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1, Introduction

We consider a linear filter L which has the property that it transforms

an input function F(t) into the output function G(t) in a linear way.

This means that the behaviour of L is sufficiently described by its
response X(t) to a delta function input 68(t). Since the filter works

upon the past only we have of course X(t) = 0 for t < 0. Since an arbitrary

input function F{t) can be decomposed into delta functions by means of

(1.1) F(t) = J >F(T) § (t-1)dt |

we can find its response G(t) by means of linear compositions as
"
(1.2) a(t) = J F(1) X (t=1)dT *

=00

As an application of this we have the following formulae for the

response to a unit step function 6(t) and a harmonic input starting at

t = 0 viz. eiwte(t)
(1.3) 6(t) % x(t)

t
(1.4) 6(t) 2 I X(1)art

o

iwt iwt t =iwt
(1.5) e 0(t) 2 e J e X(t)dr .
o

The latter formula shows that the response to the harmonic input tends
asymptotically to a similar harmonic output but with a different complex

factor
(1.6) L(iw) = [ =19y (1) at
0]

by which amplitude and phase are changed.
This suggests the use of Laplace transformation methods., This means

formally that iw is replaced by the complex variable p. We shall write



© o

I ePt p(t)at , 8(p) =I 7Pt a(e)at

]

(1.7) f£(p)

and

(1.8) L(p) I Pt x(t)at .

Usually f(p) and g(p) exist at least in a vertical strip in the complex
p-plane , a < Re p < B , whereas L(p) exists at least in a half-plane
Re p > Yy owing to the fact that X(t) vanishes for negative t. Assuming
the existence of these transforms in a common strip the convolution

relation (1.2) can be transformed into
(1.9) g(p) = £(p) L (p) -

This simple relation represents the source for the investigation of the
properties of G(t) by means of functiontheoretical téols.

As a first application we consider the following boundary value

problem
32c ac
(1.10) Do = == for 0 <x<a,t>0,
2 ot
8x
with
c=0 for t =0,
c=0 for x =a ,
de _ F(t) for x =0
-5 C o

This problem may be translated in terms of conduction of heat although
other interpretations are equally possible, Thus c(x,t) may represent
the temperature in a bar with one end kept at a fixed temperature and
with an arbitrary input of heat at the other hand. Applying Laplace
transformation we arrive at the following formula for the Laplace
transform ¢ of c

sinh g (a-x)
q cosh qa 9

(1.11) c(x,p) = f(p)



where q = (p/D)%o

This is of the form (1.9). Thus the bar acts as a linear filter with an
input function F(t) and as an output function the temperature at a given
point x. Taking in particular the temperature at x = 0 the filter function

L(p) appears as

(1.12) L(p) = 22EB92
For a harmonic input function a.m1e1wt 8(t) the output is determined by

_ 1 tanh qa
(1013) 8(P) - P"iw qa °

The output function G(t) can then be found by using the complex inversion

formula

(1.14) G(t) -—1—-[ Pta(p)ap ,
L

T o2ni

where L is a vertical path in the domain of regularity of p. In this special
case L may be any vertical in the half-plane Re p > 0. From (1.13) it
follows that g(p) has simple poles at p = iw and at p = —(n+%)2 7° D/a2

for n = 0,1,2,... - The asymptotic behaviour of G(t) which in general is
determined by the singularities with the largest real part is given here

by the contribution from the pole at p = iw only. This gives

/iw
tanh a ) jwt

I s S - o
"/

(1.15) G(t)

Another interpretation of this result is that this gives the stationary
response to a continuous harmonic input i.e. one which starts oscillating

at minus infinity.

2, Square wave input

A square wave starting at t = O may be described by

1 for 2n < t < 2n+1
(2.1) k(t) =

=1  for 2n+1 <t < 2n+2



where n = 0,1,2,000 o

Another representation is
(2,2) k() = 0(t)-26(t=1)420(£=2)=20(t=3)*c00 o

The Laplace transform becomes

(2.3) L k) = p~1(1-2e7Ps2e™?P0e=3Ps . ) = p~'tanhip.

