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Tr1e infinite number of relations ·r•-rr can be shown to be equivalent t,o 
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cos ~-t - cos N-H2~- t ,_ 

2 r1in -} t 

N 
Proof Take real and imaginary port of int e ,, 

,._ 

N 
1 

7r X l --2 
lemma 7-2 lin1 t '"it . 

. t-r \. 00 

1r 

t dt , if 0 L. X <.. 7r 
0 

, 

0 l t dt if 1r'-.XL0. 
_,_ 

- ';> , 
c;.. 

' 0 

P~oof from Riemann's theorem for a Fourier series. 

lermna 7-3 lim 
;.I ➔ 00 

0 

N 

t ;_ sin n t-x dt 
1 

1 l 
2 _ cotg 2 t-x 

0 

represents a Cauchy integra 1 if O L... x <- 7r. 
,. 

Proof. If - 1" ~ x t... 0 the relation follows f ram Riemann's theorem. The 

Cnuchy integral reduces in this case to a Riemann integral. 

If O z x < 'ir consider lim 
t{-:)c.>0 

X-t. 1r 

+ 
0 x+ t.. 

• 

If the relations 7-7 8re multiplied either by sin nx or cos nx then sum­

m8tion yields an integral equation, 

Teking the sine multiplicotion first we obtain from 7-7 
"it· N • 

I 

dt + 

0 

+ sin n t-x - sin n t+x 
1 

0 

For I>T -..;;:, e-0 we find by means of le1·runa 7 -2 and 7 - 3 

• 

- 1 sin X Ct dt 
..a--

cost-cos x + ') t... ' 

0 0 

w11ere 
t ,x .. 

1 
2 rn sin nt sin nx . 

s t 

dt ~ O. 

dt 0 , 

If the cosine multiplication is taken we obtain in a similar way 
' 

T 

C X ·. + 'rt sin t s t dt 1 I< t,x s t dt o, ••rt rt - ... , I 

1r cos -cos X ,r 2 
0 0 

7-8 

7-9 

7-10 
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'V" 
" +- t dt 1 sin s s l,., 

X I 

t T • cos cos X rr - 1r 

0 

The dominant equation of 7-14 is 

ScC X - ( 
7r 

0 

fJin t sd... t dt 

COS t - COS X 

,.. J t 

0 

If we put 

' 

u 

Sd.. X 

f X 

- COS X, 

u 

, 

7-15 passes i.11to 

If 

U. + 

-1 

t dt 
t-11 

- " 

w represents the Cauchy integral of 
1 

2 Tri 

-1 

1 + i -

t 
t-w 

1-

c] t 

i 

• 

t,x s t dt f X 

7-14 

' 

7-15 
• 

7-16 

u 

• 

-
• 

This problem is very similar to that considered in section 2 and the 

solution of 7-16 may be written down immediately cf formula 3-15 

w Cosr f,•im •.. -~ ·-

1 

-1 

1-t µ 
1'"+"f 

In fact, we have from Plemelj's formulae 2-2J 2-3 

"' e- )A. 7rl 
1..1 cos 

u e 
~•,ri 

cos 

so that, again from 

2 u ... cos ? Tr 

1+u 1-u. j--! 
JU.. 7( .1 

1-u 
,....) "=i +u· ,,.,' G 

1+u /{. . ). 1-11 fa{ 
......... -, .. 

