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The motion of a shallow sea under influence of
a non-gstationary wind-field

H.A. Lauwerier

§1. Introduction.

_This report is a contribution to the theory of the windeffect in
the North Sea. We Pebresent the North Sea by a rectangular basin of
constant depth which borders to an ocean. The mathematical treatment 1s

based upon the equations of motion for the total stream as given Dby
Schalkwi jk 2) viz,
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X 0 C, X
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y 0 G, N
+ AW + 2w + gh —
5 T y t42 S8 TSy o
o which we may add the equation of continuity
O W O W PR
r oy Yy = 0. 1.2

DX OV 21

At the boundary between the sea and the ocean, the depth of which
18 very large we assume The conaitlion

c- o0, 1.3

whereas at the coast we have the condition that the component of the
stream normal to the coast vanlshes,

Tt has been found useful to consider not only the rectangular
mocel but also simpler models such as an infinite strip or even a hall-
plane. These simpler models allow a mathematical treatment which 1is
relatively simple and they may show phenomena of Interest which also
occur 1n the mdfe complex model of tThe North oSea.

This report consists essentially of three parts.

In the first part it is shown that the Laplace transform of .
satisfies a non-homogeneous Helmholtz equation with skew boundary con-

ditions. Various applications of Green's theorem are diliscussed., The

s Ut el wwmisgm. Weellp PR . o e S vk ik Thlpel paEe S et

1) Research carried out under direction of Prof.Dr D, van Dantzig.

2) Schalkwijk, A contribution to the study of storm surges on the Dutch
coast, 1947,
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corresponding function of Green for a rectangle cannot be obtained by
the usuvwal analytic methods but if we solve a somewhat simpler problem
of Green the solution of 1.1, 1.2, 1.3 can be reduced to a twodimens-
ional nonsingular integral equation. This simpler problem of Green
which corresponds to a stationary differential equatlion with non-
statlonary boundary conditions has been solved in the second part., In
the case of a halfplane and a strip the exact problem of Green can Dbe
solved and the solution is discussed at length also in the first part.

In the Tthird part the windeffect of a non-stationary but homo-
geneous wind upon a rotating halfplane sea is considered. Several
numerical cases are studles in detail. The numerical constants corres-
pond to those of the North Sesa.



~3-
§2. The fundamental equations,

We conslder a sea, the boundary of which consists of a coast Cq
and an ocean 02, The arc coordinate of the boundary 1s indicated by s
sO that for increasing values of 8 the sea i1is on the left-hand side.
The angle between the tangent and the x-axis is represented by = which

1is a function of s, Differentiation along the boundary is indicated by

%-é- and differentiation along the normal pointing outwards by 2

dn °
The fundamental eguations of an arbitrary shallow-sea of variable
depth h are

(b +N) w, - Qw_ + gh Eff:.YE.
ot X Y 2 X o
W
9 6y 2
(5 +2) w, +Lhw + gh == = 5 .
)WX +'Ewy + 28 = 0
d X 3y 2T ’
with the boundary conditions
at C,1 W, sin T - wy cosT =0 ,
2,2
at C, C, = 0 .
Application of the Laplace transiorm
cO _pt
T (p) 9&t e F(t)dt
— O
4 pt
f(t) = | e T(o)dp ,
- L S0
upon 2.1 gives
— W""‘"
— — o4 X
(p+‘A)wawa+ghﬁ—m-—-§—- 2.3
— W"‘
_— — 046 Ty
(p-%-}\) Wy +ﬂWX +gh-—--§m“€“
D W W _m
I A - 2.4
5% 7 DY + P G O
with the boundary conditions
at C, ﬁ% sin T -'ﬁﬁ cosT = 0 , 2.5
2t C, & =0 . 2.6

P E

If we solve W and Wy from the two eguations 2.3 we f{ind



X X X \
) i 2.7
‘\(p+?~)2 +ﬂ2k w, = - gh &(p-%?\)-;-; - ﬂ%% } + % 1{ (p+2)W, - QW5 .

L

Substitution into 2.4 gives a partial differential equation for G only

AE+A?——€‘+B%—$-k22:F, 2.8

where
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The boundary conditlions become with respect to

T

D¢ 2 1 —
at Cp & =0 . 2,12

In formula 2.11 wn ang WS represent the normal and the tangential

component of the windvector

e 1 P Z— H. T
Wn Wx sin = wy COS s

W W, cos T + W_.. 8inT

S X J

\
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In this report we consider only the case of a sea wlth a constant
depth, The differential equation 2.8 of becomes simpler since A=B=0

Wi

AS - kel = F . 2,13
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§3. Green's theorem.

