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1T 1s well known, that the vector eqguation
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VXV =W

can be solved only 1f the field w satisfies the condition
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W

Y . moj (2)

which follows from (1) by taking the divergence of both members.

The condition (2) also appcars to be sufficient if the region
in which (1) is to be solved, is simply connected and possesses only
one closed bounding surface. However, it has been shown by A.F. STE~
VENSONAFthat for simply connected regions, characterized by k separate
closed bounding surfaces, (2) must be replaced by
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w . dI*, = O (3)

z th :
where dFk 18 a surface element of the k bounding surface. These

conditions, again, appear to be both necessary and sufficient. It
1s the purpose of this note to point out that solutions of (1) may
ex1st for simply connected regions, with several separate bounding
surraces, which satisfy (2), but not the more stringent conditions
(3) if v is allowed to be singular. We wlll give an example of such

a Singular fileld and apply 1t to the evaluation of 3 surface integral

»

I'ne necessity of the conditions (3) for non-singular fields may
be shown in the following way. Consider a surface F which fully en-
Closes the k-th bounding surface F1 and divide F into two areas F

7 1
anc F2 Py a closed curve s, Using Stokes' Theorem we have
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Application of Gauss' Theorem to the volume between the surfaces F

and Fk gives

?ﬁﬁ,dzk mgf*viﬁ dv<¢'%-d§ = 0O

Wwhilch shows the necessity of the conditions (3). For a proof of their
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sufficiency we refer to Stevenson's paper. We note in passing tThat
for a simply connected region with only one bounding surface the
conditions (2) and (3) are aequivalent, which follows from Gauss'
Theoremn,

In the above proof Stokes! Theorem 1is applicable only 1if tThe curve S
does not cenclose a veortex line, i.e. The proof breaks down if ¥ 1is
allowed to contain vortex lincs. This means that solutions of (1) may
exist which do not satisfy the conditions (3) but contain one or more
vortex 1lines.

The existence of such singular solutions may be elucidated by
the followling heuristic argument. Consider a simply connected reglon
with an iInncr and an outer boundary and assume the cxistence of a
vortex 1line connecting the two boundaries.
We exclude this vortex line by a surround-
ing vortex tube., The {ield between The TWO

boundarics and outside the vortex tube now
1s regular and covers a simply connected
ragzion with one boundilng surflace., For thi
region the equation (1) can be solved if
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only satisfies condition (2)

As an 1llustration consider the equation
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¥ XV = W =
The field w is singular at the origin. We consider the reglon between

two sphe¢res with centres in the origin. If Fi is the surface of the

inner sphere and . the surface of the outer sphere,

U

A regular solution of (4) in the region considerad, hence, does not
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exist. However, N
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is a solution of (4) which has a vortex line along the half ray in

% @ . .t ﬁ ﬁ |
the direction of the unit vector a with circulation ' =-47 .

We remark in passing, that Kirchhoff's law, stating that vortex
lines are either closed, or end at a boundary (which may be at in-
finity) of the field, i1s incomplete. A vortex line may also end in a
singularity of the rotation of the field. This happens for the fleld
given by (5) extended over the entire space. The vortex line extends
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to infinity and ends at the singularity of the field rot VvV = r ~ 71
1.2, The origin,
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Solutions of (1) may be uscd for lowering the multiplicity of
integrals by mecans of Stokas!' Theorem. Indced we have
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JW . dl = [ux¥ . dF = ¢ T .45, (6)

and the surface integral may be evaluated by integration along a

\ , > -,
closed curvce once a particular solution of rot v = w is known.

The above considerationg will be 1llustratced by two examples.
Example 1.

Consider the solid angle £ under which a point P sees a surface F.

This solid angle 1s given Dy

ll.:mm[ PO E . ap (7)

or, by aid of (5) and (6)

(8)

i . ; .
if a=1 and tha positive X-axis does not intearsect the surfacce F

L

Ixamolce 2.

The couation

> Tx A
XYV = W = ..,.W_.ji—;i*,_;h“ (9)

A{r-a.r)

satigfics condition (E).'Wa congider a reglon covering the ecntire space
~p

with the aexcoeption of the vortex 1inc of w, 1L.e. a half ray with

, ﬁ -4 ” ﬂ . . . | &
direcction a, the oricin includeda, For this region a solution of (9) is

gilven oY

v = a 1ln(r-a.r) . (10)

This solution, again, 1s singular on the half ray with dircction
o o 3 | 9 3 Sl - 1 | gl
a2, but the singularity has the character of a line of distributed
sources, Combining (4) and (8) it 1s scen that (10) also is a solutilon

of | .

murthermore a calculation shows, that the field (10) also satisfies
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in the entire space, with the exception of the hall ray.



