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Relations between interior and exterior boundary value problems 

by 
" 

M.r1. Schiffer 
• 

In many problems of applied mathematics one has to solve 
• 

a ~oundary value problem for an elliptic partial differential 
-.., 

equation for the exterior D of a surface S while the correspond-

ing solution for the interior D of Sis trivially known. 

Example: Let S be the surface of a body· immersed into a steady 
a #I I l?rlr=-11 Qfl .hraA;Ja 

irrotational flow in the Xz•direction of annincompressible fluid. 

The velocity potential has the form =X- where~ is a regular 

One asks, in particular, for the virtual mass in the x-direction 

D would yield 'f = x., The purpose 
of the paper is to show how the knowledge of the interior 

solution helps to solve the exterior problem. 

We introduce the linear function spaces __ and _of functions 
"'-I 

harmonic in the closure of D and D and define the scalar pro-

ducts for any two functio11s o<., e. 

1 oo< P Q 1 
-rr 8 s on r P,Q 

r:i. :, /3 '" .. d17 

""' .. 

and use analogous definitions for cl, --v a . These scalar products _ .. 
have all positive-definite norms4 It can be shown that for 

,r,,,...,, 

function pairs 
r-.,1 ~ 

~,/3 ~ _, ~, ~ _ with the boundary solutions 

n Z'n the following equalities hold: 

. .. 
I, ..... ·. °'., -

.,..., 
::.1:: - ci., 4;( .. , 

From these equations and by use of the Schwarz inequality one 
derives the inequalities: 



The first 

integra 1 

""' rJ 

+ d..., ol /3, 3 
f 

3, ... . 

• 

inequality yields lower bounds for tt1e Dirichlet 
,,.....,, 

witl1 the unknoll'1n i~unction ct in tern1s of the known 

solution o< and an arbitrary test f1..inction 

equality gives an analogous estimate for 
,,,...,,, 

the test function. Both inequalities may be 

.. The second in­

us i.ng no\AJ ct(. as 

used to establish 

a Rayleigh-Ritz procedure for solving Neumann or Dirichlet 
,,,,.._,,, 

boundary value problems for D. 

Specialization of the above inequalities leads to 

ol.. J cl. 
•m ,,-,, a 1,\111111 -, •• ,..,._ 1'1• if 011 S 

if on s. 

Both inequalities become equalities for a set of functions 
11".J 

which are complete in and and are closely related to 

the Poincarf-Fredholm eigenfunctions of the surfaces. 

The general result can be applied to prove the following 

conjecture of Polya: Let W n1 
virtual mass of a body; then 

the body. 
m 

denote the average 
Vis the volume of 

As a side result of the proof we obtain the theorem: 

The lowest non-trivial positive eigenvalue of the Poincare-

Fredholm integral equation for every surface Sis less or 

equal to 3. 

Equality holds in the case of the sphere. The theorem 

allows an appreciation of the convergence of the series 
, 

solution for the integral equation solving the boundary value 

problems or potential theory. : 

Extension of the method to more general elliptic differ•­
ential ~quations is obvious. 
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Singular solutions of the Neumann problem 

by 

R. Timman 

1. Except for an additive constant the Neumann problem: 

-.-f s • 
On a bounded regular surface S has a unique solution. 

A regular surface S 11a s in every point a tangent plane, and 

curvatures are everywhere continuous. 

The problem is: What happens if the surface S degenerates 

into the two sides of a~ finite region of t~1e x,y plane? 

2. As simple example consider the segment -1 < x ~ +1 in the x,y 
plane where wand are solutions of + = . 

Green's function of the second kind is found by conformal 

mapping. 

1 +1 + 1 
-1.-TC 

~ t i o n · 
-

x.,-0 dx. 

-1 

Obviously Green's function can be added, if we take P either 

in +1 and -1. Moreover any derivative of in tangential 

direction with respect to P on the segment P ... > A or ... P -., .. ;. B 

can be added without affecting the ~ on the 

segment. 

3. Aerodynamical interpretation 

Thin aerofc·il theory. 

