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It is well known, that the vector equatj_on 

➔ 
vxv 

.. 
w 1 

can be solved only if the field 
➔ 
w satisfiE;S the condition 

which follows from 1 

The condition 2 

in which i S t O 1JC~ 

➔ 
"" . w 0 ., 2 

by talcinr_; the divergc:1nce of both n1ernbers. 

also appears to be sufficil?Dt if the region 

solved, is sj_mply connected and possesses only 

one closed bour1d:Lnr5 surf,1ce .. 1rowever;1 it has bE;en shown by A.Fe, STE-·· 
* VENSON that for simply connected rc~gions, characterized by k separate 

closed bounding surfaces, 2 must be replaced by 

+ + 
vv • dF 1,T 

0 ., 3 
\.. 

k 
conditions~ again~ appear to be both 

is the purpose of this note to point 

bounding surface. These 

necessary and sufficient. It 

out that solutions of 1 may 

exist for simply connected regions, with several separate bounding 

surfaces, which satisfy 2, but not the more stringent conditions 

a singular field and apply it to the evaluation of a surface integral. 

The necessity of the conditions 3 for non-singular fields may 

be shown in the foJ_lowing way. Consider a surface F which fully en-

two areas 
"\.. 

a closed ct-1rv2 s. Using Sto1:cc::s I Tt1eo1-->e1n w~:.: have 

➔ -+ 
V•dS 

s 

("'I 
.::.i 

or 

➔ + 
V. d s =---

-> ➔ 
VJ. dl;, + 

F 2 

➔ ~ 
v x v. clF 

'Jo; -;. • v • c1 F ·- •·-

F 

➔ ➔ 
VJ. dF o. 

Application of Gauss' Theorem to ·the volume between the surfaces F 

➔ ➔ -,.. 
" •W dV- W•dF 0 

which shows the necessity of the conditions 3 . For a proof of their 

' 
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sufficiency we refer to Stevenson's paper. We note in passing that 

fo1~ a si1nply connected 

conditions 2 and 3 
rrheorer11. 

re6 ion with only one bounding surface the 

are aequivalent, which follows from Gauss 1 

In the above proof Stokes' Theorem is applicable only if the curves 

does not enclose a vortex line, i.e. the proof breaks down if is 

allowed to contain vortex linGs. This means that solutions of may 

exist which do not satisfy the conditions 3 but contain one or more 

vortex lines. 

The existence of such singular solutions may be elucidated by 

the followin,5 l'1r:urist1c argu1nento Consider) a sim1Jly connected region 

with an inner and an outer boundary and assume the existence or a 

vortex line connecting the two boundaries. 

We exclude this vortex line by a surround-

:tng vo11 ·tcx tube~ r11h2 f~1~fJld between the two 

boundaries and outsidt~ the vortex tube now 

is reguJ_ar and covers a simply connected 

r~gion with one bounding surface. For this 

can 

only satisfies condition 

As an j_llustration consider the equation 

2 

->- -+ -3 -+ 
V XV-- w-- r r. 4 

➔ The field w j_s singular at the origin. We consider the region between 

two spheres with centres in the origin. If F~ is the surface of the 
l 

inner sphere) and F the surface of the outer sphere, 
ll 

F .. 
l 

.. , 
F 

lJ. 

➔ ➔ 
\rJ .. d }7 ..... , ,~,, 4 IC 

A regular solution of 4 in the region considered, hence, does not 

exist. Ho\AJever ~ 
➔ -,.. 

➔ rx8 
V --

is a solution of 11. which has a vortt:X lJ_nE: along .lche half ray 

th~.: di1~ection of the unit vecto1'"l ~ \-~ith circulation r ." ... -4--n:; • 

5 

" in 

vle remarl{ in passing., that ICircl1hoff ts la\,\}, stating that vortex 

lines are either closed 3 or end at a boundary which may be at in-

of the 

singularity of 

given by 5 

field, is incomplete. A vortex line n1ay also end in a 

the rotation of the field. This happens for the field 
extended over the entire space. The vortex· line extends 



to infinity a11d ends at th0~ s:LngL1lari·cy of th(-: field rot i -3 ➔ r r ,, 
.. 
l '' --~ . \: . .., " the origit1 .. 

Solutions of 1 may be us0d for lowE~ring the multiplicity of 

➔ ➔ w • dl-:' =· .. 

➔ ➔ 
V Xv Q dF 

➔ ➔ 
V Ci C'I . . ,::) 6 

and the surface int~gral may be evaluated by integration along a 

closed curve once a particular solution of rot~= l is known. 

The above considerations will be illustrated by two examples. 

Examplfj 1 .. 

ConsidtJr the solid angl<J -

p 

under which a point P sees a surface F. 
;,, 

This solid a n,glt:-=.: is 

4 0 ... 

or") 
) by aid of 

' 
5 

➔ ➔ 

_Q_ --
z J. ·-Y 1-: 

) -• -•'<•" ••·••h~'___,_H_ • 

➔ 
ds 

7 

6 

8 

i f a -- ~1. a n cJ the: po s it iv c: X - a )C i s c1 o u s not in ·tr-:: 1,.. s e c Jc th f: s u r fa c c .b' • 

Exampl<J 2 .. 

~ 
X. V 

➔ ➔ 
➔ r x. a w - ------ ~-~· -· -

-+ ... 
:"l r--8 .. r-.i 

9 

r (; ,?~ : l_ o 11 c o v e r i 11 g th<:·:: c:! n t i r E; snace 

➔ 

V 

➔ 
()f w., . h lf Ath . {-:':, .• . .., ~ . . J_.~-- a .. a r~y wi 

thir3 rugion a solution of 

➔ ➔ ➔ 
a ln r-a.r 

.. 

9 is 

• 
lC1 singular on the half rav with direction ,., 

➔ a, buJc th~: singularity· has the) 

sources. Cornbining 

of 

I Lj. and 

V X 

-
character of a line of c1istributed 

it is seen that 10 also is a solution 

➔ -3 ➔ 
X V --.: r l"'l • 

Furthermore a calculation shows, that the field 10 also satisfies 

2 ➔ 
V V 0 

➔ and 'ff v • v 

in the entire space~ WJ~th the exception of the half ray. 


