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1. Intrcduction.

In this note we consider the diffusion of a uniformly moving
substance in a cylindrical tube, the c¢ross-section of which
is the sector Osr<a , @4 ¥ £ Y5, 1in polar coordinates
(r,9) . The combined process of diffusion and convection may
be described by the equation

| 2°¢ g Q¢ D' 32¢ . d¢
(1.1 Dm++v ST )tITeee “Viz o

where ¢ (r,9,z) is the concentration of the substance,where
D and D' are coefficients of diffusion and v is the
gystematlic veloclity which is assumed to be constant.

In this equation the effect of axial diffusion has been
neglected. Assuming that at the entrance of the tube (z=0)
the concentration is a given function ofr only,

(1 '2) C= CO{P) at 7 =) o

it is easily seen that the concentration will not depend on
@ so that there only remains the effect of the radial
diffusion. |

The oTher boundary conditions are

(1.3) ¢ continuous at r=0 ,
‘ IJc , B |

(1 .li“) *-3"?;“ =0 at Irr=a
* d - , |

(1.5) ”“5% =0 at G=¢q , P=¢Po -

The latter two conditions simply express the fact that there
18 no flow across the wall of the tube. The last condltlon
1s fulfilled automatically if ¢ does not depend on ¢ ,



_D_

With the assumption (1.2) i1t will be shown in section 2 that
the concentration at an arbitrary point is given by a series,
the first two terms 0f which are given below

| . | SPV4 r .
a 17 J (=p,) ,a
(1.6) c(r,z) = 2 =€ o-a_ 17

5 | roc (r) dr + S—p— = r c {r) -
a® Y0 a J.7(f4) O
I (FB4) ar + ...,
- D | =1 > L ,
where p, = - (a“v ) D p, and 8,4 = 3.8317 is the first

positive zero of J, (x) .

The first term represents the statlionary situation which
would be obtalned by ldeal mixing of the substance at the
entrance. The second term shows the effect of diffusion.

and convection for points not too close to the entrance.
In section 3 we consider the special case

| ' O for Osrsro s
(1.7) co(r) =
1 F r srsa |,
O . ,
so that the above given solution (1.6) may be simplified as
a2f*ror gl’oep/iz I’O , JO(‘E‘ [:%,l) T
a 1 = Jq (ﬁq)

| r
T O n
The values of Jocﬁ'Pﬂ) , JO(P1) and 31(1; p1)

may be found in tables ([3] and [4]). We point out that
These solutions hold for any sectorial cross-section since
The values of ?1.and wqgkdo not occur 1n the final expressions.

In the appendlx we shall derive some formulae which are
used in the sections 2 and 3.
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2. wsolution of the diffusion equation.

L]

In this section we derive a solution of the equation (1.1),;
assuming that the concentration ¢ dJdoes not depend on @ .
Then (1.5) is fulfilled automatically, furthermore

5 , ’ &
%@% = 0 go we have to solve the simpler equation

, e 1 oc¢ _ oC
(2.1) D (@r’z T TRT ) = v 0% |

withimeboundary conditions

QQ,Q)L ¢ continuous at r=0 ,

( 2 a 3 ) ,,_ - O | a t r&ﬂ a .
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Applylng Laplace transformation with réspect to z:

| exp(-pz) c(r,z) dz,

(2.4) & = 3(r,p) =

0
we get the ordinary differential equation

S _ -
d™c 1 dec 3 -
- R --v(pc - co(r))

which will be written in the form

D(

.. 2” —
d~c 1 dc 2~
(2'5) 3 > + T dr X C = a(r') 3
r
_ 2 -1 -1 :
where «~ = pv D" ' and a(r) = -vD ‘c¢_(r) This equation is of

the Bessel type; 1ts general solution consists of a particular
solution and an arbitrary linear combination of the modified
Bessel functions Io(mr) and Ko(ar) .

Using The method of variation of the constants a particular
solution of (2.5) will be sought in the form |

c = A(r) Io(ar) + B(r) Ko(ar)

The standard technique of this method gives the two relations
, i | ‘
f A Io(otr) + B Ko(ocr) = 0 ,
1 ¥ . _ |
l AT (x1) + B Koi(a&r) = o 4a(r).

| i f ‘
oolving these equations for A and B and applying the well-
known property

I (x) K, (x) - I, (%) K_(x) = <1

we obtailn
3

{ A'=r a(r) K (xr) ,
3

B = -r a(r) Ié(ur) .
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Since we only need a particular solution we may put

O
2= 1L TP eole) 1, (ap) o

and so the general solution of equation (2.5) is ob-
tailned 1n the followlng form

