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In many problems of applied mathematics one has to solve
a houndary value problem for an elliptic partial differential

equation for the exterior D of a surface S wWhile the correspond-
ing solution for the interior D of S is trivially known.

Example: Let S be the surface of a body immersed into a steady

lrrotatlional flow in the x-direction of an incompressible fluid,

The veloclty potential has the form
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a v a regulat
narmonic function in D with the normal derivative

oh ~ »n °oF =
One asks, in particular, for the virtual mass in the x-direction
of’ the body, defined as Wx wffﬁ j‘:)gdt‘g The same boundary

value problem with respect toD D would yield

@ =%, The purpose

and use analogous definitions for
| all positive~definite
function pairs >

norms. 1T can be shown that for
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> dnequalities:




The first inequality yields lower bounds for the Dirichlet

U ™

integral with the unknown function in Terms of The known

and an arbrtrary test function /3 . The second in-

Ens

equality gives an analogous estTimate for /8

solution

US1Ng now

the test function. Both inequalities may be used to establish
a Ravleigh-Ritz procedure for solving Neumann or Dirichlet

boundary value problems for D,
Specilalization of the above inecqualities leads to

Both inequallties become equalities for a set ol functlions
which are complete in > and > and are closely related %o

the Poincaré-Fredholm eigen functions of the surface S,
The general result can be applied to prove the following

conjecture of Pdolya: Let wm = %{WX+W +WZ) denote the average

Y
virtual mass of a body; then Wmizévgwhere V is the volume of
the body.

As a side result of the proof we obtain the theorem:

The lowest non-trivial positive eigen value of the Poincaré-

Fredholm integral equation for every surface S is less or
& ‘ ua 1 t O 3 @

Equality holds in the case of the sphere. The theorem

allows an appreciation of the convergence of the series
solution for the integral equation solving the boundary value
problems of

potential theory,
ExXtension of the method to more general elliptic differ-

ential eguations 1is obvious.




A regular surface S has in every point a tangent plane, and
curvatures are everywhere continuous,

The problem 1s: What happens 1f the surface S degenerates

into the two sides of a finite region of the X,y plane?

en's function of the second kind is found by conformal

Solution is explicitly (regular sqlution)

1

W

T(x)0. (x,+0)dx -

J P

Obviously Green's function can be added, if we take P either
in +1 and -1, Moreover any derivative of GP in tangential
irectlion with respect to P on the segment (P— A or P-— B)

‘ dded without affecting the given values of £&

ot Tthe

3 e al interpretation
' il theory,
potential of disturbance flow

= pressure



General case

18
degenerated surface as limiting case of a regular surface S7%

it possible to derive tThe singular solutions for this

Suppose The equation of S 13

£y
= g(x$Y)

vhere g(x,y) >0 in a bounded region of the (x,y) plane.
g=0 1s the edge of tThe wing,

= Thlckness distribution.

= mean surface, £

z=& T(x,y)
Normal vector is

n o= (Ef,, 6f -1} + (nggy.go) :

derive an expression for the normal vector n in terms

We
of ¢ -distributions., Consider a '"test vector"
the flux ”f

[ (v.n)ds .
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Lower surface S , edge

Three regionss Upper

O;%g;éﬁg,

Contribution of surface regions
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For the edge introduce local coordinates, s along the con-

tour g=0, ¥ normal to contour and ¢ along a normal Cross

section,
In this plane the flux is

Flux through the edge is



Then Neumann's problem reads:

. on the surface an
additional singular potential of streigth be added
This term can alsq be interpreted as a dipole hy some tra

and, 1n addition to the contribution of «
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This problem may be reduced either to a singular inte-

or To a trigonometrical expansion of the fol-

i

where the 'phaseg” are given.,

In the special case a=0 we have

Then the expansion problem (2) is explicit!

convergence of (2) is generally of subh

VIR ). 1, however,

tne convergenceis of hyperharmonic order, b, =

The problem (1) has for ag=0 a solution
bounded 1in the

£

1y

given region, The
are infinite of order « at (0,0) anc
0

km? the “Kp&hSiOé (2) can
pe reduced to an ordinary integral eqguation of the PFredholm
be drawn as for
d=0. In particular (3) should be replaced by

type. In this case similar conclusions can

, 1 m ( Pt ) ' x ) dx = O ( I

15 determined by

where

niforme-
first partial derivatives