1-u 2 '1 +u -

2-2., u beco111es 

u 1-l-U 
1~·u· 

1 + Zir'i 

1 + u 2··1r "I' 

1 

dt. 7-17 

1-t µ t 
1·+-=c· t-u 

-1 
1 

1-t ?l y- t 
1+t t-u 

-1 

t 
~ 

t-u 
dt, 7-18 

dt , 

dt 
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C)r for s x 

sin 2 _,,-lt 7i' 
+ 2 ,r tg sin t ft dt --~--cost - COS X • 

7-19 
• 

If 
the 

f X 

n is constant tho function K0 t,x vanishes and 7-19 
C 1 

represents 

1-,1nique solution of the integrnl equation 7-10 . If is varic1ble n 
in 7-19 may be replaced by 

7r 

1 .... - .. 
7T 

0 

8nd the following integrnl equation of the Fredholm type is obtained 

2 . 
cos .r 1r 

G X 

1 + COS X 

0 

')Y' 
• sin 2_/A rr 1+cos t t f 

+ 1-CC)S sin 
X 2 -rr 1-cos t cos 

K t., X 1 +c C)S t -f4. 
1-cos 

k X n 2 cos;-<-fr 

' 

1 +cos x 
1-cos x 

"'" ,,, .. f ( 

0 

V'-J E:: s r18 11 11 s e t r1 e f O 11 0 wing 1 e rnrr1a s . 

1 en1rr1n 7 -4 

• 

Proof 

00 

1 -l- 2 '-" 

oO 
'C" 
I.. 0 " 

1 

....._ n ~ 
1, s in . n x -···• 

Take real and imaginary part of 
~•1 = 

I 

0 

le1nrna 7-5 
If \8 -l. 1, 0 <(... Cl .C1., we have n 
... .... - ......... .,,., ., .... - ., .. --

3, 3-15 .. 

0 
oO 

\.: :11 I 

X I rr1 

cof3 r1x + 

1+cos 
1-cos 

l1 
Jr( 

u 

1-2:\..cos x 

,\_ sin X 

.,I -

0 nt k sin X , n 

sin u cos nt1 du 
COS U - COS X 

'1-2;\cos 
.aeJ w :au .,,u 

" 0 0 0 , 00¢ 0 2 -
X + A 

i n 
A e x 

-1 
1- Aeix • 

7-20 

7-21 

't 
< 

dt 
• 

cos X 

7 2;' - L 

7-23 

• 7-24 

7-25 

7-26 
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If .~' 
2 

we may use formula 7-32 to get a better estimate near 

X= 7r 

Thus we h2ve also 

L. 
• -

C' 
1q o lUS a •,: I o .. sin --x 2 

'1-2µ 
n , 0<'..X 

We shall, however, be satisfied with the estimate 

L.. C 'I 
,, 1 2 AA 

~ 1 n -.:.-x y-
i..,_, - ,2 

Q.(.X L 7r 

• 

for, using this, we fine] from l.enuna 7-5 

c,() 
sin t 2/4 

'= " nt k- ,L C T t I r sin X L "" .... 2µ , r:, n 1 sin 1 --> X .:;. 

and finally form K t~x 

' f ' 
K t,x C 

2 --1 n 

Thus we have obtained the important result that the kernel K t,x 

uniformly bounded in tl1(~ square O ~ t, x ~ 1t • 

-8 The orthogonal function 

We shall again consider the expansion 

f 

where 

n 

The expans:i.on 

X 
oO 

( ' 

t.. tr 

1 
"'.":l f' ! --· n s111 nx + cos nx, n 

> 0 , r n .. -. 

" SlYl I1X + cos r1x , 

• 

7-34 

7-35 

7-36 

" lS 

8-1 

8-2 

will be called the adjoint expansion. In particular we shall consider 

the adjoint expansion of unity 

1 " sin r1x + 1 cos nx • 8 ... , 3 

The problem of determining the coefficients h of 8-3 has been consider­n 
ed i,n the previous section. If no"J we introduce the function 

oO o,C) 11 
' 

II • 
,. .. ,, ..... n h \. ~ = 8 4 X h sin 1 0 ~x L '-- nx r_ cos nx J l t P'?S , n 1 1 n 



it iE3 clec:ir that 
7r 

11 X n~1 

0 

-· /\ 
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(:~.t X ~= --
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¥,.,,.... 

