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In the literature 1) 2) some formulae are known which give the total flux 
incident on an area originating from a surface source. These formulae are 
derived again by aid of a flux theorem which transforms the original double 
surface integral into a double line integral over the boundaries of both areas. 

In illuminating engineering and elsewhere, one of the many 
problems is the calculation of the total flux incident on an area and 
originating from a surface source. We assume a perfectly diffusing 
source, i.e. the emitted flux obeys Lambert's, law: 

Let dA1 be the oriented surface element of the source and dA2 
the oriented surface element of the illuminated area (fig. 1), then, if r 

. is the radius vector connecting both elements and if Lis the luminosity 
of the source, the total flux incident on the illuminated area is 

L 
E=-- r-4r. dA1 r. dA2. (1) 

n 
• 

• 
dA 

I 

as, 

Fig. 1 

This double surface integral can be transformed into the double 
line integral 

.. 
E= 

L 
log r ds1 . ds2, (2) 

where ds1 and ds2 are the oriented line elements of the boundaries 
ot· the suriace source and the illuminated ftrea. Since f a. ds = 0, 
we have :f p ds1. ds2 = 0, and hence log r in (2) may be replaced by 
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log(r/ro) where ro is an arbitrary constant. This means that r in log r 
can be regarded as dimensionless. 

In the proof we use Stokes' theorem 

/Vxv.dA= :fv.ds. 

Application of the theorem to the integration with respect to A 2 

yields 

' 

ff logrds1.ds2 = ~f(V x logrds1).dA2 
= ff (r-2r X ds1) .dA2. 

In this integration the elements ds2 and dA2 have been ,,Aufpunkt''. 
If we apply Stokes' theorem once again with respect to A1, the ele­
ments ds1 and dA1 become ,,Aufpunkt''. This means that we have 
to invert the direction of r. Hence, using the vector formulae 

(ax b).c =-(ax c).b, and 

V x (r-2r X a) = a. 17r-2r - al7. r-2r 
= r-2a 2r-4r. a r - ar-2 = - 2r-4r. a r, 

we find 
~flog r ds1. ds2 = J f (r-2r X dA2) . ds1 

= j f [V X (r-2r X dA2)]. dA1 
= - 2j J r-4r .dA2 r .dA1. 

It is an important consequence of (2) that the actual shapes of the 
surfaces A1 and A2 are irrelevant, the flux E depending only on 
their boundaries. 

Eq. (2) is very suitable for the calculation of the total flux in 
special cases. 

F a. C 

C 

E D 

Fig. 2 

a) Let ABCF be the surface source and let CDEF be the illumi­
nated area which is perpendicular to the source (fig. 2). Then 

- ds1. ds2 = dsAB<lsFc + dsDE<lSFc - dsABdsFa - dspcdsFc-

If we now define 
a a 

cp(p) = ½ log r ds1 ds2, 
0 0 
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where ds1 and ds2 are line elements of two parallel lines which are a 

distance p apart, we find 

E == - - - cp(O)], 
n 

or, with a2</>(P) = cp(p) - cp(O) 
a2L 

E = -- [<f>(b) + cp(c) - cp(Vb2 + c2)]. 
n 

I;or the function cf,(p) we find 
rp(p) = ¼[(a2 _ p2)log(a2 + p2) _ 
cp(O) = ¼[ a 2 log a2 - a 2], 

a 

2 p p a 
- log -::-========= + - arctan - , 

a 
<fo(P) = ½ a va2 + p2 V a2 + p2 ..... a p 

or, putting a == p tan OJ, 

c/J(P) == ½(cot2 OJ log cos OJ - log sin w) + w cot ro 

in accordance with Moon 1). 

c, 

h 

Fig. 3 • 

b) Let C1 and C2 be circles in parallel planes (fig. 3) with radii a 
and band with centres on a common perpendicular. Then we have, 
if the distance of the planes is h, 

L 21r 21r 

E = - - log[h2 + a2 + b2 - 2ab cos <p ]dcp dtp 
4n o 0 

h 2Ln 

4 
1+ 

a+ b 2 

h 

a - b 2 2 
- 1+ • 

h 
, 

which differs by a factor n with the result given by Moon and is 
in agreement with Milne's result 2). 
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