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Mutually synchronized relaxation oscillations

by

J. Grasman & M.J.W. Jansen

ABSTRACT

This paper deals with a system of two second order differential
equations coupled with delay containing two small parameters. In a decoupled
state each equation has a periodic solution being a relaxation oscillation.
With asymptotic methods it is shown that under certain conditions the
coupled system has a periodic solution representing two mutually synchron-
ized oscillations. Biological implications are discussed in relation with
a paper of WINFREE [4]. Special attention is given to the phenomenon of
pace-maker oscillations and to possible applications to large systems of

coupled oscillators.
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This paper is not for review; it is meant for publication elsewhere.






1. INTRODUCTION

Most organisms have some mechanism that synchronizes their internal
activities with cyclic changes outside, such as the rhythm of the day or the
year. It has been conjectured that the observed periodicity of internal
processes is completely controlled from the outside. However, even in
complete isolation organisms will retain their internal periodicity with
possibly a slightly different period. That is why the current viewpoint is
that organisms possess some clockwork, consisting of an internal oscillator
which can be regulated from the outside. Many types of cells likewise
exhibit spontaneous periodic behaviour, synchronized with their environment.
For examples of biological clocks the reader is referred to PAVLIDIS [3]
and WINFREE [4].

In this paper we intend to investigate mathematically some aspects of
this type of synchronization. Apart from synchronization with periodic
outside stimuli, we will investigate the mutual synchronization of more or
less identical oscillators.

The state of the organism will be described by an n-dimensional vector
x(t); its components are called the state variables. Let the change of the

state variables be governed by a differential equation
dx
(1.1) 3¢ - 8(x).
It is supposed that this equation has a periodic solution p(t) with period T:
(1.2) p(t+T) = p(t).

In the phase space this periodic solution is represented by a closed trajec-
tory X. The influence of the external events will be described by a term

8§s(t) in the differential equation:

(1.3) j—§ = g(x) + 8s(t),

where the scalar & is supposed to be small.



In physical applications the state variables x, are usually well-defined
and can be measured. In most cases the corresponding differential equations
are known. This cannot be said of biological applications, where the inves—-
tigations are done under quite different circumstances. Besides these diffi-
culties, one may expect that a mathematical model of a relevant biological
problem consists of a large number of highly nonlinear differential equations.
The mathematical analysis of periodic solutions of such systems can be
extremely complicated. Thus, there are mathematical as well as biological
excuses to look for simplifications.

WINFREE [4] approached this problem as follows.

Without using the specific form of g(x) he derives an approximate expression
for the behaviour of the forced oscillations of (1.3), and assumes that the

oscillator (1.1) is orbitally very stable, so that independent of the forcing
term the solution of (1.3) follows the orbit X of the autonomous oscillation

(1.1). The solution of (1.3) is then approximated by

(1.4) x(t) = p(e(t)),
where for § sufficiently small ¢ satisfies
(1.5) 8-+ s2(e) L s (o).

Formula (1.4) implies that x(t) depends only on one variable the ''phase"
¢. The function z(¢) is called the "sensitivity function'" of the oscillator;
z(¢) has period T. When s(t) is periodic with a period TS close to T, the
phenomenon of frequency entraimment or synchronization may occur. The
oscillator will then be forced to take over the rhythm of s(t). With the
method described above Winfree derived some valuable results. He was able
to find relations for the phase differences between synchronized oscillators
and to derive conditions for the existence of synchronized solutions. These
results agree with observations of physical and biological systems. For
example, a set of oscillators can only synchronize completely if their
autonomous periods are sufficiently close to each other. In the synchronized
state the inherently faster oscillators (with smaller autonomous period)

will be ahead in phase. In his paper Winfree gives many examples of biological



oscillators exhibiting this behaviour.