0 il 

From this we obtain 
I , Jl~ 

h X sin t1x + n 
C ,oc n .. { t,:) ,. J:1, (]X == 0 8-7 

0 

tcJ r111 s111 nx + COS r1x 
11 • 

If
,.., 

- ' 
1" ,.,.1 ('' r) n ~ 1- ·:i r1 t t, ' . h. E·'.' f o· 1 ~m, u 1 ~:":, ,:) 'f""I L) ,A' ,, I..;, V (,,,~ ,,, ' • ti:. ! J.. l,,., ,_ 

¥· - ii;' C . f'_;:'" 8 8 8 
,,,,. 

- 3 J> . , - J , ' · -('.) ,I 
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the formul8e 4_q 4- 7 h_P), 41 -10 CC)nqjdn~oa~ -·:, I JI ' !,,., , ,,,, ,~ ,.,,., • \,,,,....., 

converges uniformly we may 

ing condition will be obtained 
7r· 

h X ClX -·- 0. 

0 

s irrri la 1-.. wo. y in tl1e 0 r C t 'i' '"" f"" i-- X i.,,) 11:..,: . ' ' • (.,1 J ,l .1 . \. ' 1na y be showr1 "t () sat itJ-

singular cq1Jn t ion. v,J e 

tt1e previous sc1ction or we may cl1oose an independLnt :3r­

orefer th0 lotter nnd we start from -

111:1 
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h t 
) 
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cJ if._f icu]. ty 1/JC 
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11 

t,x 
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0 

2 

• sin 

o-0 
\ ·1 Fl 
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c1t 

F'"\ 
1. J 

sin r1t 

·' 

T 
I 

11 t 

0 

C(.lS r1x dt = 

dt, 

A-1 ~:> v , ''-

t 11e-- type· l ~·· , . .· . .'I ~/-14 anr::i \\fill bE; solved in tr1e s::3me wa Y. 

Tr1e solution of 8-10 rJec()rr1es for l<nown g x' 
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g X 
sin 2,u1r 

+ (tg .1-2~,' · .' ,l. X "'"~· ' 

£~ 

0 

e"!: :¢• 

't ' ' if 

tg -~ 
,l , , -1+2M 2U y 

sin u 11 t1 du 
---__,;;· '-1 -----c ()6 ,1 - COS X., 

8-13 
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e;iven 

R x-t, 

If we represent F x,y by 

t•=>11:1• 

J -ny ,,_, 1 n 'l''~l V •··•·, . b . .t,J"\. t;; , 

only the condition 9-5 hns to be considered. 

vie get 

If ;'.'.:\ ~-··nc '·"' n · n 
Thus 

1 
Wllr,e.lU o1r 

", :., .. 

,,, n 

"'" loo / •11•r- -
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nc n 
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the solution of the 

c c)s rix 
rnn 

"jn ~x· + · en~ n·x· ~ - 1..1' . ...,:, ' n 

, '" '") 1 ' -·•~ . . . . "'P'"· 4,-.. . i . r"i(J1'JruK€· n, .PI 10n ·"" -
-\wr,!' f:'-,r '-at ~ 4P ,. J \J (~'.~ V '- .._ .J • 

reduced to the solution of the representation problem 9-1. 

9 ''") - 1,.,, 
~,,,, 

' 

9-4 

Ir1 tl1e preceding sections it hL~,s been s1~1,)vin th3t tt·1e rcr)rc:sc1·ltat1.(,1-l 

problem 8-1 may be reduced to a singular integral equation. We shall 
now show that this singular integral equation also can be derived from 

oroblem by rne8ns of Green's theorem. . ~ 

. J 

1")1t1c expr·essions. We hc;tVe seen ttiat for n _.,\ o<> 

C -n 
·; • 2 et--i:) n . . • 
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dF dF This means that both ~ - become y 
however, they are bounded. In particular 3 t X-~ Jt F x' 
If f x satisfies the condition 
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