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If Plemelj's formula 2-3 is applied to 2-7 we obtain

d
i 1 A ol
5+ A % - A she -X ] ¢ X
(1-£) =77 (1+t) — = - Tty AT (5%) ———m= » |JRe A 1<
i T-X +X 1/’1-}{2
2 -8
If in 2-7 and 2-8 we put t — -cos t we obtain
Y
— o
1 -2 o at - H Z 4+ g * < L
S (tg 3t) So5 T= = " Sos e \z=T) x/gﬁ:qv , \Re &I =7
O 2=-=9)
D dt _od
sin x é; (tg 5t) e = T tg T (tg 5x) , |lRea {4 =,
O 2 =10
If in 2-7 we put
1A, 1-%
T-2 1=z 1T~z )} (T=2
we obtain, replacing o by o -5
d y 9
~o  dt Ic Z ~"]
j(f;....t) ()70 228 o T [(EhT c1), \Rew ) ¢ 1
21
211
nd similarly
' o s o
O S S PIAEE Sy SRS
- 2~12

From the Cauchy integrals cobtalned above the following pair eapily fol-

Lows
d ~
V4t ' F
fl’ﬂ€:z“ dt = -7 X -1 Lx 1 c=-"13
-
/1
g dt . ~
%WWWO o -1 X LT . 2-14
-]
Tnd also

“dt = wiﬁ(zm\/zamﬂ) . 2="15

g
e
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trigonometrical substitution gives

I A
£
cignttciz:x:: -1 CO8 X O4<x <imim | 2=-17
M
% COS 2ECOS 7z S L O< x L7, 2~18
O

repeated Cauchy integral may be inverted by means of the formula of

‘i‘g&'

Poincaré-Bertrand for the proof of which we refer to Muskhelishvili's

1)

hook o
4 T ( ) ] o
dt - (T ,u)du z T,u)dT
:% t-X jf *m“% U = T W(ﬁpp %r au '% (T 5%t U ) ==19
-~ -1 ~ -

" ftrigonometrical SUb titution gilives

W

Hn
| _sin t dt %Vfgt u)duy Vix.x) - j['du§ . singt W(t,u)dt .
3 ;o
O &

PO

CO8 T~ X COsS T-Cco08 u ~COS X)lcos t-cos 1

9 O
2~20

If in 2-20 v (t,u) docs not depend on t the right-hand side may be sim-

plificd by mecans of 2-17. We obtain
'y . )
sin“t dt % v (u)du 2 J
3 o . u& 2""‘"}/'
% COS t-C0S X cCOo3 T-COS U & “V(’LU I W(U)d o
O 0 3

.

33 Y 2 positive real constant

We¢ shall consider tThe convergent trigonometrical series

o0
f(x) = 1_ arxgin nx + ) cos nx), O «x &« 3 -
d
Or 1n equaivalent notation
oy
fF(x) = J_ bnfain(nx +/NW) 5 O ¢x ¢, 3=2
g
nere x
2 — c — - — » TS 1 1 A
¢ - bl"”l COS A 1nd ()/ ’Dg}/u T wilth O 4/"‘ = e
¢ introduce the analytic function
~§3~ nzl
éii 7
CP (Z) —— A }i) G 9 Z — X'i":yl 9 y> O ° 3“3
® 1
_ d
I'niz function satisfies the following conditions
X“-:Ojﬂﬁm Im¢om03 3“‘4
y - OO C?O - O, 3=5

ek M wee
m“ﬂmmhwwm
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o
the last dintegral equals 2 | 1= 4- C%(n“3+d),

1= oL
I “th
In 2 gimilar way the seccond integral of 4-13 is 2 4+c2+d' +(9(n"3”d),
Thus we have the following asymptoltic expregssion H
X N — OA
- -3 A
"(«) 0" M(-o) n

We note the following expression for @n(d)

en(d) = («---n-’l)h""""“'/l 2ol F(1-n, 1+, 2,2) , nx1, =1<Rea < 1.