It is our purpose to analyse synchronized oscillations by considering
a specific system of differential equations of the type (1.1) and (1.3). We
will derive equation (1.5) which was the starting point of Winfree's study.
For an appropriate model of a biological system, the dimension of x has to
be taken large and the function g(x) may become rather complicated. However,
our main goal is to analyse the mechanism of synchronization. Therefore, we
avoid complicated computations and select a simple oscillator for which
mutual coupling leads to synchronized oscillations with neglectable distur-
bance of the orbit X. We are not concerned about the agreement of such
oscillator with some specific biological system. Thus we work with a model-

problem, not with a model. In our case the system

(-F(x)+z)/e
(1.6)

is a prototype for autonomous oscillations of a biological system. For
F(x) = x3/3 - x this system represents the well-known Van der Pol equation.
Periodic solutions of this strongly nonlinear system are called relaxation
oscillations. One important property of this oscillator is its high
stability on the orbit. When there is small interaction between two or more
of these oscillators, they preserve their orbit almost completely, but they
are easily accelerated or slowed down on the orbit.

The method we apply to analyse the oscillations is based on the work
of LIENARD [1] and gives a first order asymptotic approximation for e - O,
see section 2. When we consider coupled oscillators a second small parameter
§ is introduced. The interactions are assumed to be of 0(S8). Their influence
on the solution is also found by asymptotic approximation. In section 3,
the influence of one oscillator upon another is investigated. In section 4,
two oscillators influence each other with a delay p(20). In the sections 3
and 4 we deal with two classes of examples; one, the piece-wise linear
oscillator, for which the influence of the interactions can be given in an
analytical expression and the other, the Van der Pol oscillator, which is

treated numerically. In section 5 the mechanism of pace-maker oscillations



is investigated. Finally, in section 6 extensions to systems of more than 2

oscillators are discussed.

2. AUTONOMOUS OSCILLATIONS

Let us first investigate periodic solutions of the differential equation

d2x

dt2

(2.1) e + £(x) %% +x=0, 0<e-<<I,

where f(x) satisfies

(2.2a) f(x) = £(-x)
(2.2b) f(x) > 0, x| >a >0
(2.2¢) f(x) < 0, |x| < a.

We will apply Liénard's method [1] to approximate the solutions of (2.1).
P

By the introduction of
X
F(x) = J f(s)ds,
0

and

dx
€ EE+ F(X),

N
I

we obtain a system of the type (1.1)

(2.3a) %% = (-F(X)+Z)/€a
dz _ _
(2.3b) T

In the phase plane (the x,z-plane) the trajectories satisfy

(2.4) (F(x)-2) %§.= ex.



For x bounded, the left-hand side of this equation will be 0(e).

We will now consider the limit case where ¢ » 0. In that case the
trajectories tend to either z = F(x) or to z = ¢ (constant). In this way
one finds a closed trajectory XO along ABCD as sketched in figure 1. It is
easily seen that after some disturbance the solution always returns to this

trajectory, which, therefore, is an asymptotically stable limit cycle.
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Fig.l Phase plane of (2.3) for € > 0. The closed trajectory ABCD represents

the periodic solution.

The intervals AB and CD are called the regular intervals, while BC and
DA are the singular intervals of the limit cycle. On the regular intervals

the periodic solution approximately satisfies

z = F(x)
dz _ __
dt :

From this one obtains
dx
(2.5) f(x) Frialie ¥

where, according to (2.2b) f(x) is positive.



(a) 4 (b) +

Fig.2 Periodic solution of (2.1) and its approximation.

In figure 2a the periodic solution of (2.1) with some € > 0 is sketched.

The corresponding closed trajectory XE lies near X, in the phase plane. For

0
e >0 X€ tends to XO' We distinguish two types of behaviour x'(t) = 0(1) on
the regular intervals and x'(t) = 0(8—1) on the singular intervals. In figure
2b a first order approximation of this periodic solution is constructed. On

the regular interval AB the solution is approximated by x = xo(t) satisfying

(2.3) with € = 0 so
*0

(2.6) €= - J f(}f) dx, t < 0.
a

On the singular intervals the solution is approximated by the trajectories
BC and DA of figure 1, denoting jumps in x from +a to +b. From (2.3b) we

deduce that the period can be written as the integral

limit
cycle

which is approximated by the contributions from the regular intervals.



b
(2.7) T =2 [ £(x) 4y,
a

Let the difference between T and T, be denoted by R(e). It can be proved

0
that R(e) - 0 as € - 0.

When in the sequel, we refer to the approximate solution of the autonomous
problem (2.1) we mean the discontinuous periodic solution xo(t) with period

Ty» defined by (2.6) for -iT, < t < 0 and by the relation

0
xo(t) = - xo(t—%TO).

