent of n and g, Together withaassgmptions

(2.3) and (2.4) this implies that for n 2 ns =nyV {(2A3)E c 2 C}

(3.22) wi > oi-%c > ic,

(3.23) - w_ < ci-k%c < =g” < %C .
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With (3.13), (3.17), (3.22) and (3.23) we arrive at

*® * 3 -y z 6 _é
(3.24) sup [ |g (9|7 e dy < 22(1+e%)c 2 c,
n>n* 0 O
0 2
(3.25) inf {var g*(YI) - [cov(g*(Yl),Yl)]z} > %c c 3.
nZnS n n

Studying (1.6), (3.24) and (3.25) we see that it suffices to prove (2.7)
under (2.3) through (2.6) and the supplementary assumptions (cf. (3.11) and
(3.12))

(3.26) v

I
o
“

(3.27) w

I
—

and (3.10). Note that in this case (cf. (3.13) and (2.1)) gz =g, and
-1

™" =n 2T,

n n

We shall apply Lemma 3.2 with Gn the probability measure oniIR2

corresponding to the random vector (Y,-1,g (Y,)-u ). Then
1 n 1 n

10
(3.28) Vo= ( 2), B_ = (*°)

-1
0 o2 \o o/

and with the aid of (2.3) and (2.4) it is not difficult to prove that there
exists a finite constant ¢, only depending on ¢ and C such that Cy from
Lemma 3.2 with our choice of Gn satisfies

(3.29) c, <

Let now (cf. (3.5) and (3.41))

1 1 -
(3.30) § = 22 372 !

cic,
-1 2. -1 2.-1
and fix b € (0,C 3 {(1+487) %2- (1+487) 2}) in such a way that (cf. (2.2),

(2.6) and (3.37))



11
(3.31) Kﬁo(b,% 10g(1+%62)) < o,

-1
Let Xn(t) be the characteristic function of T; =n 2Tn. By Esseen's
smoothing lemma (see e.g. Lemma XVI.3.2 of FELLER (1971)) it suffices to
prove that

- —1¢2 -1

(3.32) f : | t] 1Ixn(t)--e 2t Idt < An 2, n > 0,

|t|<bn2
where A is a generic constant only depending on ng, Kno, ¢ and C. Since
for all t € R

. %
_1 -1 1tTn %
|t (xn(t)—l)l < E|t (e -n| <El[T | <1,

we have

-1

- —142
(3.33) [ el x (0 -e ]t < 472,

[t|<n™z
. -1
We now choose a version of the conditional distribution of n 2Wn given
-1
n 2Sn = x which is continuous in x = 0. Lemma 3.1 shows that this is pos-

sible and moreover it implies
1

itT; ( itn W,
= = 2 =
(3.34) xn(t) =E e E\e | n Sn O).

=1
Let hn be the density of n 2Sn and let wn(s,t) be the characteristic
-1 -1
function of (n 2Sn,n 2Wn), i.e. (cf. (1.6))

(3.35) wn(s,t) = [pn(n_%s,n—%t)]n+l.

1
We note that (3.31) implies that for all |t| < bn? and all n > 0,

o

[ 1y (s,6)lds < =

-0

-1 -1
and that Lemma 3.1 yields the continuity of E(exp{itn 2Wn}l n 2Sn==x) in

x = 0. Together with
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o itn °W .

wh(s,t) =-£)eiSX{E<e n n-ESn==x>hn(x)}dX

and (3.34) these facts imply by Fourier inversion (cf. Theorem 21.49 of
HEWITT & STROMBERG (1965))

(3.36)  x (6 = @rh (@) [ y_(s,t)ds, It| < bnd,

-—00

In view of (3.31), the inequality

IA

lo_(s,0)|

is(Y.-1)( itg (Y.)
Ipn(s,O)l + Ele ! {e ntl —l}l

_1 1
(1+s2)72 + ¢3¢

IA

and the choice of b we also have

(3.37) lv_ (s,t) |ds < Kno(b,;-, log(1+362)) n'%(1og(n+1))—1

|s|>6nz
1 -1 1
+ 202 (1+46%) 4™, |t| <bnZ.

From the theory of Edgeworth expansions for the densities of sums of

independent and identically distributed random variables (see e.g.

Theorem XVI.2.2 of FELLER (1971)) it follows that
-1 7 _§
= 2(1 = —— 2
(3.38) hn(O) 2w) 2(1 ]2n) + 0(n 2).
Combining (3.32), (3.33), (3.36), (3.37) and (3.38) we see that it suffices

to show that

¥ _(s,t) o122
-1 "n -1 =1 (s7+t9) ] -1
(3w39) , f -\ f lt [—z_nh-——;(—o—)“— (21T) 2 2 stldt < An 2.
n 2<|t|<bn? |s|<én?

The left-hand side of (3.39) is dominated by the quantity

2,.2
/ ‘(2ﬂlt|)f1, i [(hn(O))_]-—(zﬂ)%]e—%(s +£7) 4q

1 i
n ’<|t|<bn? |s|<8n?

dt +

N
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-1
. itn 2(n+Dyu
+ f by 0) 1t]) ll i [ n

e
-1 11
n %< Itl<bn |s|<8én?
(3.40) .
1 itn 2(n+l)un
+ f (2nh_(0) |t]) / e
-1 1
n 2<|t|<bn? |s|<8n?

