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A second report on functions from the statistical theory of residual

currents in tidal areas
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ABSTRACT

Asymptotic approximations are given for functions occurring in a mathe-
matical model of vorticity production by tidal currents. In an earlier re-

port functions of the same type were considered.
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1. INTRODUCTION

In an earlier report [2] we considered integrals occurring in a mathe-
matical model of residual circulations by tidal currents. In this report we
consider a simpler model, which enables us to obtain more information about

some quantities than was possible in the previous case. A central point there

was a first order differential equation*)
dn(k,t) > >
SN/ - [ik,sint -b(k) In(k,t) = a(k) sint,
dt 1
> . . . . 2..2.1/2
where k = (kl’kz) is the wave number in a Fourier analysis, k = (k1+k2) .

The above equation arose in a model for a one-directional tidal current.

The simplification concerns the assumption that the current velocity vector

rotates circularly. It yields the equation (with kl = k cos 6, k2 = ksinB)
d (K t) >
(1.1) SL2=2 - [ik sin(e+0) ~ b(k)In(k,t) =

= a(K)[Tlsin(t+e) + t,.cos(t+8)].

2
The function b is given by

2
(1.2) b(k) = Ty + T3k ,
Tys Ty and Ty are non-negative constants and a(ﬁ) is related to a stochastic
forcing field, the statistics of which are prescribed.

The nontransient solution of the differential equation is written as a

Fourier series

(1.3) nE0 = ] e et
Qe
with
(1.4) @ =itpfa® ] BE L il w0, 30,

T2 0O

where Jn(k) is the ordinary Bessel function. In order to describe the cz(ﬁ)

*)

in the above mentioned report the sign of b(k) was in error




it is convenient to introduce the functions

° J_(K)J_
(1.5) R (o,k) = I

n=-—co

(k)

+m
n+o

s me Z, od¢ Z.

With respect to the parameters T, two cases are investigated, which
will be treated in the following sections. First we give some properties of
the function Rm defined above.

In the previous report we used Ro(a,t). Explicitly we have (for a proof
see [2])

m
(1.6) R (a,k) = I WI_ ).

sin 1o "o

By using the well-known recurrence relations

o T 10
(1.7) Jntl(k) = E-Jn(k) s Jn(k)

we obtain

_lp - sl
(1.8) Ril(a’k) =% [1 aRO(a,k)] 55k Ro(a,k).

For general m we have

o J (k)J_(k) o J (k)J (k)
n-m n _ X n n+m _ Rm(a+m,k).

o n+a oo n+o+m

]

(1.9) R__(o,k)

Otherwise we have by using J_n(k) = (—I)an(k)

o J  (k)J_(k) o J (k)J (k)
» n-m n -n-m -
(1.10) R (o) = ] — = — =
=00 n=-—-co
= ™R (-a,k),

and finally, by using

2n
(1.11) Jn+l(k) + Jn—l(k) =% Jn(k),



o  (ntm)J_(k)J_(k) © J (k)J_(k)
2 n+m n n+m-1 n
Rn:l-i-l(OL’k) Tk _2 n+a - Z n+a =
n=-« n=-o
= —Rm_l(a,k) + 2—(9%{3-)— Rm(a,k) + %Tm(a,k),
where
T (a,k) = ) NI CON (O

n=-w

It is known that To(a,k) = 1, For general m ¢ Z we have

2m

J (iksind-i(n+m)e

(1.12) T (a,k) = de =

I
t~
[

=]

—~
~
~
N St

5l

0

(2]

1 z Jn(k)e—1n6e1k31n9-1me

I

de =

’ n=--c0

1 [ -imb _
-'2-1? e do = 5O,m

where Kronecker's symbol 6£ o is used, defined as
H
0 L #m
(1.13) 8 = {
Lm 1 £ =m

Consequently, we have the recursion for m ¢ Z

2 (m-a)

(1.14) Rm+l(a,k) + Rm?l(u,k) = =

2
Rm(a,k) * 6O,m'
Remark that (1.8) leads to (1.14) with m = 0. This recursion may be used for
the numerical evaluation of Rm when the two consecutive values are known.