Conslider a closed and simply connected region R with boundary C
and two functions @(X,y,fi,«z,p), H(x,y,p) with the following
ties
a G has a logarithmic singularity at ( E, s M) ) of the following kind

proper-

G e - In r + 0(1) , 3.

where

P 92T L (x-8)2 4 (3B} 2,

and has everywhere else in R continuous first and second derivatives.
b H has continuous first and second derivatives in R.

Green's theorem states that

H (E‘:"?)"‘"“ jRJ { G(X,y,a_, "2) AN E(.ij) = H(}c,y)é'ﬁ(x,y,&,v{) % dax dy -

. Y T . 3.2
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We take H = & satisfying 2.13, 2,11 along the coast C, and 2,12 along
the ocean 02. Then the first part of the last ferm in the right-hand
side of 3.2 becomes

- _ ¢ (& —~ 28
&GﬁdSmSGﬁds i‘JGS“"n”dS 5



with
def 1 SR N
T = EHE{ { W% +p+a‘Wg } . 3.3
The second term can be integrated by parts
_ 3 ~ 37
j G55 ds = - f‘is‘“‘é‘@s’
Ca C 4

as the integrated part vanishes because of 2.12 and of the continulty
of ¢, . Then 3.2 passes into

E'(e"?-*p)“‘ - j J G (x,5,0) (A ~k°)T(x,7,8,9,p) dx dy -
R

- (stnp) 220eaR) ag

C o 3.4
e [ e | 28(s,bmep) E%TW}@S FE (8,90),
C
T

with

K(&:"?ﬁp) = J[ G-(Xs}’;f.ﬂ]:p) F(X:ysp)dx dy - J 6(51&:"7.9@) 'f’(s,p)ds{,
R C 4 3.5

for any known function G and any given windfield.
With regard to the other Term several possibilities arise,.

1. If we solve Green's problem i.e. if a solution can be obtained fr.
the differential eqguation

a"‘c}":kz@, 3.6

which has the logarithmic singularity 3.7 1in (&,q) and which satis-
fies the boundary conditions |

{ (p+}\)%—§ --'......Q%-g- = O alongcq s -

T =0 along Coh

e

from 3.4 an explicit solution for G is obtained viz,

E’<£”qu) = SJ “G_(X:y.vé:*‘,.sp) "F*(X,y,p)dx dy = S GF(S,Z,?,D) ?(S,p)da
ft O, * 3.8



3.1

However the direct solution of the
complicated and only for seas of a very special
trivial case of the whole plane
quadrant, a solution could

Green

m becomes very

apart from the

we mention a he

1f'plane, a strip and =&

ve obtained,

2. We restrict ourselves to the

18 most interesting to us.

discussion of the rectangular case which

a. As 1indicated in a repcort by Braakman (F@ or,1954) we can easily
obtain a solution of the differential equation 2.13 having the right
singularity at (éuq) and which satisfiles the boundary condition at the
ocean frontier without bothering about the boundary condition at the
coast. Then 3.4 gives us s singular integral equation for ZE along the
coastline, which can be solved by the method of H. Poincaré and devel-
oped 1in particular by the Tiflis-school q)'

This equation is of the following form

6= j (s)(-—---—--- - COoTgw iwg)ds + A . 3 .12

only the
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Using a method, originally applied by Taylor to the case of the Irish
Sea, Van Dantzig and Velt!.«:amp/l )T‘me golved the eigenvalue problem, 1t appea: -
that the periods of the proper oscillations can be determined from an
infinite determinant. Any knowledge about the perlods of the proper
oscillations 1s extremely useful since it allows a consliderable improve-
ment of the usefulness of the expansions of & .

§£, Plane.

The following problem will be considered
To determine a function w(x,y,&,») which satisfies

>%w R

‘§;§-+-S§?~= W, | R ¢
W o - 1n r r = \/(xm&)z—t—(qu)e in (£,9), 4.2
W — O for X% 4 yzﬂ oo, 4.3

The Helmholtz equation 4.1 has the elementary solution

xX+ Y 5 o
S with a7 +p47 =1 ,

and if f(x,y) 1s a solution also f(x+a, y+b) is a solution.
From the superposition principle it is clear that

w+3/£

-Xxchv-yishv
W= = (P(v) e dv 4.4
mco+a/i
also satisfies 4.1. e
From the property Jﬁ e“t-ggtxw - 1nz for z— 0O ,
Z

it follows that, if for v — + e (@(v)— 1, the integral %.% behaves
as -5 In(x+yi) - 3 In(x-yi) = mlnw/x2+y2,