3. FORCED OSCILLATIONS

In a next step, we consider a system of two equations of the type (2.1)
with coupling in one direction. It is assumed that the difference of the
autonomous frequencies is of the same order as the coupling, which is sup-

posed to be small;

2

d d
(3.1a) e L+ £(y) L+ vy = (py+v)s,
2 dt
dt
d2v dv
(3.1b) e — + f(v) — + v =0,
dt2 dt

where p is an arbitrary constant and § satisfies
0 < g << § << 1.

In the foregoing section we approximated the solution of (3.1b). Let
us call this approximation vo(t). The autonomous equation corresponding to

(3.1a):

zy q
e—2—+f(y)a%+y=p6y,

t

[V oW

has, according to the theory of section 1, a periedic solution with period

T, = To(1+ps) + 0(62) + 0(R(e)).



We will demonstrate that because of the forcing term there exists a
synchronized periodic solution of (3.1a) for p sufficiently small; it will
have the same period as v(t). To be more precise: We will construct synchro-
nous asymptotic approximations for y(t) and .v(t).

We start with writing (3.1) as a first order system if the type (2.3)

(3.2a) € g—z = - F(y) + u,
du
(3.2b) Tl A Spy + 6v,
(3.2c) € %%-= - F(v) + w,
dw _ _
(3.2d) .CE = Vv,

and construct a first order approximation of this system with respect to €.

Elimination of t yields

du

(3.3a) (F(y)-u) ay - e(y-Spy-dv)
dw
(3.3b) (F(v)-w) Pl

As with (2.4) we see that for € - 0 the trajectories of the first equation
tend to either u = F(y) or to u = ¢ (constant) regardless of the order §

change of the equation. Therefore, as € - 0 y runs through the same limit

cycle XO as in the unperturbed case, however its velocity is slightly
different. From (3.2) it follows that on the regular interval u = F(y) one
has

dyo
(3°4) f(}’o) Tt- = - }’O + 6py0 + dv.

' dy0 dyO
Consequently, for § sufficiently small (———) < 0 and {—5— >0
dt -b \ dt x=-b

(see fig.3).



s >

Fig.3 Phase plane of (3.2ab) for ¢ -~ 0 and § sufficiently small.

From this it follows that yo(t) can be written as

(3.5a) yo(t) = xo(¢y(t)),

for some time-dependent function ¢y(t), which is called the phase of yo(t).

Substitution of (3.5a) into (3.4) yields, with the aid of (2.5) & differen-

tial equation for the phase of y,

oy v(t)
(3.5b) it - 1 - 6&p -6 yo(t)

It is evident that the first order approximation with respect to € of (3.1b)

can be represented by
(3.6a) vo(t) = x5(e_(£))

where ¢V satisfies

d¢v
(3.6b) —é't—= l.

We take ¢y(0) = ay, ¢V(O) = o, and denote the difference by B = ay - .
For ¢V we obtain

(3.7) ¢V(t) =a, + t.
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After a period T, the v oscillation will return to its original state

0

(3.8) ¢V(T0) = av(mod TO).

A synchronized periodic solution occurs if the y oscillation will also

return to its former state in the same time:

(3.9) ¢y(TO) = ay(mod TO).

The solution of (3.5) will be approximated by iteration. The first

approximation is

¢(2)(t) = ay + t.

A second iteration yields

t xo(av+T)

o+t - &pt - & [ —Y___ dr.
y xo(a +1)

0 y

(N
(3.10) ¢ y (t)

It can be shown that
(D _ _ 2
(3.11) ¢ y (t) ¢y(t) 0(s™)

Applying condition (3.9) to the approximation (3.10) of ¢y(T0) we obtain

T

Oxo(av+T)
(3.]2) OLy + TO - 6pT0 ) [m dt = OLy (mod TO).
o 0V
Since X, has period TO’ the integral in (3.12) depends only on B = uy -a.

Introducing the asymptotic influence function

T0
1 %o (1)
(3.13) ¥(B) = TB'£ ;BT?IEY dr,
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one can write the condition (3.12) as

(3.14) ¥(8) = - p.

From this equation it can be seen that synchronization is possible only
when |p| is sufficiently small: the difference in natural frequencies should
not be too large.