b4
which may be obtained from 4-12 ns follows
“
4+8‘“ ds sin AT ol - ol, ="
..____i..ﬂ jg( — mﬂﬁ S (1+6)  (1-t)" %% dt =
> -]
. l
- ol — -
_ d 2ain o T J (,]“t) Oﬁ(qwzt)l’} d dt .
il
O
wWe refturn now To the original expansion
e
f(x) = L a_(sin nx + y cos nx) L5
/l . 4
03s
f(x) = %ﬂ b sin (nx + w7 )
If we take f(x)=1, whence by 3-13 @ (u)=1,3-15 gives by 2-11
sin P (w) = 1- (ff;jq ),
or {(cf 3-13)
1z 2Mu
Te=c
S LD W ¢ (Z) = 1 - W) g
s O 1o t?
f'rom which the coefficients 1. or bn follow easily., We obTaln
= n-"1 g
1= 1 (-1)7 e (2 m) (cos nx + — sin nx) , 416
1 '
which is identical with 4- 9 if o= -2 u.
I we take f(x) = (tg ﬁx) . 3=-15 gives
: —~ WH+1,9" W1y A
stn (u - ) m P () = (DT ()
(,‘__@12) eXen (,‘“eiz) 2 4
= T3 o - 3
Te™ Tre™

cgaln with w= - cos z, s0 That the coefficlients of
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)ZﬁL+ﬁ(’1%—s =y . 5-5

148 =10

—> =7 CP2(5> = A (

where A and B are given by 3-18 and 3-21, or

(ke )B4 e(x) ax, s

sin «uir °

B = 2; Jn(tg %x)“q“gﬁ{ iﬁf(x) - f(o)} dx “.WQLQLW 5=
O

and X = Min (q""‘/"{.a :'?.g- ).s
p=Min (1+u, 56 ).

By a similar procedure as 1n the previous section we obtalin for bn the
following asymptotic estimntc

n+1 ~2u - A
p o= A=A 27 A 2 B L0 12%y L 5.8
N F(Q/M.) I)/!“E/H }‘.‘(...’3/(4) n’1+2/4—

Thc second term in the right-hand side of 5-8 is significant only if
f(x) is hBlderian at x= T of an order which exceeds 24« . This is truc

¢.g. 1f f£(x) is differentinble at x= T,

J& is a complex constant
We shall now consider the e¢xpansion
had
f(x) = — a_ (sin nx + } cos nx) , O £x & T, 0=
d
where Y 18 complex,
We put
—~ ] 1+ 41 ﬂ
Y = TE 4t = 1n : 6-2

1nd we shesll consider the strip -5 £Re w &3
The right-hand half-planc of y corresponds to O 4Re m < 3,
The unit-circle lglmﬂ with the exception of &’m,ii corresponds TO
Re s = + M.Q
The imaginary axis ofgfwith | Im &’(bvﬂ corresponds To Re «« “,i'%*
The imaginary axis of ywith |Im 4[| < 1 corresponds to Re 4 = O.

The results obtained in the preceding sections for X’Peal and
positive may be extended casily to the casc of complex 4. Since ¥ (w)

ffrom 3-15 is an analytic function of" x#« the principle of analytic contin-




vation may be applied throughout,

We shall now consider the main result, the asymptotic estimation
Of a (or bn) from Tormula 5-2, The coefficients A and B are given by
3-18 and 3-21, The expression for B is valid for the entire regilon
| | &

| Re s |45 whereas the expression for A is only valid for O <« Reum &£ 5.

However, an analytic continuation may easily be obtained.,
We have for |Re |44

g
B d S F=t 4 P(E)- F(1) P (1)
A= - T \";f»%—t) £t~ at o+ sin p 7
-1

T+ T+ sin «mn 7
-
or i
— /l g f R S - /L - , i 7?) -—
A= = _ (tg 5%) <{ (x)mf(wﬂg d +~§Eét;§:3 6-3
O
e 12 £(0)
() - ’ | N AU ///t - o - -
B :%‘J (tg 5x) {f%x) f@j)%cb: ST O -4
C

o

for sinmpllicity the following conclusionswill be founded upon the as-

cumdcion that £(x) is differentiable in 0 < x < I,

The leading Serm of the asymptotic expansilion of a_, is proportional
-]+ S - : : '
to A o~ TS o that the following conclusion may be drawn:

The Ttrigon-roetrical expansion 6-1 is possible and

o . &L' (1"}“4; +2PL€‘/U )

-]

v

The condiiion?ftaq\fmxxor 2. n \anlgriO@ reguires A =0 or
M L
S (tg %x)q“aﬁif(x) dx = 0, O-5
O