The solution defined by 4.4 is valid only in the halfplane

X COSJ/ -y sin!' > o

but by varying af the solution can be continued through the whole plane,
In the case q9(v)x1 4.4 has only the singularity at the origin
and the solution thus obtained clearly satisfies the condition 4.2 in
the origin and the condition 4.3. Thus we have found the following
solution of 4.1, 4.2 and 4.3 |
' w-t-a»i
W o= 3 -f‘ expa{ ~-(x-&)chv ~ (y-y)ishv { dv , - 4.5

...m-!-{i

1) Prof.Dr D. van Dantzig and G.W. Veltkamp, On the free oscillations of
a rotating rectangular sea. Report T.W.32 (1955),
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This function has & series of poles
v = wil +n i 5.8

30 that there 1is a free region of width 7 1in which the path of inte-
graticon can be moved without passing poles. This means that the remain-
ing halfplane y<0 i.e., - m¢« B8 <00 can be covered completey with the
exXception only of one critical halfline. It is obvious that the
function I(r,0) obtained in this way is regular in the slit plane

B4 O . and that at the halfline 6 = éc I(r,08) is discontinuous and
makes a jump. The magnitude of the jump is determined by the correspon-

ding pole vigz,
2 7 sin 2 w 5.9

The behaviour of 5.7 1is 1llustrated below for a real w wilth
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If dn 5,7 new varlables are introduced by means of

X = X- & P = X Sinw - y cosw
5.10
J = Y+ m q = X sinw + y cos w
wWe may wrilte
“sh
1 SN V+1lw H P - g a
1 = = stmﬂh) eXP s\ m mh(V“’"lW} + mSh(V iw) 7} dV.
This 1n turn can be wrltten as
0 <A
T = | 2 j da'{ & exXD {-._.. P sh{v+iw)- q sh(v-iw) ¢ dv
op q | c o sin 2w o sin 2w .
- OO | : ,, | |

or
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>, A / = N2 L, =, A
L = DD S { (X Zszmw * (y T 2008&)) } dA D1

where 2 ::“mww“mm“;mH“##m_ 1,e, differentiation symmetrical to.lZW1th

ob o {Xsinw -ycosw)
respect To ¥

{

O, 18 To be interpreted as a differentiation with

d = X Ccosw + Yy sinw beling congtant.

The integral over Ko can ve interprefted as an assembly of contri-

butions from logarithmic singularities (- ?E%EZB’ - EE%EEQ lyilng on the

i

halfline of discontinuities p = X sinw - v cosw = 0,
The diﬂferentiation§6~ f'or constant g can be interpreted by say-

ing that the logarlithmic singularities are converted into dipoles the
vector of each of which is symmetrical to the direction £ of different-
lation.

Of course any dipole may be decomposed into two components, one
along the tail and one normal to it. Then the dipoles in the direction
normal to the tall get the density sin2w , The components along the

tall destroy each other except at the end of the tail (é,mﬁ) where s
single pole of strength cos2w results,

It is of interest to study the behaviour of the solution 5.6 near
the dipole line somewhat more in detail.

1 we want to know what happens at a line of dipolés we may start
from the solution

cO

W = J K (\/T;mé)é -;-W;;z?) a &, 5.12

Q

QO

which has a uniform distribution of simple poles on the positive part

%

01l The X-axis,.

L for KO the following expression 1is substituted
. _ ~-}x-tlchs - yi shs
(\/(xm£J§+yz)=m§;‘J e ds ,

and 1f the integrations are interchanged we find

CQO

°«@ -~ylshs - \x-¢[{chs
W o= = Jﬁ e ds MJ S at, .

e, O

The last intTegration can be carried out

.o - xehs
- Xx-&lchs =T if x <0
je dé,:: |
5 | Q“Q“XChS

1f X O
chs L > ?
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SO That
<O
o ‘{q X X . — \X]chf‘s.k o " yvishs »
o~ = X1 1X) chs
— L
: -y1ip - - IxXl chs-ylishs
. L 2 C LA = ds
= 2 (1415{])} 5 p ap 2 \X\ J CHES >
—_ ) p T O
and finally
- X1 chs~-yilshs
W o= & (1+= ) emlyl L Z = ‘ ~ ds 5.13
o 2 Xt T2 x| cha ) '

Obviously W is only singular at y=0 x> 0. The singular behaviour 1s

determined by the first term in the right-hand side of 5.13 which

becomes for x > O
- 1y

r—-—'
TR g

Therefore W and all even derivatives with resgpect to y are contlnuous
whereas all odd derivatives with respect to y are discontinuous and
make Jjumps of magnitude 27,

From 5.12 the solution with a uniform distribution of dipoles can
be derived by differentiation.