In order to study the stability of a synchronized solution with B = B
satisfying Y(B) = - p, we define the mapping g that assigns to a given phase

difference BO at a time t, a phase difference B, at a time t, + T_.. This

0 0 0
mapping is based on formula's (3.7) and (3.10) and has the form

(3.15a) B, = g(BO)

with
(3.15b) g(B) =B - P5Tn = T05W(8)~

This synchronized state is asymptotically stable if for BO in a certain
neighbourhood of B we have 131461 < kaOJEI for 0 < k < 1., If g is differen-
tiable in B this amounts to ]g'(B)] < 1. Since § is small, this stability

condition is equivalent to
(3.16) ¥'(8) > 0.

The asymptotic influence function has the following properties

(3.17ab) W(B+%T0) = - ¥(B), ¥(0) =1,

(3.18a)  lim ¥'(8) = - %5 (r+%-1og20,
R+O0 0

(3.18b)  1lim ¥'(B) = 5_3- (1+§+1og§-);
B840 0

where a and b are given in figure 1.
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EXAMPLE 1
The oscillator (2.1) with f(x) = sign (xz-l) is called the piecewise

linear oscillator. This oscillator has the nice property that the asymptotic
approximation of its solution has a simple form. For ¢ - 0 the solution
tends to xo(t), with period T0 = 2 log 3:

T
-t

e for - 7§-< t <0

xo(t)

-t T0
xo(t)=—3e for0<t<7.

Consequently the asymptotic influence function can be easily calculated.

Substitution of x, in (3.13) yields:

0
48 | B To
(3.19) Y(R) = (l+_I6§§) e, -5 < B <0,
. . TO .
which together with W(B+-§—) = - Y(B) defines V.
Note that the amplitude of ¥(B) is 1. Thus a synchronized solution

exists if |p| < 1.
For p on the interval (-1,1) the equation ¥(B) =-p has two roots in

[ To To) To
\——5—,—5—/. The root Bs on (—-E_’O) corresponds to a stable synchronized

T
solution, the root Bu in (0,—%2) corresponds to an unstable synchronized

solution.

~log 3 s ulog3

Fig.4 Asymptotic influence function ¥(B) for the piece-wise linear oscillator.



13

In this section synchronous asymptotic solutions of (3.2) were found.
In order to compare these solutions with numerical solutions, we define a
phase & for (3.2ab) or (3.2cd) in a neighbourhood of the limit cycle X€ of
(2.3). On the limit cycle Xe a phase ¢ is defined by

(3.20) o(x(t),z(t)) = t (mod T).
When 0 < § << 1 the point (y(t),u(t)) of (3.2) will stay in a neighbourhood
Q of the limit cycle Xe' We will extend & to the ring-shaped domain Q. Let

(y,u) € 2. The form of X€ is such that there exists a unique point

(y',u") = (Ay,Au), 2 > 0 with (y',u') € Xe' For (y,u) € Q we define
o(y,u) = o(y',u'").

The initial values for (3.2) are taken on Xe’

y(0) X(ay), u(0) z(ay),

v(0)

x(av), w(0) Z(av),

so 2(y(0), u(0)) = oy ¢ (v(0),w(0)) = o_.

v
Je will denote the phase difference by B(t);

(3.21) B(t) = d(y(t),u(t)) —d(v(t),w(t)).
Let a function S be defined by
_ _ B(T) - 8(0)
S(ay,av) S
For ¢ - 0 we have

(y(6),u(0) =+ G (0 (), 20 (6 (D)),

(V(0),w(£)) > (x,(6 (£)),24(6 (£))),
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and because of the continuity of & near Xe’

o(y(t),u(t)) ~» ¢y(t),
2(v(£),w(t)) > ¢_(t).
Using (3.5), (3.6) and (3.7) we find the following limit behaviour for S

lim S(a_,a ) = ¥(a —a ) + 0(8),
0 vy v y v

where V¥ satisfies (3.13).
Note that in the first order asymptotic approximation in § of S only

the phase difference ay - o, occurs.

