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The influence of a disturbance upon an infinitcely large shallow sea

~

of constant depth

§& 1. Introduction

In a previous report 1) the problem o0of tTthe 1nfluence of a non-
statlonary wind-field upon a sea bounded by a coast and an ocean has
been considered from a general point of view., It has been shown that
for some simple regions the Laplace transform.:E of the elevation &
of Tthe level of the sea may be represented by an explicit formula.
In the simplestT case of a sea of Infinite extensions, sSso that tThere

18 no boundary, we have for the solution vanishing at infinity

o<
G - 2/"!&“ fj K (k V(% - £)2+(y-—- " )2) F(&,n ,p)adk dn , 1.7
_ oS

- 2 ac
kEﬂp{ D+ 2 L NE ’ 4 0

and where F is the lLaplace transform of

where

a function F which can bpe

obtained from the wind-field,
In the above-mentioned report the determination of ¢, from its Laplace

transform had been left out of consideration in view of the complicated

form of 1.2.

In this report where the case of agn infinite sea 1s studied 1n more
detail an explicit expression for the original G(x,y,t) of the function

KO(kw/x§+y?) occurring 1n 1.1 has been obtained. Thus we have from 1.7
aQ o0
d _ _
C(xﬁyﬁt) = - S J[ d é. d n J F(cc:j, 4 , -7 )G(xmﬁ.ijq , T)dT . 1.3
- KD — O3

.

In a number of non-trivial cases Tthe function I reduces To a Dirac
delfta function which annihilates the integrations wlth respect tTO £,
and m . These cases are considered in § 3 and are listed below. In all
those cases we have derived expressions for the initial response of

the sea upon a unit step function 1n the time and for the asymptotic
behaviour of the elevation as t —- o« |, If this step function 1s denoted

by t(t) 1.e. (t)=0 for £ ¢0 and 1 for t x>0, we consider the cases

a no wind, logarithmic barometric pressure b

b = - ¢(t) ln‘/;2+y2*

b circular rotation-free wind-field

X J
W, = ——= ¢(t) W, = ——= ¢(b).
x4y 1 Y x4ty

R R WM AR NeShs R At WA NG s T Gt osalet

1) H.A. Lauwerier. The motion of a shallow sea under influence of s
non-stationary wind-field. Report TW 31,



¢ cilrcular divergence-free wind-field

A

W, = =L ¢ (t) Vo o= ———s t(t).
S x4y Y x4y

d polnt-source wind

W, = > (x) o(y) ¢ (t) wy = 0.

In &4 an arbitrary circular wind-field is considered with

W, m<F(1/x§+j§j f(t) Wy = Q,

It in particular

it SR - -

(p(\/gziy§3 = - 1n1/xe+y2

the {following simple expression 1s obtained

2 T * 3
pc C(r‘j 0 ,p) = fg (cos 0 - :}x sin @ ) ST % lnr + Ko(kr)}

1.4

where r, § are polar coordinates, X=r cos B y=r sin O

The results obtalned in §3 and i§4 are mostly given without proof.
olnce they depend largely upon the Ttheory of Laplace transformation a
separate sectlion, §§55 1s devoted To the study of the inverse Laplace
transformation applied to Ko(kr) and related functions.

&2. General theory

The linearised ceguations of motion are

) 2 ;26 1 by 1
(S“_E*‘f‘A)WX“QWy + C (ﬁ “f““é“,&x) WEWX
2.
> > 34 43y 1,
(5 PRIyt F et sy r g sy) =g
W +3Wy +DC:MO
D X DY Pt 72

where & is the elevation of the level of the sea; W and wy the compo-
nents of the stream, WX and Wy Che components of the wind-fileld, b the
barometric pressure, X the coefficient of friction, L the coefficient
of Coriolis and c¢ the velocity of propagation of a free wave,

1 upon 2.1 Laplace transformation is applied, e,g.
o

al(xjyjp) = i e“pt(i(x,y,t)dt, 2.2

iagpliy.
Sty

for & the following equation may be obtained




(&__L{E)C;: B s 2¢3
2
where ke = P (p+ A ) + A , 2.4
¢ (p+ )
O W J W oW W
2 = X ¥ 10 X y
and g C FM(W+W)MM(5M§““:&~?)MA5. 2.5

If F represents a poinc-source disturbance at (& ,m)

F=2rd(x-£&) d(y-m), 2.6

where :S(z) 1s Dirac's delta function defined by

6o

ijUO o0 (u-~z)du = £(z),

il 48

the solutlion of 2.3 which vanishes at infinity is

L (x,3,0) = K (k¥ (x- £)% + (y-7)7). 2.7

O

Therefore the solution of 2.3 for an arbitrary function F(x,y,p) at

the right-hand side becomes
o

E(x,y,p) = - éj%.i_ Jj KO(L{\/ (%~ 8,)24—(57“ Q)Z)F"(&,q‘,p)dﬁ, dm .
- o9 2.8

In the following scction a few cascs will be considered in which F

reduces to a point source disturbance so that, apart from a constant

factor, the solution i1s given by 2.7,

§ 3, Particular cagsesg

a no wind, circular depression centred at the origin,

b = - £(t) 1n r, 3.
whe re r mx/xb+y“,
since ﬁE.: - 2w S<X~£) g(]‘“ 7?) ?(p)s
the solution is — _
e G(r,p) = - T(p) K (kr). 3.2

If G(r,t) represents the original of Ko(kr) we have by means of the

convolution theorem -

e &(r,t) = - imwmmﬂdr. 3.3

Aalipigplirr

The function G(r,t) has the fnl1~wins properties which will be proved

in §5.