A s

{_1 . ﬁ' (nw/‘wgﬁe/fi)

v

P_.. ““*213*{1?.@/“{0&

This case may be reduced to the previous one by means of the sub-
stitution x — ™-X, 1 — -« . The condition 6-5 becomes
7o
K‘\tgﬂéx)wm4iﬂ f(x) dx = O. 66
O



c  Re u =0,

iy

<
In This case corresponding to a pure imaginary X’with Ly %1 the

Lleading term of the asymptotic expansion contains both An“q and anq.
The expansion ©-1 is possible and
ol
S é}(n )
The condition jfk&nt<i<%>or iz.n{an12<ia:requires both A=0 and
B=0, thus from 6-«3 and 6-4
s
A 1\ 1=-24 t\ )
= [ (tg 3x) J £(x)-£(m) |+ g1t = O
1 g N --/i--g/a , P f!O) _
T (ttsi:» EX) {f(}() f(O)]‘ - Sin/w;r” O
O

Thus, 1f and only if the two conditions 6-7 are satisfled we have

9 mﬁy(nwg)

1§

If in 6-1 we take f(x) = sin nx +y cos nx one of the conditlons
0-5, 6-6, 6-7 should be satisfied and thus another proof is obtained
f'or the following relation of orthogonality.

N i .
S (te %X)q " (sin nx + 3/008 nx) dx=0, n>1, Re m> O, 6-8

O
S (tg gx)“qwafi(sin nx + y cos nx) dx=0, n >1, Rem £0; 6-9
O

(tg %X)qﬂgﬁL%ﬁSin(nx+fAW)~$in(n?T+Jﬁ”ﬂgdx: (=1)"'" " o,

i

O
S (tg %x)wqmgﬂ{ 811’1(1’}Xf}£’77’ )..... Sin/uﬁr} aAx
O

d Reu =%,

lnail b oy il

In this case, and only here, a convergent expansion 6-1 is not

nossible unless A=0,
If A#0 we have a_=((1) and 1im a_ does not exist.

n — <9

If A=0 we have a_=( (n" 7).

However, in this case the relation of orthogonallty 6-8 remains true.

U

Taking .up the general case OafRe,uéié we consider an expansion
which also includes a congtant term



-19 -

< | 6""11
a! (sin nx + Y, cos NX )

Lf a convergent expanslon 6-1 without constant term exists tThe convers-
gency may be Improved by adding an appropriate constant. Ii‘aé,is
chosen in such a way that for the function f(x)maé the condition 0-5
18 fulfilled we have

al = A sin ux al = S

ANG aé = a, -!—-(mﬂ)n GOS/MT‘GD(Q/A) A

If Re u=3 the expansion 6-1 is divergent but 6-11 converges.
: : a @ : -
Lt ne u=0 nothing ig galned since both A, and aﬁ are C?Yﬁl ) .

§?’ X% is variable

We consider the general problem of the following expansion
<O
f(x) = 5_ a_(sin nx + a/ cos nx), O 44X &5, 7=
1 g N

where f(x) satisfies a HOlder condition in the interval O £x < 7, and

where fYD 18 a function of n of the following type

=2
(yn = }’+ v r o= 5%(n ) Re{y > 0O, =

1§

LT we introduce the auxiliary functions

s(x) = Y. a_ sin nx , 7 =3
o
2
c(x) = /- a_ v._ cos nx , 7=l
/ £l {j 1
we have
f(x) = s(x) + c(x), 7-5

and for am we have

T T

% 3 = j s(x) sin nx dx = %ﬂ Jc(x) cos nx dx, 7-6
O O

Thus, for all n>1 we have the relations

i

3/1,] g s(x) sin nx dx - S c(x) cos nx dx = 0. 7 =7
0 O



~20 -

The infinifte number of relations -7 can be shown to be equivalent to

2 single integral equation of the Cauchy type. We need a few lemmas,
N 1
lemma 7-1 L + . cos nt = sin (Nip )t
- d 2 sin 2t
N
l_ 8in nt =
d
‘ N int
Proof Take real and imaglnﬂm part of 2 e . T
g _
Te(x) -3 Jl{’ (t)dt , if Qe x ¢«T
lemma 7-2 1im S (t) 2._(::0,.3 n(t-x)dt mé ~ .
N = O
O -5 J@(t) dt , 1 -mmex ¢ 0.
s
Ppoof from Riemann's theorem for a Fourler scries,
flg N i
lemma 7-73 1im J LF (t)f_ 3in n(tmx) dt = = % cotg 5(t-x) Lf}(t) at,
. M- co d
O O

where {» represents a2 Cauchy integral if O 4x <« I,

Proof, If =T «x <0 the relation follows from Riemann's Theorem. The
Cauchy integral reduces in this case to a Riemann 1ntegral.