EXAMPLE 2
For coupled oscillators (3.1) with f(x) = x2 - 1 (Van der Pol oscil-
lators), the function S(B,0) has been approximated numerically for e = Z%_
and § = —%u The autonomous period is T = 1.72 for this value of e. Note
3 -2log 2 = 1.61. For the numerical integration of (3.2) the

I~

that T0
procedure Multistep of the library NUMAL [2] was used. In figure 5, S(8,0)
is compared with ¥(B).It is noted that the two functions indeed agree up to
0(8) and that a maximum influence is obtained when the two oscillators are
in the same phase. Obviously, it is advantageous to start with oscillator
(3.1a) slightly ahead, so that during the following period when this
oscillator slows down the point is passed where the oscillators have equal

phases. This adjustment is found in S(B,0), where the maximum value is

obtained for Bm > 0.



———= ¥(B)
S(8,0)

To/z

Fig.5 Comparison of the asymptotic influence function ¥Y(B8) with a numerical

approximation of S(8,0) for the Van der Pol oscillator.

4, MUTUAL SYNCHRONIZATION OF TWO OSCILLATORS COUPLED WITH DELAY

In this section we consider a system of two equations of the type (2.1)
coupled with delay p = O:

2
d d
(4.1a) e =5 + £(y) g¥ + v = s{py(t) + v(t=p)l,
dt
d2v dv
(4.1b) — * f(v) VS § q y(t-p),
dt

where 0 < ¢ << § << 1, @ > 0 and p arbitrary. In order to analyse the

mutual influence of y and v we apply the same method as in section 3. For

e tending to zero and § sufficiently small the solutions tend to yO(t) and
vO(t):

15
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(4.2a) yo(t) = x0(¢y(t)),
(4.2b) vo(t) = x0(¢v(t)),

where ¢y and ¢v satisfy

do v, (t=p)
¥ _ - - 0
(4.2¢) It 1 §5p - & yo(t) s
do yo(t-o)
(4.2d) _d? =1 - (Sq O(t) .
Let
(4.3) ¢y(0) = ay’ (bv(o) = aV’ B = ay - U-v-

. . . . * .
Synchronization will occur if a T exists such that

(4.4a) ¢y(T*) = a(mod Tp),
(4.4b) ¢V(T*) = a_(mod Tp).
We write for T~

(4.5) " = T, (1+76)

and solve (4.2) by iteration. The first approximation is
(4.6a) ¢§O)(t) = +t

(4.6b) ¢éo)(t) =a + t.

Iteration yields

v xq (e, +1=0)

(4.7a) ¢;1)(t) = ay +t - 8pt -8 J
0

———— dT
xo(ay+r)
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(1) F xo(a +T-p)
(4.7b) ¢V () = a +t - 8q f

0

xo(av+r) dr

It can be shown that
G.8a) o) - 6 (0) = 0(s%)
y y

w.sp) oo - e 1) = 06?)

Applying the conditions (4.4) to the approximation (4.7) we obtain

(4.9) " = Ty * 6T ¥ (=B+p)

w100 -x®@,q) = p

where ¥ is given by (3.11) and X(p) satisfies
@ty xP(8,q) = v(g+p) - q ¥(-B+p).

In order to study the stability of a synchronized solution with B = B
satisfying (4.10) we define the mapping that assigns to a given phase dif-

a phase difference 8] at time t. + T". This mapping

a .
ference BO t time t 0

0
is based on (4.7) and has the form

(4.12a) B, = h(BO)

(4.12b) with h(B) = B - p&T, + X(p)(B,q) Tod

0

This synchronized state is asymptotically stable if for BO in a certain

neighbourhood of B
8,781 < k|8 B

for 0 <k < 1. If h is differentiable in B we must have |h'(B)] < 1.
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Since § is small this condition is equivalent to

2

3B X(p)(B§Q) > 0.

B=Bg

(4.13)

The function x(p)(B,q) has the following symmetry property
(4.14) x(p)(6+%T0;q) = - 9.
According to (3.18) one has for q = 1 and 0 < p,|B| << 1,
.15a)  PlB) meg-do B> o
Gaash)  Pl(e31) ~ - 2ep 181 < o
(4.15¢) X(p)(B;l)NCB + dp B<=-op

with

o

and

= 2 a._ b
e = To <1 + 5 log a)'

In the figures 6a and 6b we give the behaviour of x(p)(s;]) near B = 0
for p = 0 and p > 0. We see that for p = 0, q =1 and 0 < p,|B] << I two
stable synchronized solutions exist with phase differences BS N+ (d/c)p.
In figure 6c the phase differences for stable synchronized solutions are

given as a function of p; p can be considered as a bifurcation parameter.
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(0) (e)

Xca. Xca.

