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SUMna ry

The diffusion problem considered by H. Levine in a previous
paper 1s solved here in a different way by making use of the known
solution of the corresponding nroblem of Green.

Introduction

T T ety S AR sa

In a recent paper H. Levine 1) considers the problem of solving
a non-homogcneours Helmholtz equation in an angle. With a slight
change of notacion the nroblem can be formulated as follows. To
find a solution w(r,¢) in the angle O< ©v<8&, O«<r <« of

A -1)y= -1 (1.1)
ffor vhich
v o= O at ¢ = 0 and o= 8 |, (1.2)
Te corregponding problem of Green where G(rjgﬁroj@o) satisfies
_ 3 -
(£ -1)G = T J(PWPO)J(@uqb) (1.3)
and
G = O at ¢ =0 and ¢ = 8 (1.4)
has been solved in Lavwerier g)n Then the solution of (1.1) and (1.2)
13 simply . 5
ki (:{‘5@) = E/} l”odf‘o ‘é G(I‘j(ﬂgl’“ojif’o)d(,ﬂo. (’165)

Lt will be shoun that from (1.5) the solution as given by
Levine can easily be derived. We have explicitly

. 00
=y * ﬂ
20”1 ) K, () I (rg)ein mye sinme g
G{Pjyjﬁo Wo) — for v r_ (1.6)
20 g:”a Imv(P) Kmv(l"o)SJ_n mve Sin mv ¢

for r « Sy

with v= ©/6, so that by means of (1.5)

. ) 11
wir,p) = o 2 S8in mve L (r), (1.7)

d < ‘] m
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where the auxiliary function LVL(X) is defined by

QO X
L,(x) =1, (x) [ tx, (t)dt + K, (x) [ tI(t)dt,

Al AL
% ° (1.8)
and where Ziq indicates summation over odd numbers m=1,3,5...

A f'ew properties of QﬂJ

modified Lommel function (cf. Watson 3)) will be given in the
next sectlon., We shall prove that

(x) which may be considered as a

00
Iuw(xj = w/xéf e Y cos(x shu)du. (1.9)

If this is substituted in (1.7) it follows that

00
v(r,¢) = 1 - hg~ Z:q sin my ¢ w/ e ™Y Y oos(r shu)du

O
and hence o0
- cos{ rshu
v (r,e) = 1 - 28 Img TotarieT dus (1.10)

which 1s equivalent to the result obtained by Levine (l.c. formuls

(2.18) ).

§ 2. Properties of L%L(x)

It can casily be verified that Lﬁb(x) 1s a solution of the¢ non-
homogeneous Besgsel equation

2
¥ 1 , _ AL _ .
%ﬂ t o= Pﬂ; (1+ xg)%ﬂ'm 1 (2.1)
and that for « » O
;ﬁé(O) = 0, L, (o) = 1. (2.2)
By applying cosine transformation in the form
CO
L,(x)=1- [ cos xt £(t)dt (2.3)
O
the equation (2.1) changes into
)
(A+£S) P + 361 + (1-4)F = O (2.4)
with £'(0) = - . °.
By making the substitution t=shu the equation (2.4) becomes
q° >
—= (chu f) = «“(chu f) (2.5)
du
with £'(0) = w/@g.

This has the solution vanishing at infinity



o R

f(u) = « e “Y/chu . (2.6)
Therefore (2.3) becomes

00
L/a(x) = 1 - [ e Ycos(xshu)du. (2.7)
e

A series valid for small values of X can easily be derived.
If u #2,4,6... we obtain (cf. Watson 1l.c.)

00

L, (x) = - }; { (4= %) (16-_w®) ... (4m®- w®)} ™ =7

If « 1s a positive even Iinteger logarithmic terms are obtained.

The first term is, however, always QM,2~4)"1XE except for wu =2

when it is - i-xglh X,

L

The asymptotic expansion for large values of x is (cf. Watson

Q0O

:Z: 2 2 2. —2m-

L/.LL (X)t"«? /i - /("' (4“./((' )oca(umg“/a- )X 2m 2#
m=0

l.c.)

If w=2,4,6... the series on the right-hand side breaks off but

then we have the exact relation
n

L, (x) = ) (=)™ ng(ngwﬂ).,,(ngm(mwﬂ)g)(%x)“gmm(mﬂ)n2nK2n(x)Q
=0
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