It is interesting to note that (1.14) resembles the recursion relation

_ 2 (m-0.) v

% 1 * yﬁ—l X m

m+




with solutions Y, = Jﬁ_a(x) and Yy = Ym?a(x). This recursion is homogeneous,

whereas (1.14) is inhomogeneous.

2. THE CASE 1, = 1, Ty = 0, 1, VARIABLE (=0)

1 2

In this case we have from (1.2) b = Ty We use for convenience b instead

of Ty in the notation. We are interested in the two parts of cﬂ(k) given in

(1.4), i.e., we define

L, 2 inJ__ ,(k)J_(k)
cél)(ﬁ) = i(—i)ﬂa(k) ) Ez%b+in? >
n=-—
(2.1)
N Lo I,k (k)
D@ =-b-pfa@® ] D
n=—o
* *
Especially we want to know the behaviour of cé])cél) and céz)qéz) with re-

spect to the parameter b. The density function a(K) does not depend on b

and will not be considered here. In fact we discuss the functions

(1) ~ © an+£(k)Jn(k) 2
Qﬂ (k,b) = Lo k (-b+in) l
(2.2)
J (k)J'" (k) 2
(2) _ .2 n+l n
6,7 (k,b) = b 1 e I

and we give the asymptotic behaviour of Gél)(k,b) and Géz)(k,b) for b - 0
and for b + « for fixed values of k and £ (£ = 0,1,2,3).

The functions (2.1) give insight in the difference in behaviour of fric-
tional and rotational forcing of vorticity, as the former forcing mechanism

is also the major dissipative agency.

2.1, Summary of the results

For b - 0 we have



]

(1) 1 2
Gy ) () = =5 {8, o = I I, W+ 0(),

k
(2.3)

;P w0 = WIS + 0.

and for b + « the behaviour is as follows

s = k@) + 0078

(2.4)
o ) = kDT L g7 s,
Géz)(k) - k4. O(b"é)

(2.5)

i (0 = 1 2ED 2D g2

1,2,3.

2.2, A further analysis

From (1.5), (1.7), (1.11) and (2.2) it follows that

(1) 1 . . 2
Gy 7 (k) = [52’0 ib R, (ib,k)|%,
(2.6)

(2) _ 1.2 ) . 2
Gy (k) =7 b |R£+1(1+1b,k) - RK_I(—1+1b,k)| .

For b > 0 we have

ib Rﬂ(ib,k) =TT, (k) * 0(b),

b R£+1(1+ib,k) = —Jl(k)JK(k) + 0(b),

b Ry  (=1+ib,k) = J (k)J,(k) + O(b).

From these results (2.3) easily follows.




Next we consider the case b -+ «, This is more complicate.

We have
) . _ v 1
(2.7) ib Ry(~ib,k) = - nzZ_w In( e 0 75 -
From
N . .. \N+1
1 _ . n] (n/ib)
1-n/ib ~ -Z (n/ib)" I-n/ib
3=0
one obtains
g Aj(k;K)
ib R,(-ib,k) = - —~— + B
£ 520 (ib)d N
with
Py = i
(2.8) A5 (k30) nj;w n’J (K, (k)
and
® .. N+1
_ (n/1ib)
By nj;m S A i ey 3
Since
L 1<, n=0,t1,#2,..., be R

! 1-n/1b
we have BN = O(b_N_l), b + =, Hence we have the asymptotic expansion

o A.(k;L)
4, b+ .

(2.9) ib R,(-ib,k) ~ - 7§ .
£ 0 (ib)]3

It remains to compute the quantities Aj(k £) defined in (2.8).