(0)

Fig.6 Behaviour of ¥ (B;1) for different values of p naar B = 0 and the

stability of the synchronized solution for p = 0.

EXAMPLE 3

For the system (4.1) with f(z) sign (zz—l) and p = 0.1 log 3 (piece-
wise linear oscillator with delay p =.005 TO) the asymptotic mutual
influence function x(p)(B;l) is given in figure 7. Note that for p = O,
q =1 and p sufficiently small and positive three stable synchronized states

are possible: S,» S_ and C.

(p)
X(8s1)

Fig.7 The function x(p)(e;l) for the piece-wise linear oscillator with p > 0.
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Let us consider the system (4.1) with q = 1 in the vector form

(4.16a) € %% =-F(y) + u,

(4.16b) %= -y + spy + sv(tp),
(4.16¢) gg—‘t’= - F(v) + W,
(4.164) g—‘g = -v + 8§y(t-p),

satisfying the initial conditions

(4.17ab) y(1) x(ay+T), v(T) x(aV+T),

(4.17cd) u(t) z(ay+r), w(T) z(av+T),

where (x(a),z(a)) € Xe and 1 € (-p,0]. Similar to (3.21), the phase differ-

ence between (y(t),u(t)) and (v(t),w(t)) is denoted by
B(t) = o(y(t),u(t)) = o(v(t),w(t)),

if these points are sufficiently close to Xe° Further, we define the function

_ B(D=B(0)

(4.18) M(a ,a ) =
vy ST

Using (4.7), (4.8) and (4.11), we find that

(p)

(4.19) lim M(a ,a ) = X (a =a ) + 0(8).
e~>0 yv yv
EXAMPLE 4
The function M(B,0) has been approximated by numerical integration of
. 2 1 1 .
(4.16), (4.17) with f(x) = x" -1, € = 700 and § = 30 As in example 2 the

integration was carried out with the procedure Multistep. Because of the

delay p a memory was used. It is noticed that near B = 0, the behaviour of
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M(B,0) for p = 0 differs qualitatively from x(o)(B;l), see figure 6a. The
fact that according to formula (4.11) the function X(O)(B;l) is not differ-—
entiable in B8 = 0 may be responsible for this discrepancy between the nu-
merical result for some € > O and the asymptotic result for € = 0. It is

emphasized that the difference lies within the accuracy claimed in formula
(4.9).

1\
M(B,0) -4
1.2
~T/4 B > T/2
..T/z ' 4 4
3 1o,
2 0. p= 0
1 1. p= .0IT
i R 2. p= .02T
0 3. p= .03T

Fig.8 The function M(R,0) for two Van der Pol oscillators coupled with
delay p.

5. THE PACE-MAKER

In a population of biological oscillators there usually exists an
oscillator or a set of oscillators which directs the rhythm of the population.
It is observed that such oscillators, called pace-makers, are ahead in phase.
Usually their autonomous frequency is higher. Also the coupling itself can
be the source of the pace-maker oscillations. In that case, the pace-maker
oscillator forces the other oscillators stronger than it is forced. Let us
illustrate the above behaviour by considering two coupled identical piece-

wise-linear oscillators (p=0,q=1,p20). By a small disturbance of the
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parameters p and/or q, we want one of the two oscillators to turn into a

pace—maker. In the figures 9a and 9b we sketch two possibilities. In figure
9a p > 0, so that y(t) is inherently faster and in figure 9b q < 1, so that
y(t) forces x(t) stronger. In both cases the oscillator y(t) will run ahead

with phase difference B.

(a) >((p) (b) X(p)

A A m B /\

N\ SN v B> N\
p>0 , p=0
q=1 g<l1

Fig.9 Two possibilities of coupled, almost identical oscillators with one

stable synchronized state.