• 

,,. velocity potentia 1 of disturbance flot>.J 

(fJ "'"•"U"·"• ';. x = a cc e le rat ion potent ia 1 == pressure 

regular solution for gives infinite pressure at trailing 
edge. 

regular splution for o/ gives no lift& 

Add a singular potential, which must be integrable_ This cor­

responds to a pressure dipole at the leading edge_ 
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4. Gener2al case 

• 

, 

' 

rs it possible to derive the singular solutions for this 
degenerated surface as limiting 

Suppose the equation of Sis 

case of a regular surface S? 

2 
z- t f x,y 2 . .,. t. g x,y 

where g x:, y > O in a bounded region of the x, y plane. 

g .... o is the edge of the wing. 

z .... h t f x, y mean surface, thickness distribution. 

Norma 1 vector is 

n .. 
41 • , * 

t f -1 y 71 t: ;;; 

2 g 

We 

of 

the 

derive an expression for the normal vector n in terms 
'.WP! 

-<;,lis'c;ributions. Consider a 11 test vecto1.., 1
' V •• Ill .. u.,v.,w 

flux 
• I a ; 

l 0 v.n dS • 
r: 
0 

.. ,. •... 

Three regions: Upper surface 

0 < < 2 
:= g - f. ti 

Contribution of surface 
gx 

"' regions 

u- E. 
2 g 

e f -
gx 

u-t -
X 

2 .... g 
s-

f + y 

f -
'J' 

• .. ,.,a.:;n •• • 

2 g 

gy 
l;llllitll 11111-- J 

2 g 

'it j • 

Lower surfaces-, edge 

to 

v+w dxdy -

V +v-J dxdy .a 

! 

' 
I l 

' 

• 

and 

For the edge introduce local coordinates. s along the con-
• 

tour g O, v normal to contour and<> along a normal cross 
section. 

In this plane the flux is 

. v .n do ~ .v.v 
···- - 7 fr ...,._ .. , .. -

where fi ,._ .. ti ;tq ij, I P illllilAi p _'Qs fi' I :$ i 'Vq 

2+ 2 

Total flux through the edge is 

2t g 
Y= 

• ' • 

• 

\ 

• 

• 
f 

' 
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• 
v._y 2 g 2 ds 

V ~., .. t • 

S V 
• 

where J vis a -distribution. 

If vis regular, edge region gives no contribution, since 
g v ... ,,., ➔ 0, but if 

lim 
Y➔ O 

Then 

n 

v,,,v 
IQlllF I 

is finite, a contribution remains. 

Neumannts problem reads: 

z +2E,c.~v 

er • 

This term can also_be interpreted as a dipole by some trans-
f o rma ti on s - :s! - J 1 v g s , 

2' V • 

111a • ,t:w u tr z a • r • 
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1 , . \.;_-· A: ax -· fl Olli 

to be 
. 1 1 . . . . part.a. d·••. •:1• ·r.· · . ,t'I ,!!;~ '!l"le: . ·n, t' ·1·. Cl 1. 

• > . .l w ;if. $ ,J .g. 

region a ·.. . . 41' PO·· .?~ I , 

. ,1· 
"!f"'"' M r• b' . e ·m· t<'ib"·.j ··· .. ·. · ..• , of the 

is 
eci11. 1 a + 1· ·O.n·. _ ··"' d w#i v 

•,_ 

is a ~ a~um· e··· ~ •f,.~o····i • .. ,J 

d ,e•. t P r· "'ll'n· 1. ·n e· ,~ " .,,.~...., 'I.··, ... ~A by a 

elliotic is .. in 
A • ·a iii'" - suoersoni.c 

"' 

" "'\ n· ,re· ""S···e"l .J,,..1·'1' #J. .. ·. 