From (1.12) we have

Ao(k;ﬂ) = 6[,0

-k T _k
A G50 =5 njzm Tnag 0T G + 3 ()T = 5(8p,; +8p 1 )



where the recursion (1.11) is used. In a similar way we obtain

k
Az(k,ﬂ) 5

{0 IO 3 G + F I ,0)n I ()} =

A

N

{y J p® @ DI__ k) + 7 T () (@I (k)

13 eI ) = 3,03, ())

n+l

1
o=

{A1 (k;2+1) + Al(k;ﬂ—l) + Ao(k;£+l) - Ao(k;ﬂ—l)}

k2

_ k- k
7 8pen,0* 250 % Spp o+ (8

£+1,0 ~ Sp-2,0%"

Generalizing this method we obtain the recursion

k i 3
Aj+1(k;£) =3 ) Jn+£(k)nJJn+](k) + ) Jn+£(k)nJJ (k)

n—1

© ) IRy +

k
=51{})J
2 m=0

(k) J

n+l n+l

LI, I () ) (@-1"))

m=0

£y a 1y st
=3 mio (e Glel) + (1) "A (k32-1)}.

For the first order terms in the asymptotic expansion of the functions de-

fined in (2.6) we need

Al(k;l) =k/2

8,050 = kK272, A (k32) = KP/4,
13

Ay (k33) = x7/8,

A](k;O) = Al(k;2) = A](k;3) = Az(k;3) = 0.




For Gél)(k) we obtain

o A, (k;4)
| 1 2
Gé JOR 2 I.Z !
k J=

1 (-ib)J

. 2
and substituting the above values of Aj(k;K) we obtain (2.4). For Gé )(k)

we have for b » «

¢ o ~ L2 Ajlste) )2 AjGED)2
¢ ) f+1b j=0 (—l-ib)J I-1b j=0 (l“ib)J

from which (2.5) easily follows.

3. THE CASE t, = t, = 1, T

| 9 VARIABLE (20)

3
In this case we are interested in the integrals
© 271
(3.1) J J k" < ¢ (®c, (k) > dkdo
00
where < > represents an ensemble average over the stochastic function a(z)
contained in QK(K). For more details on these points we refer to Zimmerman's
investigations in [3,4]. In the numerical treatment several density functions
a(ﬁ) where considered. Here we give the formulas for the case of a Gaussian
distribution.
The integration with respect to 6 in (3.1) is trivial due to the circu-
lar symmetry and due to the assumed isotropic statistics of a(i). As a con-
sequence, the quantities (3.1) are zero for £ # m. For a = 1, £ = m = 0,

(3.1) is the residual enstrophy (also considered in [2]), for £

m=1 it
is the tidal enstrophy (first harmonic), for £ = m = 2 it is the tidal en-

strophy (second harmonic), etc.

The integrand of (3.1) is expressed in terms of the function
*
2 =
(3.2) Gp (&) = ¢, ()¢} (k)

where * means the complex conjugate and

it i ~im/4
(3.3) 8p (k) = =~ L™/ "R, _, (1<ib,k) + e R_,_p(-1-ib,k) 1.
2



By specifying a(ﬁ) in (1.4) we write (3.1) as (with different o)

[~}

2.-2
(o) _ a ~k“A
(3.4) Hy \) = J ke Gz(k)dk.

0
Then the enstrophy and the energy are given by

(3.5) g, (0 =27 ), £,00 = 27 0y

Also the following functions are considered; they all have a physical inter-

pretation
n, (0 = m P /mP o,
(3.6) 3,00 = 5 £,(0/g,(0 1,
a,(0) = by () = 3,00).

5 3, .-2

3 = 0,10 ,10'4,10" ,10 7,
, and \ € [10—2,10 Z]. The function Gﬁ(k) is computed for the same £ and
values and for k ¢ [10‘2,102].

These functions are computed for £ = 0,1,2,3 and T
~1
10

T

3
In the following subsections we give the asymptotic behaviour of Gz(k)

for k > 0 and k > « (§3.1) and of Hé“)(x) for A » 0 and A > » (§3.2) for

the appropriate values of a and £.