G(r,t) = O , t{r/c 3.4
2 2\ 2
A { -
G(r,t) :_éj,gmu_%__%f_..;.o(t 3) , AL = oo B,M-b
8 XcTt
A ] .
— ) 2 o 2 2
, > Y, 2 2 L Oa=. A 2 r
G(P;,'L) = € (t ~ r-g) sl/‘“ R (t “‘?)“1":';]5:
C C

3. 4¢c
t-r/c — +0.

If £(t)=0 for t <0, so that the disturbance 3.1 starts at t=0, the
elevation Zl(r,t)*at a distance r from the origin is zcro for t <r/c.
Thus The initial disturbance at =0 travels radially away from the
origin with constant velocity c.

In the special casc where £(t) is the unit step-function

f(t) = L(t)ﬁ
where
t(t) = 1 £t >0,
we have 1in particular r
eC(r,t) = = | 6(r,v)az, 3.5
r/c

and,, ct §53

4 ¢
Al — 0 3'68
¢ oc\E T %'L iz r r
p C(r,t) = (55)° & (t- )7 31 + 0(t- D)}, t- = = +0.
3.6b
b circular rotation frece wind-field, b=0.
- ;{ "y R | y -
W, = ———= £(C) , W, = —— £(0). 3.7
A }{c“-}—y(‘ J X4y T
The divergence 1s zero except at che origln where
"awx oW, _
..B% +ﬂ~—m ET S(X)d(y) f(t);
The elevation 1s accordingly determined by
2 » —
pc & (x,y,p) = - T(p) K_(kr), 3.8

which 1s the same result as 1n the previous case so that the same
conclusions may be drawn.

C cilrcular divergence free wind-Tield, b=0.

W, = b £(t), W, = ——— £(%). 3.9
< X +y J X +y
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Thus we have obtained

o
2F = oo o L
pC & (v, @ ,p) = T(p)(-cos @+ ST °in &) 'J?% Io(kr’)j Ko(kro) ¥ (r*o)r’odr' +
r 1 r
Fgkn) | Ty dp(rg)rgarg |
O
4,2
This result will be applied on the following particular case
Wy = - 1lnr ¢(t) , W = O. \ 4.3

J

!
| 1
Slnce glo(l{r)z’ lnr dr = f__lw - .:.[_Q_é_m .
K

and similarly for Ko(kr), Wwe obtaln without difficulty

ecgam%(cogg Mp‘(}h uwne)%{w % ‘ 4,4

K

In particular we have, cf §5,

o . y Ly r 1n AT
pc“C (r, #,5) = (cos b < 9in E ) ——p—— + 0(1), At - 00,
4,5
2,2 .
ecgc';(mé’,t :Wa-o(t% , t- 0. b, 6
2r

$5- lnverse Taplace transform

The original of Ko(kr) where kK is determined by 2.4 may be derived as

follows.
5 2
a If X=0 and £1=0 we have k%= 55, so that
C

Ko(kr):§ :?;%;£¥§2~ 5.1
I 17 .

so that
5.2
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At .
2 A AfL2 P
G(Pﬁt) — -———W -
2
l/t -]
C
x -
,  —At 2 2 r’: ;kr*e 15
-‘%ae J’(flcOSfJV% ~ ) C:XP mwmmmwmmmmmww:m:m:§rdf é(tm*w)¢
! ‘;§ 202(t+sin t2 L ) | ;
2 . -
- N ;‘g -

5.5
Thus for ¢t ¢r/c G(r,t)=0.
The asymptotic behaviour of G(r,t) for large At may be obtained
elther directly from 5.5 or from the behaviour of its Laplace trans-
form near p=0.
For small p Ko(kr) may be approximated by

Kr ; kK™ r Kr Kr
Ko(kf’)wmlnw?“mg/“Tln 5 +(’1“3/)T.;» 5,6
but near p=0 only the following Terms do contribute
2 2y 2
8 AacC

Thus we have at once

o 2\ <
G(P,t) = =TT MT%_?— + O(tHB) 9 NG — 5.1

SN\ %

The behaviour of G(r,t) for t-r/c — +0 may be obtained either from 5.5
or from the behaviour of its Laplace transform Ko(kr) for large p.

Writing
N
p +§m o
WC have
2 2 |
- LS. A *
c- g a0 x
C 8“"" J
N
From the well-known asymptotic cxpansion of the wafunction we may
derive in view of 5.8 .
1 -0
TCN 2 C - “ 1
K (kK o - - ——— e ., :
0( r) (§?J % (7 3 ) s 2.9
-
2/ 02 32 2
whe re 8, = ro (B0 o R )
3rc
Thus we have for the original
_%, }l-"t A
= ; ’m*2 |
Glr,t) = (3 e © (. L { e B g
(r,t) = (5%) e (t- =) 1-2a,(t- =) + ... &,

which conveniently may be written in the form
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