In most studies, the pace-maker is seen as an inherently faster oscil-
lator. For example, ZHABOTINSKY and ZAIKIN [5] consider a spatially distri-
buted system of chemical oscillators in which spontaneously oscillators
start to function as pace-makers. Considering the phase of an oscillator as
a function of time and position, one observes, after some time, waves with
circular wavefronts travelling away from the pace-makers (the wave-centers).
Indeed in most cases these wave-centers have a higher autonomous frequency.
According to our above model of a pace-maker the wave phenomenon can also
be found in a perfectly mixed chemical system. Initially, the phases of the
oscillators are distributed randomly. In a large population of oscillators
one always finds a small group of oscillators running for some time in
about the same phase. Together they are strong enough to force their direct
neighbours and as the synchronization proceeds, a wave arises with the small
group of oscillators as wave-center. We conclude from this that wave-centers
may arise spontaneously and that in nonhomogeneous media it is more likely
that they occur at points where the oscillators have a higher autonomous
frequency. However, the higher autonomous frequency is not the driving
mechanism. If it were, one should also expect circular waves travelling
towards a center with a lower autonomous frequency. This has not been ob-

served so far.
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6. LARGE SYSTEMS OF OSCILLATORS

Without meeting any essential difficulties one may extend the method
of section 4 to systems of three or more oscillators coupled with delay.
For n oscillators there are n-1 phase differences. The synchronization
condition gives n~1 nonlinear algebraic equations for the phase differences.
It might be difficult to find all solutions of these equations, but some-
times particular solutions can be obtained by trial and error. In this way
one may investigate the behaviour of oscillators arranged in various
geometries, e.g. a system of oscillators on a ring. Also the question of
stability of synchronized solutions can be answered. If the n-1 equations
do not have a solution, there still exists the possibility of partial
synchronization. In that case subsets of oscillators take a common rhythm,
while others with fairly different autonomous frequencies persist in their
own rhythm. WINFREE [4] gives a descriptive analysis of partial synchron-
ization. We believe that a systematic study of this problem will lead to
substantial difficulties. On the other hand, it is very well possible to

simulate the synchronization process for any system of oscillators of the

type
dzx. dXi n
1 _ = -
(6.1) e — + £(x)gqp + (1-p;9)x; = 8 Z a, x (t=o..),
dt k=1
k#i L =1,2,...n,

with P > 0 and with f(x) satisfying (2.2). Let aiJ), i=1,2,...,n be the

phases of the n oscillators at time t = jT, with T, given by (2.7), then

0 0
using (4.7) we will have
G+ _ () _ ° ()_ (D)
(6.2) oy = oy 8 pi + RZ] aikW(ai 0y +pik) TO
k#i i=1,2,...,n0,

where Y(B) is given by (3.13).
Formula (6.2) opens the possibility of computer simulations for large systems

of oscillators with different structures in coupling a.

K and delay Oik'
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The process of synchronization can then be followed over a large number of

periods.

7. CONCLUDING REMARKS

Comparing our computations with those of WINFREE [4], we observe that
quantities, defined in Winfree's paper, such as stimulus function and
sensitivity function, easily can be traced in this study. But, whereas
Winfree works with hypothetical oscillators, we obtain equivalent results
by applying asymptotic methods to a specific system of differential
equations.

In this paper we investigated coupled, highly nonlinear oscillations
governed by a specific system of differential equations with the objective
to verify whether or not such a system has the properties which are usually
assigned to hypothetical oscillators. Using Li&nard’s method we were able
to find approximations for such oscillations. Most of the results of this
paper confirm our ideas about synchronized oscillations. For example,
synchronization only occurs when the autonomous frequencies are sufficiently
close. Moreover, it is observed that in the synchronized state the inherent-—
ly faster oscillators will be ahead in phase.

On the other hand, this study has called the attention to some other
interesting properties of interacting highly nonlinear oscillations. It is
noted from figure 7 that for two identical oscillators coupled with small
delay three stable synchronized states exist. In two of these cases one of
the two oscillators is slightly ahead in phase; in the third case the two
oscillators are exactly in complementary phases. From (4.9) we learn that
in the synchronized state the period of the system is not necessarily some
average of the autonomous periods of the oscillators. It may happen that in
the synchronized state all oscillators slow down or speed up. Moreover, in
section 5 it is emphasized that a pace-maker is not necessarily an oscil-
lator with a higher autonomous frequency. Finally, in section 6 we indicated
how our method can be applied to large systems of oscillators. The results

of such a study will be given in a subsequent paper.
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