(2:.6) c(r,p) = - %[f co(f) { Io(ur) Ko(mf)mlo(a P) Ko(ur)} dp +
+ PIO(d r) + Q Ko(eer) ,

where the constants P and Q@ have to be determined from the
boundary conditions (2.2) and (2.3). The condition of
continulty at r=0 impllies Q=0 1n view of the logarithmlc
singularity of Koﬁxr) at r=0 . From the condition

°C _ 0 at r=a we obtaln
oT
4 @ - ; ' ’
P=—— [ rc_(r) { I '(wa) K («r) - I_(«r) K} (x a)} dr.
DIO(aLa) O , | |
Substituting the values of P and Q into (2.6) we find
(r0) = - 5| [ poeolp) {Toar) Kmp) - Ip) K(am)} g 4
. L (&I’) a | * T N
f#i - > * J rc (I") { L (Ma) K (@X I’) - Io(«r) Ko (m a)}dr] "
S i I '(xa) O ° C ° | |

The inverse of the iaplace transformation (2.4) is glven by



E
é
T
8 olra) = k] O AT
§2' c I'”S,Z} ?ﬂi I, (Fﬁp} ap s § g PR /
A o
where L 1s an arbitrary vertical o P
path ¢ -isc ;¢ + oo dn the region of = -7 R
regularity cf c(r,p) (shaded in % f"ﬂfﬁﬂw ,,,,,,, -
It will be shown ir tThe Appendix, E* M *Mff”ff f#
subsection A, that c¢{r,p) is an iﬁﬁi.w b= &+ it
analytic function of p with a L
set of simple poles p_(n=0,1,2,...) B
. fig 1.

at the negative real axis,
stTarting with P, =0, The
other poles are.obtained from the (simple) zeros of I Oxa)

(see formula (2.7)) or, which is the same, from

Jq(ima)mo °

The positive zeros of Jﬁ(x) are oftencalled,ﬁn ;80 tThe
non-trivial zeros of the latter equatlon may be written

as .

(2.9) 5

From (2.9) and an

(2;40)

Pn

X

i

|

it follows that

- .132,&&#‘

The origin p=0 must be considered seperately since p=0
is not only a zero of Jﬁ(x) but also a singularity of

K (x) and K_ "(x).

The zeros of Jﬂ(x) have been tabulated e.g. in [3] and

(4] .

The'rightmhand side of (2.8) may now be expressed in a

sum of residues



' S D_Z | }
¢ % e ,f? ) e n = ‘ 7
(2.M1)  o{r,z) = Zw Rea 1 e ef(}ragpn}“{%
r1=0) \w
In the Appendix! sgubsection A) a calculation of these

reszldues will be gilveng here we only mention the ormulae

i ‘

| residue At p =0 8

.= O

j

|

i regidue at p :
H

Comblning these results we eventually f{ind

(2 N ygg) C ( g E) = % g J 1 co(r:) dr <+ ?ﬁi e n B,
' oM’n
- ‘ r ]
: % reO{r) JO(E?@n) dr.;,
where p,. 1s given by {2.10) o

3. A special case,

Here we consgider the case that the concentration at the
entrance is described by

"0 for Ogr ¢ Ty
1 ' rog‘rgga o

Then the first term of the expansion of c(r,z) reduces
'taﬁmrogamep‘Uaing a certain relation between Bessel
functions the integration can be carried out. This
will be shown in the Appendix (subsection B),where

the following result will be derivecd
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:(a ' - ar | S
Joreolr) Tolz ) dr == Iy (5 fa)

The solution of this special problem 1s therefore given Dby

m -~ 2 o pP._2Z r .
T O o n r J (=p8.)
. 8.2 a I'l--—" i ’i d: I 2 ke
~ i 11 J o (;ﬁn)
.2 2, 2 '
The term 4~—=-g—— , O =2 describes the situation of
, - _ | a2 ;

ideal mixing at the entrance of the tube. The subsequent terms
representing the effect of diffusion and convection are
corrections to this plcture. In order to obtain a prescribed
accuracy 1t depends on the chosen values of 2 whether one

or more correcting terms must be taken into calculation.

For relatively large values of z it suffices to take only
one correcting term of the expansion (3.2),

2 r
(3:3) o(m,2) = (e g e T IR TR e e
d i~ 1 Jo (;’3 1)
h 3.8317 and Dpq-
where = 3, and p, = - .
A"! L 8.2V

In this Appendix we give some derivations which are of minor
importance to the diffusion.problem and which for this reason are
omitted in sections 2 and 3.

A. Here we shall give a derivation of the expansion (2.12) of
c(r,z). To that purpose we first determine the.possible
singularities of c(r,p) in the complex p-plane.

The first integral of (2.7) viz.
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T . . )
(A1) {) F eyl Ji L lur) K _(xp) - I («p) K _(ur) j% d¢

will be considered first.

