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NOTE ON A PROBLEM OF 8. GOLDSTEIN.

$1 Introduction.

S. GoldstTein considers the following prdblem.')
To find a solution f(r,Q) of the differential equation

Z
1 0 of 1, 2°°f O <« r« co
sz (rsz) + (1 + =) &% =0 , (1)
roor or e pY: AR CRA
O O
which satlsfles the boundary conditions
2
of r
Wm--———-—é—- " O<I‘41"
9::90 e 1+ ’ (2)
L = 0O r:>ro

Goldsteint's method 1is as follows. The regions O<£r<,ro and
I'n ¢ I'<ea are taken separately and series expansions are derived
which represent f(r.f) in those regions. A number of unknown coeffi-
cients are introduced for which relations can be found by equating
both expansions on the arc r = Cp - This method has a number of
disadvantages, the main being the slow convergence of the i1terative
procedure by means of which the final solution is obtained,

In the present note alternative methods for obtaining the solution
are offered in the hope that they may lead to a successful treatment
of this problem and related problems with a smaller amount of nume-
rical labour.

The following method makes use of a Green function of a related
differential equation and reduces the problem to an integral equation
which can be solved by an lterative procedure. This method can be
summarized as follows.,

A transformation can be found such that the (r,0) reglon is
transformed into the upper halfplane v > 0 of the u,v plane. The
1ines€9m‘i C)O are transformed into the positive and negatlve part

of the line v = 0. Furthermore the transformation transforms (1)
into

c 2
o0 o f
— + == = k(u,v)f (3
O IAY; ( ) )

and the boundary conditions into

~
V= ) ¢ uy ﬂbf = A (u)

(%)

v
ul > Qs ' = 0 .



for u-uw

we have

(fAaG - Gaf)du dv = -

o
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i T

guired integral equation,

turns out that G ean be represented by eleme
x{u.v) is everywhere small exeept in the
0 whiech corresponds to r small,

Redugtion to & Fredholm equation,
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ln(u'+v2)

s3ed as a function of u2+v2,
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wdary z2ondition (11) becomes
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Y - Eyer
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z = 0

expressed in u by means of
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reen function G(u,v,ut,v!) should be found sa

tisfying
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The solution of tThe homogeneous equation 1is

e W
C,, = A Iw (wr) + B Kw (wr) . e

The Wronskian is

T
I Kt - It K = - -

The solution of the non-homogeneous equation can alsc be represnta’
by means of (25) but now A and B are functions of r with

f

gm =T K DY
g% = - I Iw (ﬂur)7//,
This gilives <O
c_ = 2(-1)" G (r.p) f(p,0,) 1+€2 d (20}
2t TEr | e £(e6) & e
9
whe re
G, (r,¢) m{ o I (wr) K (we) r 4L @ (27
- W I, (we) K_for) ry @ |

For w=c we have tThe asymptolic expression

A o ~ P(1+VT+1H \ B
LR e exe{- i

!

--wli 1/*t+r2 - 1/1—1-@2 & % (28"

For w -m0 Obviously G~ O except 1l r = Q.
We have always

O
(r.o) 1TE 4o =1 (29)
1im G (r, =
n-=cw j SR Q < ’
O
since for r o O
2
J ‘Vﬂ+r
G (I’y")w *‘*‘""E———T"——j:' eXp - \ -~ I ! (30)
@1 2(1+rd)2 g \
It 1s known that the series
= 2 (-1)" . nw 6 .
L { Cﬂ "l"“'“ﬁ“;}:..;"“-—- f(r,.,,@&)} Slnmé = f(r‘39> -~ mf(r’ﬁ@(}) (51)
1 éo QD

~1s absolutely convergent and therefore can be differentiated. It is
obtained

M St

cﬂh

_ 0o T x
7_1, { nwe.  + 2(-1)" £(r, 6”0)% cos -I}éz- e *‘905“5" - f(r,6,). (32;

In this equation for U = f9m the remalining boundary condilition can
‘be introduced



(35)

ding the function f(r, )
pecial kind,
successive approxi-
tion of the series in (34).
(34) we take

Y. IV T , _ 4 e e % W
rorvether with truncs

"R

be written in the form of

g

A singular integral

The equation (35

) can be solved by means of a lLaplace trans-

formation inte

cral in (35) is of the convolution type, and if
the transformsof

f(t) and g(t) respectively we
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If we consider the simple case A= 3, g(t) = U(t), we find easily
the back transform

«° 1L
2 - =5 \LE)" (n+x)2 e (BF2)° £ 0
£(t)= (38)
_‘f_*_z___ _ 1
L%z > (n+3) 72 e (P2t t <0
j i
o emc/e
i u 1 1+0
1 22-~;§* J 7 ln‘T?ﬁ du t> 0
f(t)=] Jt/2 o (29)
U i 1 +u

4 Generalisations.

According\fo the theory of a screw propelloyr the veloeclty po-
tential satisfi*- the potential equation

1 9 . T D P
5 7 (P SENt ——5 + =% =0 (40)

g = e — 41
TN ) (41)
where g(r) 1s a function of the dadius wHhich might be of the follo-
— “1 /)“!ﬁ )—!. 3 5 r
() = x4 { g D epanl . e

The questlon arises whethe¥ it is possNole to find a solution

of (40) which is dependent oy the two variablgs r and s only such
that also the surface condftion

mf%fcosﬁ.  (43)

with

1s satisfied,
This means

qs(rﬁzﬁe) = ¢ (rse” ‘é‘%“f‘)’) (44)

The answer 1s confirmative and without difficulty, we find

> 1 Y 1 1 > \
T T T 3T T <;?‘+”;§)’?:j%'“ . (45) 



and for s O 5
op e gr | (46"
DS 2 g’a +r=2 . *

It is also poskible to reduce (45) to the form (3).
If we write\(4#5) in the form

0 2 ,
7\ 3T (T 04;) T (47
then the following transformation will be performed
N\ dr |
x =\ § b T
A
z = h2 &(r,s).
In view of
>f _ b 2f
2r 2 0X p
32 f _ h2 _an n )1 ¢ f
Br'? ;’E \bx? o X
we find 5 5
2P, 29 L ah 0é N\ (49"
N X D 7
d X oy
and next > >
o~z D Z -5 ~% - -+ 0
5+ >3 IL h"2 (h7F) o+ n (h™2) }=0,
X Cy
or . hi Ny
Az=rzg (g) 2z 5
or o
. 1 _.=3/2 4 -3/2 dh |
A 2 = % rh a—}-?- (I’h a-f Y ° (51 )
A boundary cofidition (46) of the form
= |
is obvidusly transformed into
_ , ,
y=0 — = h? 1(r) 53)
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