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ABSTRACT

For a class of linear singular optimal control problems with a non-
unique singular arc, an asymptotic solution of the corresponding nearly
singular problem is constructed and its validity is proved from the con-

vergence of the power series solution of the Riccati equation.
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On a class of sensitive cheap control problems

by

J. Grasman

1. INTRODUCTION

In this paper we study a class of linear time-in-
variant, n-dimensional dynamical systems of the

type

(1ab) x = Ax + Bv, x(0) = x

0’
with performance index
(lc) J = I; x'Qx + ezv’Bv dt, 0 <e << 1,

where Q is a symmetric positive semi-definite
matrix and R is symmetric and positive definite. We
denote the n-dimensional state space by X. The con-
trol vector takes its values in the linear m-dimen-
sional space U and v(+); Eg-+ U is assumed to be a
piece-wise continuous mapping. We will analyse the
corresponding algebraic Riccati equation in the

limit € -+ 0 for the case

(2ab) X =K+ B and Kn B #0,

where K = Ker Q and B = Im B. As we pointed out in
[2], the singular optimal control problem, that is
(1) with € = 0, may, under certain conditionms,
have a family of solutions. By the conditions (2ab)
we limit ourselves to a representive subclass of
problems with a non-unique singular arc. In this
paper we sketch the method of proving rigourously
the correctness of the asymptotic approximation of

(1) satisfying (2). It is assumed that the pair

(A,B) is stabilizable and the pair (C,A) with
C'C = Q is observable. In addition to this similar
types of hypotheses holding on a subsystem of (1)

will be made later on.
2. CONVERGENCE OF A FORMAL POWER SERIES

First we remark that the algebraic Riccati equation
that corresponds with (1) has a unique symmetric
positive definite solution, as we may conclude from

the following theorem by Wonham [6].

THEOREM 1. The class of symmetric, positive defi-
nite matrices contains a unique element that satis-—
fies

(3) A'P + PA+ PBR B'P + C'C=0

provided that (A,B) is stabilizable and (C,A) is
observable.

For proving the convergence of the formal power
series solutien of the algebraic Riccati equation

we need the following theorem of Hautus [4].

THEOREM 2. Let the functions Fij(Z,e),

i,j = l,...,nwith Z = {Zij}i,j=l,...,

in a neighborhood of (Z,e) = (0,0) and let Z = Z(e)

n be analytic

be a formal power series solution of the equation
F(Z3e) = 0. If def Fz(i(s);a) # 0 Zn a neighborhood

of € = 0, then Z(e) is convergent.



Thus, if for the algebraic Riccati equation we can
prove that def FZ(Z(E);E) # 0 and that the symme-
tric power series expansion for the solution is
positive definite, then it repreéents a symmetric
positive definite analytic function satisfying the
Riccati equation. According to Theorem 1 this func-
tion is the unique gain function that corresponds

with the optimal solution.
3. THE OPTIMAL SOLUTION FOR € - 0

The system (1) can be transformed into

is A 0 x;\ B, 0 ug
*x Aks Ak xk 0 Bk uk
xs(O) XSO
0
x, (0) xko

with performance index
= (® 2, - ' 1
(he) I = Jp mQuxg + e gy U 2Ny

U;Rsus+2uéRksus+u£Rkuk} de, )
where for x = (xs,xk) such a n-dimensional basis is
taken that (0,xk) e K and (xS,O) ¢ K.

It is known that (4) has an optimal solution with

-2

) u=-e 2R (B PreN)x,

where

R =| , B = , N =
Mo R 0 By Vs Mk
and P is the uniquely determined symmetric positive

definite matrix satisfying the algebraic Riccati

equation
-1, 1y s =2 =1,
(6) P(A-BR 'N')+(A-BR N')'P-e "PBR B'P+Q+
+ 2N = 0.
Substitution of the formal power series
P . P' .
- oy s . s] ksj
(7ab) P = ¢ zj:o 23 P,
Pksj Pk.
into (6) yields after equating terms of equal

3y,

powers of € the coeficients P ; we find that

—— ' =
(82) PsOBs{Rs-RkSRk Rks}BsPsO = Qs

(8bce) Pk = Pko =0,

s0
_ -1 ' = ol
(8d) P {A -B R N.}+{A -B R Nk}Pkl+
- —lo, _—lv=
PP BBl M NeRe N = O
We will assume that (8d) has a unique symmetric

positive definite solution. Then we are in the po-

sition to prove the following.

THEOREM 3. The symmetric formal power series solu-—
tion (7) has a positive radius of convergence and
is positive definite. Hence it represents an ana-
lytic function, defimned in a neighborhood of e = 0,
being the unique symmetric, positive definite solu-
tion of (6).

Outline of the proof. Substitution of

(0) 2,(1) , 2

9 P = ¢P + e P Z

in (6) yields

(10a) F(Z3e) = ZH(e)+H(e)'Z-cZBR 'B'Z+eG = 0

with
(10b) H(e) = e(A—BR-lN')—BR_]B'(P(O)+EP(1)).

It is shown that det(H) # 0, which is equivalent
with det(3F/32) # 0 at Z = 0. From theorem 2 we
conclude that (7) has a positive radius of conver-

gence. Furthermore, it can be shown that for
' 3.2

(11a) x'Px = eQ](x;s)+O(e [x| )

with

(11b) x +2ex'P’

A\
s 1% 2% P 1P e P 1 %

- A} \}
Q1 = xSPsoxs+est
the following inequality holds
2
(12)  Q(x3e) > selx|,

where § is some arbitrary small positive number
independent of €. Consequently, P is positive def-
inite and from theorem 1 it follows that the con-
vergent series (7) is a representation of the ana-
lytic, unique, positive definite, symmetric solu-
tion of (6). O

In the limit for € -+ 0 the optimal solution has
the following behavior. (see [3] for the deriva-
tion of this result). Initially, it jumps from

(xso,xko) to the subspace K:



(13a) (xs,xk) = 3.

-1 I e
(O’XkO— kRk Rks(Rs—Rkst Rks) Bs st)

Then within the subspace K the optimal solution of

(13b) ik = Akxk + Bkuk 4.

with initial value (13a) on performance index

= (° ' 1
(13e) 3 = Jo 1 2ol R de
has to be found, which is equivalent to solving 5.

the Riccati equation (8d).
4. CONCLUDING REMARKS

The main result of this paper concerns the limit 6.
behavior of solutions of nearly singular optimal
control problems (1) with a nontrivial control-
lability subspace contained in the kernel of Q. For
this class of problems the corresponding singular
problem, that is (1) with € = 0, has a family of
solutions, each of them composed of an initial
pulse and a singular arc. We presented a method for
selecting the correct limit solution and proved the
validity of the result.

The class of control systems we analyzed has var-
ious applications in technology, see [1]. The non-
uniqueness of the singular problem brings about
that in the large the behavior of the optimal solu-
tion within the subspace K follows from 0(52) terms
of the performance index. As a consequence of this
the solution may vary in an indefinite way within
the subspace K as € - 0. This fact may for a great
deal explain the observed sensitivity of the sin-
gular arc on the fysical parameters in a model for
optimal heating and cooling by solar energy [5,

p.302], which is of the type we dealt with.
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