We note that I (x) is an (even) entire function of x
and that Kb(x) has a logarithmic singularity at x=0
of the following kind,

X 2 .
K (x) = -(J+ 1In35) I (x) + 0(x7) for x -0,

where } is Euler's constant.

Hence the expression (A1) may have a possible
singularity atx = 0 , However, by considering fThe
behaviour of this expression for «& -0

It
(42) Jpog(p) { - (4 +1n 29 T,(4p) Toar) + I(ex) ofe®)+

it aprears that, with respect to «, the logarithmilc
terms drop out. Thus (A1) is regular and even with res-
pect to « and consequently also a regular function

of pe.

We now consider the second integral of (2.7) viz.

L («r) ja

2t
Ly (wa)

o] <

{+ ! f _ . o
re (r) | I '(#a) Ky(ur) - I (ar)K, (ma)f} ar

which may also be written as



It 48 easily seen that as a funtion of « this ex-
_ “ ’ + \1 -
pression has a set of pcles & = - 1P, & | ; or

, due to the zeros of the denominator. The

origin must be considered separately. Again 1T appears
that the terms with 1n % disappear, and that (A3} is an
even function of & with a pole of the second order in the
origin, Thus when considered as a function of p there
results a meromorphic function of p with a simple pole

in the origin. The residue at p=0 can be calculated by
using the following expansions expressing the be-
haviour for p—===0 , or for =« =0,

We alsoc use the relations

(AS) [ IO (x) = Iwg (x) 5
-K,(x) s

: ,
L Eo (x) =

it

w“i@:

which may be found, as well as the expansions (Ald),

in {5] pp. 181 and 182.

hﬂ'
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Hence for & -= 0 the expansion (A3) may be written as

S
v ! | . - 7 o ) 3 TP - - | 2‘%
D % I CQ’\(,I“’) i@{‘*il'*) %’i - (¥ + lntf-féwj IOM r) o+ O{a ™) +
i
N o = + Ofa) I )
P (i+ins ) Ifar) + 2B T (wr) ) ar
iﬁ% + O(e}ij) %?

a
f’fi " #
v Nioo &
= Jj T Q (r}f) L= o+ pome O(éﬁz) & dr .
From this expression the residue can be derived at once.
Using @g? = PV D”ﬁﬁ we have * '

a i

_ - s a 2
 Res (#3) =1im e P2 L[ ro(r) 1nd~ ;

(86).  p=p, p=+0 P (1 T (=a)5

O
a .
e Qi@g2) % dr= % J r cO(r') dr .
,.. > O

The residues at B, s n=1,2,3,... are found by using
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Taking the residue of (A3} at p=p, The first term of the
integrand vanishes becauge it is an entire function of
® (& >0)., The residue is therefore given by

(A7) Res (A3) = -
p=pn

< IO( @&,nI‘) dI”

We know that Icix} satisfies the differential eqguation

8

1 1.
y  (x) T =¥ (x) - v(x) =0

and because IO*@ﬁna) =0 we have the ldentity

(AB) IO (w_a) = Io(faa&f;na) .

Using again the expression of the Wronskian of Io(x) and KGQX)

? 1, -1
IO{X} K (x) - I, (x) Ko(x) = - X
it follows that for x méﬁna
| '* o 0 " — 4 Y = 1 °

Using (A8) and (A9) the formula of Res (A3) becomes

P=Pp,
P _Z L P
' H I (w r) A
{AJBO) nes QAB) N EEQM ""‘“‘Q"é“‘“g"‘““ j r GQ(I’) IQ(&HIB) dr
_ a I (=« a)vb
P=D, ] ]

n - 019230#.

Now we consider the closed contour C consisting of the
path &-iR , # +1R and the semicirclel' with origin
(¢,0) and radius R (fig 2).
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If we let & —»0 , leaving a semicircle : with an arbitrarily
small radius ¢ around the origin and taking ca& that [’ do

not go through any of the poles P, it can be showm that

b S
= i3

pz | .
J © G (ﬁsp} dp =5 O for R = 60 .

ars that

where I, 1is the vertical path ¢ - ieo
On the other hand we have the relation
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In order to apply this result we combine (A6) and (A10),
getting The expansion

It is convenient to write this formuia in terms of Jo(ix)
in place of I _(x). For that reason we write

| oo ' |
o T 3 A = - ;5
L &, T 5 I°n * 1%, e N

and since JO(X) is an even function of x, (A11) becomes
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which may easily be verified by differentiating both sides
with respect to x., Since Jog(x) l4(x) 1t follows that

ik

b
(B4 ) j@; X Joiz;) dx = b J_(b) - a J_(a).

Using (B4) the right -hand side of the equation (52) becomes
after some calculations

B5)
and so, if co(r) be given by (3.1)

- ,a - ,
Oj r ¢ (?} J( ﬁn) dr =