3.1 Asymptotic behaviour of G, (k)

3.1.1 Results for k - 0

From (1.6) it follows that

2 4
R, (a,k) = Log-—k 3k ).

a 2(1-02)  8(1-0) (4-02)

Hence, by using (1.8), we have
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k 3k3

20(T-a) ~ 8a(l—a2)(2—a)

Rl(a,k) = I

and from the recursion (1.14) or directly from (1.5) we obtain

k2
Ry(@,k) = iimay (=ay ©
Ry(a,k) = 03y, R_(a,k) = 0™, K - 0.

With (3.3) we have for k >~ 0

6o () = — e - 324b)K2 + 0(kH ] =

8b(b"+1)

- %{1+0(k2)]

(3.7) $,G) = $(i=1)/(1-ib) + 0(k%)

8, () %—(1+i)/[(1—ib)(2—ib)] + 0(K)

44(K) = %-(l-i)kz/[(l—ib)(2~ib)(3—ib)]

From these results it follows that the asymptotic behaviour of Gz(k)

for k - 0 is given by

2
Ck 4
Go(k) = *Z-+ O(k s
] 2
(3.8) )
e = £ 4 oah
2 80 ;
4
ok 6
G3(k) = 5355 + 0(k7).

Summarizing we denote these relations by

B,+2
(3.9) 6, (0 = vkl + 0k L5 ko0
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where Yo and B£ are readily obtained from (3.8).
3.1.2 Results for k » =,

It is necessary to distinguish between the cases Ty > 0 and T3 = O» The

first case is simpler than the second one, therefore we begin with it.
3.1.2.1 T, >0

Recall that b = 1 + T3k2, hence b ~ 13k2. The expansions in (3.7) of

¢£(k) are also valid for k + » (with other O-terms, however). Explicitly

we have for k » «

2
6. (K) ~ = 1 (1+1)/[c k2]
1 2 ’ 37
(3.10)
1 . 2.3
6,00 ~ = 7 (1+) /[15K"],
63(k) ~ ~(1+1)/L8T K1,

From (3.2) it follows that for Ty > 0 and k » »

4 2
Gy(k) ~ 9/64t k"],
G, (k) ~ 1/[2T§k4],
(3.11)
4 6
6,00 ~ 1/1814k°3,
6. 8
G3(k) ~ I/[32T3k 1.

3.1.2.2. T, = 0

Let us first study the case £ = 0. From (3.2), (3.3), (1.2), (1.6) and
(1.8) it follows that
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G,() = [Re R (1=i,k) - In Rl(l—i,k)jz,

(3.12)

To, d

1 o
v - sin ma dk

Rl(a,k) = —

i .
” Sin s J—u(k)Ja(k)] ) [J—a(k)Ja(k)]

The behaviour of Go(k) for k + » is found by using asymptotic expan-—
sions of the Bessel functions. In the previous subsection (13 > 0) the para-
meter o was depending on k. For instance in (3.3) we have a = x1-ib =

jl"i(1-+13k2). Thus if t, > 0 the order of the Bessel functions also depend

3
on k. Here, in (3.12), we have oo = 11, a constant. This is the main differ-
ence between the cases Ty = 0 and T3 > 0.

From well-known results of the theory of Bessel functions we derive

I_ (03 () = = [(cos om + sin 2x) + 0(x )]

(3.13)

2 cos 2x -2

25 03 (0 = + 0D

where o is a fixed parameter. From this it follows that we have using (3.12)

cos Zk)2’ K + o,

1

k
Comparing this result with the first of (3.11) we see that in the present
case Go(k) has a damped oscillatory behaviour for large k.
For very small values of T3 this behaviour also occurs; also in that
case, however, Go(k) ultimately behaves as in (3.10).
From the recursion in (1.14) and from (1.6) and (1.8) it follows that

form = 2
(3.15) R = o Y, k > o

and that Gﬂ(k) for £ = 1,2,... behaves as Go(k): a damped oscillatory be-

haviour at infinity. More details on this point will not be given here.
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3.2 The as totic behaviour of H(a)(x) for > 0 and A »> «
ymp ya

3.2.1 Results for A -~ 0

The asymptotic expansion of H(a)(k) for A ~ 0 is obtained as follows.
£

Standard methods from asymptotic analysis yield using (3.%4) and (3.9)

T 2.-2 B
(u') ~ a _k )\ /e _ ..1- I+a+6
Hﬂ ) Yo ke k “dk = 3 ysz(l+a+82)/2]k 2.
0
From this we obtain for the functions in (3.5) and (3.6) the asymptotic be-
haviour for X =~ O

] B
O IR RTLICOTI

NN
fﬂ()\) ~ YKF(2+§BK))‘ >

14

hy () ~ TCIE+38,) /T (2+48,)

-1
B0~ 2+ 5877,

4,00 = by () = §,(0).