Slightly more generally we have

(2.4) Ji k(wt) = = tanh L

1
P 2w
Later on we shall need the original of

= 2. :
(2.5) i.l(t) =75 tanh = with Re A > 0,

Applying the expansion (2.3) we find at once

-1 -1
(2.6)  1(t) = e~ Mo(t) = 267 =0 Vg(poyTyane= 2 (8207 Doy o~

)"’oeo 9
which no longer represents a periodic wave form but which still has a
periodic wave as its limit,

In fact in the time interval 2n < wt < 2n+1 we have

1(t) = e (1206t Pipe2M/W

* oo0o0 +2€

eth 2e(2n+1)x/ w‘ ex/w_1
el:w+1 eA:w ’

+1

2nA/w) _

As n > » we obtain as the asymptotic wave form

5 =At/w

(2.7) 1(t) » —S=ii7; s Wt =2n#T , 0 < T < 1,
1+e

and similarly

5 =AT/w
(2.8) 1(t) » - == wt = 2n+1+T , 0 < T < 1,
Aw 9 9
. 1+e”

The response of an arbitrary filter to a square wave input

k(wt) is determined by



(2.9 g(p) = = tanh & ., L(p).

1

s) 2w

The usual procedure of obtaining the asymptotic wave form of the
output G(t) consists in the expansion of the right=hand side of
(2,9) with respect to the poles of the first factor. This amounts

to the expansion of k(wt) in a Fourier series

L4 v sin(on+1)mwt
(2,10 k(wt) == Ty

o

The final result would be of the form

®

(2.11) G(t)=w ?%T nzum E%IT L{(2n+1)70i} exp{(2n+1)ruwti}

However, the expansion (2.10) converges so slowly that from a

numerical point of view it is completely worthless. The expansion (2.11)

is in general not much better. Moreover in both expansions the

discontinuous character of the square wave form is completely masked.
The object of this note is to indicate another treatment by

means of which the asymptotic wave form of the output can be determined

much more precisely. The essential point consists in an appropriate

expansion of the second factor of (2.9). At first we should remove the

shift part of the operator L(p). This means that we shall write
=o’p
(2,12) Lip) = e L,(p)

so that now L1(p) is bounded as Re p + == , Next pw1L1(p) is expanded

into a Mittag-Leffler series with respect to its poles. Thus we write

v 1 =0p clA)
(2013) mL( ) = e )
p P E p+A
If L(p) has one or more branchpoints this expansion may be generalized
by the inclusion of continuous sums of integrals.
Substitution of (2.13) into (2.9) gives

tanh<JL

(2.1L4) g(p) = e °F ; c(X) ““31?22“ °



6

Iwersion is now simple matter in view of the results (2.5) sqq. For the

asymptotic wave form in the "positive" interval we obtain at once

(2.15) (8) & T o >—=-=-=-7==26°Ww |
2,15 G(t) & A > o
)\ C 1+e=A © as n

where w(t=0) = 2n+1 , 0 < T < 1,

This technique will be illustrated by considering the boundary value
Tk(wt).
The Laplace transform of the output function G(t) = c¢(0,t) is now given by

problem (1.10) but now for a square wave input F(t) = a~

tanh £
2w

tanh qa
2,16 = .
(2.16) g(p) = 2222 -

According to (2.13) with 0 = 0 we may use the expansion

oo (o]

n

+ 1 "5 5.2 °
n=0 p+(n+3)“71°D/a

(2 17) tanh ga = l
: pqa P

A simple calculation shows that

2

(2,18) C = = o=
g 72 (n+4)?
Then (2.15) gives finally
© =u T
i
(2.19) Gle) % 1 = 2 7 e ,
72 n=0 (n+1)2 “Yn
z +e
with
2
™D 2
W= (n+3)° .
wa

The series of the right=hand side 6f (2.19) is very well suited for
numerical calculations since all terms are positive and contain an -
exponential’term. G(t) can easily be plotted since it depends only on the

dimensionless group

(2,20) €= =5



T

For a few values of ¢ the graph of G(f,e) is given below. We note that

co

f (n-s!—é')"=2 = ém2 so that the following relations can be obtained at once
n=0
(2.21) G(t,0) =0 , Glt,») =1,

G(0,e) + G(1,e) = 0 .