1" the dipoles on thg positive x-axis are orientated alorng the X-axis
0
the solution is m,%?g- or from 5.12

DW
1/ 2 2
“,5—}-{—9- — - KO ( X +3~7 ) E, 5.-.:/])'4

SO that the horizontal dilipoles reduce to a single pole at the origin.

If the dipoles are orientated normal to the x-axis we have the
bW

solution ”'3yo , Thus for x> 0
cO
"awo N - 1y} 5 - Xt chs - yishs
“W: “W‘é‘} ¢ +§ Thsg © de 5;15

-~ CO
SO0 that in this case the function and all even derivations with respect
to y are discontinuous with Jjumps 27T whereas all odd derivatives with
respect to y are continuous.

If the dipoles are orientated in an arbitrary direction @ <the solutior

DW QW
is - S ; cosB - BBS sin O with a pole of strength -cos & at the
orlgin and discontinuities at y=0 x>0 determined by %1sin€9 ewiy\,

¢6. A strip.
\

To determine a function w(xsy5é37) which satisfies
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the expression 6.5 can be interpreted as the sum of contributions from

Che singularities obtained from,(igﬁfq) by repecated reflectlon with
respect to Tthe boundaries x = + 7.

YA

We get simple poles at the points (a;tlhwuyh) and dipole tails
radlating from the points (Zawiii;4na,?z) as 1ndlcated below.

NSNS

Next we consider a similar problem in which a coast condition and
an ocean condition are combined.,.

To determine a function w(x,y, &, v ) which satisfies

bgw bgw ~
OLy48 ——-§+-~—gﬁwﬁ 6;6
PRs 0y
vy = O E—-}E COS W - 4w Sinw = 0 6 !
D X dy ’ ‘
Yy = 3 w = 0 , ‘ 0.8

and W o =Inr in (& ,v ).

We write the solution in the following form

R 2l

e T T it Je iy By

R N ey Larary L W e e rea L

oo
+ 2 j W (v) sh % (yma)chvlj sh { (v fu-a)cahv} e”(x“ ) 1shy dv,
% 6.9
so that the condition ©.8 already has been satisfied.
Again we have
Al
2 2 -im -yl chv - - &)1
Ko sv/(xw &) +~(y*'ﬁ) %& % ”[ e n =-yi Ccnv (X )lshv dv,
- A
K_O{a\/(x“a)z 1 (yw28+“fz )72 g — _13.;-): J @“(28*3“”2)Chv-(}{~— &)lSthv*

- A
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at 52 w o= O .,

IDR :
where W 1s determined by cotg w = SF The angle w 18 not ne

real since p may take complex values, I,

R o % ? ﬁg E AN
« e % 1 ﬁ_.g?m- ey Bt %5}

-
Ga g S,
;3’ 3 Er or  Rn W

U e e E e A i
i . r:
1 4 4 ; e s

# e : o e

however, we restrict ours
to the positive real axls of the complex p-p

lane w can

a2 real angle in the interval (0O, ™/2). Bv means of analytic continuation

K.

the value of G can be determined for complex p.

1 part of an

The function w(x,y,5;j~7) can ve considered as the rec
' write & = ﬁﬁﬁ?.

analytlc function of z = g+yl. We shall also tempor:

It we put
w = Re { L(z) % . 7.4

the conditions 7.2 and 7.3 can be written as

at C,,i Iﬁai eiOM+T)

at C, Re L = 0. 7.6

where T 1s defined as in § 2.

By means of the principle of confom

nal mapplng ﬁ
reduced to the much simpler problem of finding a solution for the half-
vlane yv > 0 where Cﬂ and C2 are respectively the negatlve and the

tive part of the real axis.

Thus we consider the problem of finding
such that for

an analytic function L_(z)

|

O
>
\/
-

J

<
}
O
"
/~
O
sy
O

The derivative L' of Lg(z) satisfies the conditions

- o W
b S o » L

x L0 Re L =0 ,
O

Yy =




any function =
tisfles the conditions

From 7.9 the solution for the recctangle can

ot

of conformal representation., Let

maps the rectangle upon the uvpper

Z B——

(.t‘
LO(Z) —_—

with

as . 7.0

v(z)

incomplete Beta-functlor

H(Eiﬂ f\) =

z
3 ./ld

the function L(z) of 7.10 may he
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I & (x,y,p) is known for sutficiently many values of p,which in

1tself involves a consilderable amount of labour, the backward trans-

formation from p to time T should be performed. This process offers

A5

less difflcultles since 1T 18 a standard procedure in the practical

application of the Laplace tTransform where a number of approximate
methods are known,

Thus, 1in princlple, The problem stated at the beginnin
report, has been solved.
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