3.2.2 Results for A =+ «

(a)

To obtain the asymptotic expansion of Hﬁ (A) for A » » it is conve-

nient to write it, by means of Mellin transform technique, as follows

(3.16) 5 oy = S ATZTC (at1-2) /2IM0G, 2 1dz2
) £ bri 2° >
L
where
_ z—1
(3.17) M[Gﬂ,z] = J k Gz(k)dk
0

is the Mellin transform of Gﬁ' The contour of integration L in (3.16) is a
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vertical, such that the singularities of the gamma function at
(3.18) zj'=oc+1+2j, j=0,1,2,...
and the singularities of M[Gﬂ,z] are at the right of it.
For details on this method we refer to Bleistein & Handelsman [1, Ch.4].

The poles of M[Gz,z] can be localized by using the behaviour of G?, for

large k. Again, we have to distinguish between two cases: Ty = o, Ty > 0.
3.2.2.1. T, =0
In this event we use (3.14). It follows that M[Gz,z] has a pole at

z = 2. (For Re z < 2 the integral (3.17) converges at infinity). The values

of o to be considered in (3.18) are (see (3.5) and (3.6)) are

a = 2, giving zj = 3+2j
(3.19) a = 3, giving zj =4+ 2]
o = 5, giving z., = 6+2]

J

Hence, poles Zj are in all three cases larger than 2 (the pole of M[Gz,z]).
By replacing the vertical L in (3.16) to the right we obtain by taking the

residue at z = 2
(a) _ (o) a-1 Ny 02 -
H/@ ()\) = CK A + (/(>\ ), A ’

where Céa) is a constant, not depending on X. For the functions in (3.5)

and (3.6) we have

g, (0, £,00 = 0075
(3°20) A >

0

with T
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3.2.2.2. Ty > 0

The asymptotic behaviour of Gﬂ(k) for k + » is given by (3.11). Hence,
the poles of M[GK,z] occur at z = 2£+2 (£ = 0,1,2,3). For £ = 0 the situa-
tion is as in subsection 3.2.2.1 with results in (3.20).For £ = 1 we have
for a = 2 (see (3.19)) a pole zj in 3 and a pole of M[Gl,z] in 4. Hence,
the pole 3 gives the main contribution. For £ = 1, a = 3 the integrand of
(3.16) has a double pole at z = 4, As a consequence, the asymptotic be-
haviour of H§3)(A) = 0(£n)\). Combining all the possible combinations of £
and a we obtain the following table for the asymptotic behaviour of the func-
tions of (3.?), (3.6).

L =0 £ =1 L =2 £ =3
gp (M) A2 A4 NIV 28
£p (M) 22 2 4emn Zh 2
hﬂ(x) 1 A/Ln) A A
1 1
ip) 1 (£n)) 2 A/ (Lnr) 2 A
dz(x) 1 A/ LnX A A

4. A FURTHER GENERALIZATION

Here we consider some quantities which arise in the study of a general-
ization of the differential equation (1.1). We use different frequencies in
the forcing and damping terms of the equation and we are interested in the
analogues of the G and H functions of the previous sections, especially in
those components in G and H depending on the difference of the two frequen-

cies. To be more specific, let us write the differential equation as

dn(k,t)

(4.1) It

= {1k(u151n Glt + u,sin ozt) - bol}n(k,t) +

ka(k){ul(sin o,t + cos clt) + uz(sin g,t + cos czt)},

1

where Ups Uy, 045 O b are real parameters, not depending on t and k.