X=¢ gy
If" O<¢x ¢« 7 consider 1im j + J
N=em g X+ €

If the relations 7-7 are multiplied elther by sin nx or cos nx then sum-
mation yields an integral eqguation,
Taking the sine multiplication first we obtain from 7-7

0 N
j s(t) ) 3/1’] z cos n(t-x) - cos n(t+x) } dt +
0 1
T N
+ j c(t) 2 isin n(t-x) - sin r’}(t-t‘x)} dt = O.
i
O

For N—-ew we find by means of lemma 7-2 and 7{-3

R i
ruy 1 Lsin x c(t)dt 1 J _ o i
) (%) - 7 ) cos t-cos TR B (t,x) s(t) dt ’ !
O
where f=el
K,!(t,,x) = 2 }T r_ sin nt sin nx . =9

If the cosine multiplication is taken we obtain in a simllar way

4 j Kz(t,x) s(t) dt = 0O, =10
O
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e

T i

o . sin € s(t) dt ’ , B
(%) - COS € - CO08 X +fF' KE(t’X) s(t) dt = £(x)

0 0 7-14

The dominant equation of 7-14 is

T sin t (t) dt
sin 8 C
- & S A s -
si(x) o cos € - cos x r(x). =15
O
I we put
u = - CO08 X ,
Si(x): (P(U) J
‘f(}{)z \}/(U) s
=15 passes Iinto
]
¥ P(t) dat 7-16
LF(U) Ty g tzu = ¥ (u).
1

1f QDCW) represents the Cauchy integral of qo(u)

g
D (w) = »— g %é%l %
4

2 7 1

7-16 may be brought in the form
1+ )P - ()T =y

This problem is very similar to that consildered in sectlion 2 and the
solution of 7-16 may be written down immediately (cf formula 3-15)

i
W1\ A g 1= M (T
Plw) = cospr GV g | R Etee 77

—

In fact, we have from Plemelj's formulae 2-2, 2-3 4

+ - ML - — UL T =uM - d 1=t A T 2
dT(u) = e cos ur (52 {8 (Y Y (W) + e F () PLE) gt
-
g

|

PT(u) = AT cos o (R 2 (R () ¢ iy § () et at

1-U 141

30 that, again from 2-2, ¢ (u) becomes

]
p(u) = cos®um (v) - FLELT (" £ (st Bl ar, 7-18

-
-




03 -

T

2 sin 2 47 _ z - sin ©t f(Tt) dt
S(X) = CO3 SA N f(X) +- WW (tg "%‘X) /A{( tg %t) 2/0( cos F - cos X
O

7-19

LT X 18 constant the function Kq(t x) vanishes and 7-19 represents
the unique solution of the integral equation 7-10 q)' 1t é/n is varlable
f(x) in 7-19 may be replaced by

g

F(x) - % f K, (t,x) s(t) dt ,
9

“nd the following integral equation of the Fredholm type is cobtained

TL~
F(x) = G(X)awfwfiﬁw'*gkﬂtgx) P(t) dt |, 7-20
0
wnero
F(x) = (1 + cos x)7 s(x), 7-21

G(x) = cos%#ﬁr (1 + cos:x}ﬂ“:ftx)-+

W"

sin 2um™ yr 1+cos © sin t £(t) d¢t
v 2T (1-cos x) % ’lmcos t) COS - Cc0OS X °

2 720
. @
— _ —— ) ,.
K(t,x) = (1+cos t)™ (1-cos x) _r_ sin nt k_(x), 7-23
d
T4+cos x M
K_(X) = 5T e COS nx
A (%) 2 cog m T (ﬂmcos —) o) +
T
2 sin wur \ ,1+cos uy” s8in u cos nu du )
; (Jxcos wy” sln u cos nu du o g
—~ \ Y1-cos u COS u - C038 X
O
We shall use the following lemmas.
lemma 7*4 A " 2 L‘E
1 + 2 7_ A cos nx = ——s 725
g 1-2 A cos8 X + A |
= n A sin X
> N sin nx = — 720
‘) 1-2 A co8 X + A
Proof
—— S 1)
Take real and imaginary part of <~ (ANe ™) = (1-Xe ™)
O
lemma 7-5
If ién{ L1, O < ol {1, we have

whaeh MW e AT e A WY el AN R SRR AN RN

1) cf 53, 3-15.
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I -
*Ifig £ X & 1T we may use formula =32 to get a better estimate near