B. ., . ' ·, .If. w . . . . . w1t:C a use of 
·t· ·. 'r·~ e·~.'.', - fl .,. ,. , -e· ,., - i I 1.-;.~ t.., \.ii l .. · ·t":h•· ·. ~ 1M,. -·~ leads to a ca \JC l1y 

""'" . -w·or1 .,L - -. . 

a r, O· ·"' k·.·.. J;'lli a tJ*,. v. ,.,.i;~JJ 

4fl · · 
, r· O·ffl.· ,ii;, . . ; 

above partial 

init:1.al lirie. 

'I!!"'¾ 1""< o b· l· e·, m· !lt{,,i&. _ _ ,f - - ·I· " . 

O r 
' -

in 
set. d1fficult'\J 

"" 

or the pa rtia 1 

e ·o"'l'IP 1 e X' it!#? , _. il&,. I ... -_-- -- _ cloma1n _ ·r· .. ·· n 
' 

be found ,~,1· t,11·. n .. ,,, ,I,;. ,~ . ' •• 

t he·, 4 j, .. 

d ·1· /'I r f".:.;; 1"11 e· . n. ·t· · 1 a· l "' . l. J. .,,,, ¾,. """' " eq11a tion, witl1 
'T't1· e· ·. 

~- i@ 

'llSUi:3 l 

a 

a 

problem 

or 
in Cl! i t \'8' ·t· i o· n ~ ' '¼J ~ ._-. ~ \~ ' ' J! 

e 1 1·· 'i p t'" 1 ·"'11 ~ ~ _J: I - 1¥ ' regior1 

is not 
,.., -··n ti ~ua t· 1 on (,,,\,) 1 ·,·,ti·., ".·. · .. 

properl:,1 

of the 

of 
•• w' Q . ~-,~ 

into tr1e 
0 hock '""'lr·vo.c ~.4sJ•··. ,.;t.,, · Ci,,;i . . 

set, 
$ 

scnen1e t. ·he·::l, 
' ,!, 

eve11 

li macr1·· ne C! omo,1ta ti.on ,,. 0 -r ,,.,, t, . l""l o 
itl#<~ 

\ 't ' ' -.-t, @"·pe 
/ ';/ "' . 

V 

th ·r:,. , '~ 

d ·.·... . f'. an 

•p· ~·e·· · c:s·· · ·e .. ::::i. n· t· . i · L -· · - • · -

l'""' ne 8 e ·n +· f"if i ·. '.:) ' .· · j \,I 

E ,x· a ·11·1 p 1·· · e ""Jl 
:, ~'-' -fll,<: _' '_ " i:J ''"'10 .·· ,.·· -.!I .b ti" L.Lt: .. e rs "e n 

writer will oresented" 
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Boundary value problems and trigonometrical expansions 

by 
• 

H.A- Lauwerier 
• 

The following boundary value problem will be considered. 

O<x<"Tt, y>O 

X 0 , X 

y 0 cos oC'Tt' c)F 
'1111 I b l#+ -

2 uy 

F x.,y 

• + sin 

o, 

F -· 0., 

F .. · 0, 

o(TC z,F 
• ,pi1,t,Q'~m,.a1• -=- + 
2 ox 

,. .. 0 j 

where q ~ 0 0 ~.. ct '; 1 a n d f x is a given fun c t ion 1P 

1 

This problem may be reduced eitl1er to a singular inte­

gral eq~ation or to a trigonometrical expansion of the fol­

lowing kind 

where the 

b l{ cos kx, 0-<x<TC, 2 

Then the expansion problem 2 is explicitly soluble. The 

convergence of 2 is generally of subharmonic order 
-1+o( 

If', hot1ever 3 
• 

,c 

3 

the - ..... c,( 

0 

convergence is 

The problem 

of 

1 has for a=O a solution which is uniform-. ' 

ly bounded in the given 

are infinite of order~ 

~"' 

regio11., 

at O,O 

The first partial derivatives 
and finite at TC,0. 

==9+0 

be reduced to an ordinary integral equation of the 
can 

Fredholm 
type. In this case similar conclusions can be drawn as for 

q O. In particular 3 should be replaced by 
"TC 

4 
0 

where m x is determined by 
~ 

m X 

0 