2’




le
The nontransient solution of this equation is

(4.2) n(k,t) = V2 ka(k)e PO1ETIk(eos oytiyeos opt)

t .
f e bojt+ik(cos oT+ycos GzT)[ulcos(clr—g) +

T
u,cos (o,1-7) 1dt
where 2 2 4 ’

k = uk/o,, B, =o0,/0,,
(4.3) 1 1 1 1172

8132 82 = u2/u].

<
I

By expanding the exponential functions

-ikcoso, t -iykcoso,t ikcoso, T 1YykcosanT
e 17, e Y 27, e 1, e Y 2

. . ixcost .m_imt . .
as Fourier series, as e = 5i%% Jh(x), and by integrating the result-

ing series we obtain

(4.4) nGot) = BB /e LISy (v 3 (o) I (ve)

C1(n02+(m+1)61+r01+scz)t

[u, { +

1 bcrl+1(m+1)al+1n02

ei(n02+(m-l)01+rcl+soé)t
+ i

bo+i(m-1)o(+ingy

i(mo+(n+l1)op+ro+soy)t

+ upl bcl+im62+i(n+])cz

ei(m01+i(n-l)02+rol+soz)t

+ i 1.

bOl+imdl+i(n—1)Gz
The r, s, n, m - values run from -= to +«. It is clear that the series (4.4)
can be written as

(4.5) Z ei(P+r)O]t+i(q+s)02t

a
DsQsTsS P»q,Tr,Ss
sl



This series can be split up into

z u§])eljdlt . Z a§2)e1302t + Z a§3)e13(01+62)t
k] N N j

+ z a§4)e13(02_01>t + ... (ad infinitum).

]

Here we are. interested in the coefficient u§4). It arises in (4.5) if

p+tr=-1,q+ s = 1. Hence

IS

p,q P»9,=J-p,1-q"
When applying this to (4.4), we infer that the Fourier coéfficient of

i(o,~0 )t . .
e 2 1 is given by

o{*) = ia @) io g )

with ¢ given by the double sum
927%

in/4 J (k) J . (yk)
_ ke p-1 g+l
(4.6) .~ ) =73 b+ip+iq/B Ay q*B2 By gl
271 P>q !
with
— Jp+1(K) Jq(YK) + 1Jp_](K) Tq (vl
B, g = Jp(0) Jg (re) + 13,0 J o (reds

and B defined in (4.3).

B
1> 72
Then we define the function (the analogue of (3.2))

G _ *
0,0, (k) = ¢02_0](K) ¢02_01(K)

and furthermore

(4.5) wcz_ol(K) = phase[¢02_cl(K)];

17
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the relation between ¢, G and ¢ is

W g (K
e 21
—O b4

1

Q Mot

¢Gz’01(K) - °

where we take wo - (¢) € (-m,m]. The analogues of (3.4) and (3.5) are

also considered. We define

a - ZA_Z
50 - (A) = J kr e S G0 -5 (k) dk
927% 2771
-6 (5

g, . =128

2% 27%
e __om=28 o).

27% 279

The function G; _g (k) is computed for
271

B, = 966, B, = .1,.4,.7,1.0, b=1, ke [1072,10%1,
the function U (x) for
0270
B, = -966, B, = .4, b= 102,107, 1,10, k< [10’2,102]
and g __ (A, £ __ ()) for
0,70, ’ 0y=0y
B. = .966, B. = .4, b =1, A e [10"2,102].

5. SOME REMARKS ON THE COMPUTATIONS

For the computations of Gz(k) we used the representations (3.2) with
(3.2) and (1.5). The series in (1.5) converges very fast, since for large n

we have

2n+m

(k/2)
T )~ 07 Gy T

[\
(@]
we

> m
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for m < 0 we used (1.10). The A-integrals Hé“)(x) in (3.4) were computed by
using a trapezoidal rule (after a suitable transformation). For details see
the previous report [2]. The function of Section 4 are computed as their

analogues of Section 3.
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