X= 7 , In section 4 we have derived the estimate en(gﬂumﬂ)m(7(ﬂmaa).
Thus we have also

N .
x)l & ﬁwgwr“* nq e ; O« X &7 7-34

i “2 o
e (R) ] & Sy p T, 0ex e T 7-35
(Sil’} 113“}{)”

for, using this, we find from lemma 7-5
"
cA o
A e - , P Ei‘?iﬂ t)
sin nt k_ (X \ < C .
\ — PI".} > t 1’}< )
{

“ _ 7 3
(sin %x)aﬁ{

and finally form K(t,x)
| K(t,x)| %« c sin™ it. 7-36

Thus we have obtained the important result that the kernel K(t,x) is

uniformly bounded in the square O <t,x & T .

§8 The orthogonal {unction

We shall again conglder the expansion

-
f(x) = T a2 (sin nx + y  cos nx), 31
g

where

&h = X + r 5 Rﬂ(y§>0 . r o= 67(15) .

The expansion
L0
N K .
f{x) = o a, (sin nx + 1 cos Nx ) 3=2
1 ' g

wlill be called the adjoint expansion. In particular we shall conslder
the adjoint expansion of unity

1= 1 h (sin nx + {}- cos nx) . 3-3
d I

" The problem of determining the coefficients hn of 8-3 has been consider-

ed in the previous section. If now we introduce the function

- L o2 n
h(x) = h_sin nx = 1 - {_ — cOS nx , O «¢x &« 71T 3 -4
e _ Y
l d 1



ety

-ﬁ% C 1 e ’53 F t "\

T
k o 5 - . }%
h(x) sin nx dx = = h

F,

L
\ h(x) cos nx dx = - =
)

this we obtain

( S ) ( Sin nx

that the tunct:

COL X,

i

reduce To the formulae
H-1 converges uniformly

4/

onditicon will be obtalncd

O

i
-

a similar way a2s in the previous scection

2 singular Integral ecgquation., We may el

the theory 2f the previous section or we may

gument, We prefer the latter and we 3tart

i N

n(t) o (cos
g

Vv O we ontoln

where
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This means that both..ggianu wggtbco ome Infinite at x= %, For O £x <,

gt

nowever, they are boundecd. In pQPtIOUldP ot X= 70 Ex éQ(me)“Q
If f(x) satisfies the condition

Fooand F are uniformly bounded in the closcd interval (0,7). IfiRCx)#HJ
and 1if ro= ﬁ'(qg) similar conclusions may be drawn,

LetaG(x,y,i,q) be a Green function in the region 0 <«x <47, yv5> 0 and
iet

2x°  8y°
X = 0,70 G = O
N S G —= O
2 2 _ 1 - 2 2
(x=&)“+(y-1)"—= O Ger = 11 V (x-£)° + (y-71)

then applying Green's theorem on the region considered above one easily

aptains o~
g
F(a’q) ~ g G(X O Z: VZ """"""'F(X O) ax - [ig@"G(X,O,Z:,YB)F(X,Q)dX 9 =9
O O

Taking m =0 an integral equation 1s obtained between the partial derl-

vatives of F at zero for which also the relation 9-5 exists,
LetﬂGO(X,y,Ewn) represent the standard Green function of the full

strip O <X« . Obviously wc hav

i Re g 1Tn ain W - 1N sSin X+£)+i J T

GO(Xays a:’?) = Do 2 -
9-10

Cimplification nay be expected if in 9-9 the following Green functions

re chosen

G’l == GO(Xsy,aﬁﬁ) - GO(ijyaijfz) 9“,1,1
Gp = G (X,7,8,7m) + G (X,9,4,-7) 512
G

3 " R P 2
30 that at y=0 quO and S~y S Q.

Jc note the following expressions

’! Qing

GO(X.syyi syl) = T in . T
) 2

O ,
21:-5;(0(}{020) mg_}ﬁ,.é’m
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hias been solved completely

varlable, however, we
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solution of a Fredholm equation is obtained.
o i gﬁ t i O N W i }_ 1

by any

be given 1in

cht be ex

: ; - ™ g sy 4 : : o He
simllar remark may be made in

gdetoerr

ne assunmpt

o
&