2 2.2
(S +G t ) _1 2 2
. [e -e 2(s7+t )]ds‘dt

-1
-itn 2(n+Du

| I(ZWhn(O)ltl)_ll [ ]e M (s,t)
t|<bn? |s|<86n?

- e

-%(s2+0§t2)
]ds‘dt.
i

In view of (3. 38) the flrst term of (3 40) equals at most An -1 log(n+1).

Since |exp{itn 2(n+l)u }— 1] < leln 2(n+1)|u | and since in view of (3 16)
and (3.26) Iunl < An_l, the second term of (3 40) is dominated by An 7. In
view of (3.21) and (3.27) the third term of (3.40) equals at most An 3.
From Lemma 3.2 with o= (0,0), from (3.28), (3.29) and (3.30) and from the

inequality

winN

2 1 _ ~1.1 1 -
(3.41) [62+¢3p212 < [62+ (1+46D) 1= (14627112 < [352]2 - c]c41
it follows that
-1
. —itnE (a+)u_ ~(sP+alt?)
(3.42) f [t l f [e wn(s,t)-—e ]ds dt < An

1 1
1<|t|<bn? |s|<6n?

Furthermore, Lemma 3.2 with a = (0,1) and the mean value theorem imply

that

-1 -itn—%(nﬂ)un —%(s2+c tz)
(3.43) [ It] l / {[e v (s,t)-e ]
|

- 1
n 2<|t]<=1 |s|<6n2

152
- [wn(s,O)— e 28 ]}ds

Combining (3.36), (3.37) and (3.38) we see that

=3 N]

1
dt < An 2.

- l]e 2(s7+7) 4o lae
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-1

dt < An °.

Nl

: 2
(3.44) JE [ [wn(s,O) - ot ]ds
1
I

1 1
n 2<|t|<1 |s|<86n?

From (3.39), (3.40), (3.42), (3.43) and (3.44) we conclude that assertion
(3.32) and hereby Theorem 2.1 have been proved. [J

4. PROOF OF COROLLARY 2.1.

We shall apply Theorem 2.1 with g, = & In order to verify (2.6) we

have to consider
(4.1) p(s,t) = f els(y—l)+1tg(y) efy dy.
0

For all € ¢ (0,}) we have

-loge . .
(4.2) |p(s,t)| < 2e + f e(ls Dy eltg(y) dy|.
€
For all integers m and all real numbers e = a, < a, < ... £ a = -loge,
b, <b, < ... <b and c, £c, £ ... £ c_ we define
1 2 m 1 2 m
? m
(4.3) gy (y) = b; 1 ¥, g, & = ) c; 1 ¥ .
0 i=1 = (ay_p»ayd ! i=1 b (ayg 8]

For the function g(y) = go(y)-g](y) the following string of (in)equalities
holds:

-loge o aj
[ els=Dy eitg(y)dyl i, , I [elisDy
j=1 a

it(b.-c.
( 3 CJ)dy’

£ j-1

1]

- e

m-1, it(b., ,~c..,)
(e J+1 T3 .

a it(b.-c.)\ -(1-is)a.
11— is| 1’ ) j J) i
(4.4) J=1
it(b,-c,) -(1-is)a it(b_-c_ ) -(l-is)
.. 17¢ . 0 e1 oS . (1-is a_

9 -1 m—1 -a. —aO -a
(1+s9) 2{It|-z (bj+1—bj+c -cj)e Jie Yie m}.
J:

IA

1 i*
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From (4.2) and (4.4) it follows that
-loge
-1 -
lo(s,0)] = 3¢ + (1+s%) 2{1+ |t|[ [ (gg+g;5Ne dy
€
(4.5)

- (8 ()4, (€)™ + (gy(~loge) + 5 (- Tog e |}-

By a limiting argument we see that (4.5) holds for all nondecreasing func-
tions &g and 8- From (2.10) we see that there exists a constant d0 such

that for 1 = 0,1

d y—a <
0
le; | < { fory 1,

oy S
doe >

which together with (4.5) yields the existence of a constant d, such that

for all € > 0

1

(4.6) lo(s,t)| < 3e + (14-52)_%{14-d1|tle—a}.

-1
2) 2)1/(a+1) we see that for

Choosing € = (|t]|(1+s
] < {G+ap7 1 - (1 + s2)~20/ (a+1) yotl

the inequality

(4.7) lo(s,t)| < (1+ g2y ~2/(a+1)

holds, which implies the validity of (2.6) for n, > a+l. Since (2.3), (2.4)

0
and (2.5) are trivially fulfilled for g,= 8> Theorem 2.1 now yields
x - ET} 1
(4-8) sup IHn(X) - Q(—j") < An 2.
xeR (var Tn)

Combining (2.8), (1.2), (1.12), (2.11) and (3.16) we see that ET& =0(n ?)
and combining (3.%2), (3.21), (3.10), (1.8), (1.9) and (2.12) that
var Tﬁ =1+ 0( 3). Together with (4.8) this yields (2.14) and hence the

corollary. [
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